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Open Educational Resources (OER) for Open Schooling

The Commonwealth of Learning (COL) Open Schools Initiative launched an Open Educational
Resources (OER) Project to provide materials under the Creative Commons license agreement to
support independent study in 17 specially selected secondary school subjects. Funded by the William
and Flora Hewlett Foundation its aim is to broaden access to secondary education through the
development of high quality Open Distance Learning (ODL) or self-study materials.

These specially selected OER subjects include:

Commerce 11
Coordinated Science 10 (Biology, Chemistry and Physics)
English 12
English Second Language 10
Entrepreneurship 10
Food & Nutrition
Geography 10
Geography 12
Human Social Biology 12

. Life Science 10

. Life Skills

. Mathematics 11

. Mathematics 12

. Physical Science 10

. Physical Science 12

. Principles of Business

. Spanish
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Open Educational Resources are free to use and increase accessibility to education. These materials
are accessible for use in six countries: Botswana, India, Lesotho, Namibia, Seychelles and Trinidad &
Tobago. Other interested parties are invited to use the materials, but some contextual adaptation
might be needed to maximise their benefits in different countries.

The OER for Open Schooling Teachers’ Guide has been developed to guide teachers/instructors on
how to use the Open Educational Resources (OER) in five of these courses.

1. English

2. Entrepreneurship
3. Geography

4. Life Science

5. Physical Science

The aim of this teachers’ guide is to help all teachers/instructors make best use of the OER materials.
This guide is generic, but focuses on Namibian examples.

Print-based versions are available on CD-ROM and can be downloaded from
www.col.org/CourseMaterials. The CD-ROM contains the module and folders with additional
resources, multimedia resources and/or teacher resources. Note that not all subjects have
multimedia resources.
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Unit 25
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Unit 28
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Unit 32

PERMUTATIONS AND COMBINATIONS
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About this Error! No text of specified style in

document.

These materials for Grade 12 MathematicsGrade 12 have been produced
by the Commonwealth of Learning’s COL Open Schools Initiative. All
Error! No text of specified style in document.s produced by the COL
COL Open Schools Initiative are structured in the same way, as outlined
below.

How This Error! No text of specified
style in document. is Structured

Course Overview

Course Content

The course overview gives you a general introduction to the course.
Information contained in the course overview will help you determine:

= If the course is suitable for you.

=  What you will need to know before starting the course.

= What you can expect from the course.

= How much time you will need to invest to complete the course.
The overview also provides guidance on:

=  How to improve your study skills.

= Where you can get help.

= How to complete course assignments and assessments.

= How to find your way around the course using the margin icons.

=  What is included in each unit.

We strongly recommend that you read the overview carefully before
starting your study.

The course is broken down into units. Each unit comprises:

= An introduction to the unit content.

= Unit outcomes.

= New terminology.

= Core content of the unit with a variety of learning activities.

= A unit summary.
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= Assignments and/or assessments, as applicable.
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Resources

Your comments

For those interested in learning more on this subject, we provide you with
a list of additional resources at the end of this Error! No text of
specified style in document.. These may be books, articles or websites.

After completing this course material for Grade 12 Mathematics we
would appreciate it if you would take a few moments to give us your
feedback on any aspect of this course. Your feedback might include
comments on things such as:

Content and Structure

Reading Materials and Resources
Assignments

Assessments

Duration

Support (assigned tutors, technical help, etc.)

Your constructive feedback will help us to improve and enhance this
course.
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Course overview

Welcome to Grade 12 Mathematics

These materials constitute a course in Mathematics to prepare students
for the Cambridge Overseas School Certificate examination. They are
designed to meet the requirements of the national Grade 12 syllabi in
many nations across the Commonwealth.

The course materials are intended to equip learners with the knowledge
and skills to solve problems in real life situations and handle advanced
mathematics courses with ease. They are suitable for use by those
enrolled for distance education, but will also be a valuable resource for
students in conventional classrooms. They should thus provide a sound
foundation for learners who wish to further their education in any field of
study for which Mathematics is a prerequisite.

Is this course for you?

This course is intended for anyone who wants to extend their knowledge
of Mathematics beyond the basics.

In order to cope with the course materials, you should have successfully
completed a Mathematics course at the Junior Secondary Certificate or
Grade 10 level.

Course outcomes

Outcomes

Upon completion of this Mathematics course, you will be able to:

= recognise, describe and represent numbers and their relationships;
= count, estimate, calculate and solve problems;

= recognise, describe and represent patterns and relationships;

= solve problems using algebra;

= describe, represent analyse and explain properties of shapes, including
the characteristics and relationships between two-dimensional shapes
and three-dimensional objects in a variety of orientations and
positions, with reasoned justification for their answers;

= yse appropriate measuring units, instruments and formulae in a variety
of contexts;

= collect, summarise, display and critically analyse data in order to
establish statistical and probability models to solve related problems.
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Timeframe

Students at conventional schools in Lesotho normally take two

years to prepare themselves for the Cambridge Overseas School

Certificate examination in Mathematics. This is equivalent to six

or seven hours per week for 40 weeks per year over two years, a
How long? total of roughly 500 study hours.

However, those who register with an open school often have to make
time for their studies while fulfilling other responsibilities at home or at
work. For this reason, a more flexible study schedule may be necessary.
Nevertheless, it is essential that you draw up a timetable for yourself. It
you do not set aside time on a regular basis to work through these
materials, you may not be able to complete the course.

Study skills

As an adult learner your approach to learning will be different to that
from your school days. You can choose what you want to study, you may
be motivated by personal and/or professional goals and you will have to
find time for your studies while coping with other responsibilities at
home or at work.

Essentially you will need to take control of your learning environment.
You will should consider a number of issues that can affect your
performance, including how to manage your time, how to set goals or
how to manage stress. You may also need to re-acquaint yourself with
areas such as essay planning, coping with exams and using the web as a
learning resource.

Y our most significant considerations will be #ime and space, that is
the time you dedicate to your learning and the environment in
which you engage in that learning.

We recommend that you take time now—before starting your self-
study—to familiarize yourself with these issues. There are a number of
excellent resources on the web. A few suggested links are:

= http://www.how-to-study.com/

The “How-to-study” website is dedicated to information on study
skills. You will find links to resources on study preparation (a list of
nine essentials for a good study place), taking notes, and strategies for
reading text books, using reference sources and coping with test
anxiety.
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http://www.ucc.vt.edu/stdysk/stdyhlp.html

This is the website of the Virginia Tech Division of Student Affairs.
You will find links to resources on time scheduling (including a
“where does time go?” link), a study skills checklist, basic
concentration techniques, control of the study environment, note
taking, how to read essays for analysis and memory skills
(“remembering”).

http://www.howtostudy.org/resources.php

This is another “how-to-study” website with useful links to time
management, efficient reading, questioning/listening/observing skills,
getting the most out of doing (“hands-on” learning), memory building,
tips for staying motivated and developing a learning plan.

The above links are our suggestions to start you on your way. At the time
of writing these web links were active. If you want to look for more go to

ERINNTS

www.google.com and type “self-study basics”, “self-study tips”, “self-
study skills” or something similar in the address pane of your web
browser.
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Need help?

V)

Help

As you study this Grade 12 Mathematics course you may encounter
academic and social issues that hinder your progress. For example, you
may have questions or need help to make sense of the materials. To help
you overcome some of these problems, the Lesotho Distance Teaching
Centre (LDTC) established a Student Advice Section, whose main
objective is to offer you counselling before, during and after the course.
Whenever you come across an issue that impedes your studies, you
should write or call the LDTC office, where someone will assist you:

Address: The Director
Lesotho Distance Teaching Centre
P.O. Box 781
Maseru

Tel:  +266 22316961

Fax: +266 22310245

Email Idtc@ymail.com

LDTC also has offices in five other districts. These offices are housed in
the Ministry of Education and Training’s District Resource Centres and
are manned by LDTC officers. All services provided by the head office in
Maseru are available in the districts. In this way if you live in one of these
districts you do not have to travel to Maseru to get study materials and
other services. Please feel free to drop into these Resource Centres any
time between 8.00 and 4.30 p.m. to get advice or help with any problems
relating to your studies, assignments, face-to-face sessions or end of
course examinations. The districts are:

Qacha’s-Nek ( Tel. +266 22950702)
Mokhotlong (Tel. + 266 22920396)
Thaba-Tseka (Tel. +266 22900492)
Quthing (Tel. +266 22751459)
Leribe (Tel. +266 22400022)

Since LDTC uses print as its main medium of instruction, you will
receive information through letters, leaflets, pamphlets and booklets. But
you too must write whenever you have information or news to share.

From time to time tutorials will also be arranged so that you can get
advice and assistance on any points of confusion. A schedule listing the
dates of these tutorials will be given to you when you register.
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Assignments

Assignments

This Grade 12 Mathematics course has 34 units that are going to be
bound together into workbooks. At the end of each workbook you will be
expected to do an assignment or worksheet as it is sometimes called. The
aim of these assignments is to test how well you have studied and
understood the contents of each workbook.

Some of the assignments and activity questions you will mark yourself,
and the Student Advice Section will let you know which ones these are.
After completing such assignments, check your work against the model
answers provided. If you did not get at least 80% of them correct, go back
through the unit and study the material carefully before trying the
assignment again.

The Student Advice Section will also indicate which assignments are for
your tutor to mark. As soon as you complete each workbook, you should
complete the Tutor-Marked Assignment. Please read your workbooks
and answer the assignment questions in the set order. Following the
logical order will enhance your comprehension and help you to complete
your work on time.

When you finish each assignment, please submit it to the Student Advice
Section at LDTC Head Office. You may do this through the post or drop
it at the office if you live nearby.

LDTC engages teachers (tutors) on a part time basis to mark these
assignments and assist you. Each assignment has a cover sheet on which
you can seek an explanation of any part you could not understand. Since
the tutors provide advice as they mark, they will answer all your queries
and give you feedback on your assignment. When your assignments are
marked, you can collect them from the office or have them posted to you.

In addition to marking your assignments, the tutors hold face-to-face
tutorials. During these sessions you are given the chance to meet your
tutors and to get immediate answers to all your questions. The tutorials
also afford you a chance to meet and interact with other learners. If you
still have some difficulty understanding the material, ask your tutor at the
next scheduled meeting.
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Assessments

O

Assessments

In addition to the assignment, each unit also includes an assessment to
test your understanding of the content. The time you should take to
complete the assessment is shown at the top of each paper, as well as the
total marks available and the marks for each question.

After completing the assessments, you should submit them to officials at
your nearest study centre, where they will be marked by your tutor. The
Student Advice Section will advise you on the way this should be done.
The deadlines for submitting these assignments will be provided by your
tutor at the first meeting each year. Feedback will be provided to you
about two weeks after the submission dates.

10
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Getting around this Error! No text of specified
style in document.

Margin icons

While working through this Error! No text of specified style in
document. you will notice that little pictures or icons appear frequently
in the left-hand margin. These icons serve to “signpost” a particular piece
of text, a new task or change in activity. They have been included to help
you to find your way around this Error! No text of specified style in

document..

A complete set of these icons is shown below. We suggest that you
familiarize yourself with the icons and their meaning before starting your

studies.

xR

©

|

Activity Assessment Assignment Case study
o
& i NV A
Discussion Group activity Help Note it!
@ II ‘
Outcomes Reading Reflection Study skills
fasy A
Summary Terminology Time Tip

11
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Unit 1

Sets

Introduction

Welcome to the “world” of classification or groups!

You may be surprised to know that groups are all around you. Your family is a
group. Your classmates are also a group. Similarly, sets are also all around you.
Your cooking utensils are a set. Your clothes can also be considered a set.

Things naturally form sets or groups; and therefore, things are easily dealt with
when they are grouped or are in their respective groups or sets.

You learned about notation of sets such as using capital letters for sets and subsets.

You also used symbols of union, intersection, compliment and number of elements

in a set. You used Venn diagrams with not more than two sets in the universal set.

In this unit, you are also going to use Venn diagrams with more than two sets in the
universal set.

This unit consists of 69 pages. It covers approximately 3% of the course. Plan your
time so that you can complete the whole course on schedule. As reference, you will
need to devote 30 hours to work on this unit, 20 hours for formal study and 10
hours for self-study and completing assessments/assignments.

When reading the following learning outcomes, think about them as a guide to
what you should focus on while studying this unit.

This Unit is Comprised of Four Lessons:

Outcomes

Lesson 1 Describing Sets Using Set Builder Notation and Listing

Lesson 2 Expressing Relationships in Sets Using Set Notation

Lesson 3 Interpreting Information That Is Represented with Venn Diagrams
Lesson 4 Drawing Venn Diagrams in Problem Solving

Upon completion of this unit you will be able to:

= describe sets using set builder notation and listing.
= express relationships in sets using set notation.
= jnterpret information that is represented with Venn diagrams.

= draw Venn diagrams in problem solving.
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Terminology

Complement
of a Set:

Disjoint
Sets:

Element or
Member:

Empty/ Null
Set:

Finite Set:

Infinite Set:

Intersection
of Sets:

Listing a
Set:

A set of all members not in a set, but in the universal set.

Sets which do not intersect.

An object in a set; the symbol € is used to show that an object is a member or
an element of a set, while the symbol ¢ is used to show that an object is not a
member or an element of a set.

A set which has no members or elements; the symbol @ or { } is used to

denote an empty or null set.

A set which has a countable number of elements or members.

A set which has an uncountable number of elements or members.

A set which is formed by putting together all common elements or members of

the sets; the symbol M is used for the intersection of sets.

Writing the actual elements or members within the braces of a set.
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Proper A set that contains no elements or members of another set or contains some

Subset: elements or members of another set.

Set Builder =~ Writing a description or a mathematical expression(s) within the braces of a set.

Notation:

Subset: A set that contains no elements or members of another set; or contains some or
all elements or members of another set.

Union of A set which is formed by putting together all elements or members of the sets

Sets: without repeating any element or member; the symbol U is used for the union
of sets.

Universal A set of all elements or members under discussion; the symbol Eis

Set: normally used to denote the universal set.

Online Resource
I-Ehttp:ffwww.hippocampus.urg;‘-“ L~-BaX |.

If you can get on the internet please utilize the resources at www.hippocampus.org.
It is an excellent source of information for mathematics and the topics discussed in
this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Describing Sets Using Set Builder Notation and Listing

Introduction
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By the end of this subunit, you should be able to:
e list the members of a set from set builder notation.
e use set builder notation to describe a listed set.

This subunit is about 5 pages in length.

Ways of Describing Sets

A set, which can be finite —meaning that it has countable elements, or infinite —
which means the list of elements is endless, is a collection of objects which can
defined by either using set builder notation or listing.

Look at table 1.1, in which set builder notation and listing of some sets are shown
side by side:

Set builder notation Listing
{ square numbers less than 10 } { 1,4,9 }
{ y | y is a counting number } { 1,2,3,4,5,6,7,... }

{ z | z is an odd number, 6 < z <15 { 7,9,11, 13,15 }

j

Table 1.1

Example 1
Take the set { square numbers less than 10 }from table 1.1.

It is read “The set of square numbers less than ten.”

Notice that the actual elements are not written inside the braces, but only the
statement ‘square numbers less than 10°.

Now think about which square numbers are less than 10; remember that you get a
square number from multiplying a counting number by itself.

List the square numbers that are less than 10:

Compare your list with the following:

1,4,9.

Therefore, the set of square numbers less than ten can be listed as:
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{ 1,49 }.

Example 2
Look at the set { 1,2,3,4,5,6,7 ... }from the same table 1.1.

You can find it under the Listing column.
The actual elements, which are numbers in this case, are listed inside the braces.

The set can be read “The set of numbers, one, two, three, four, five, six, seven, and
so on”. The three dots after seven are read ‘and so on’; and they mean there are
other numbers after seven, making the list endless.

Is this set finite or infinite? Give a reason for your answer.

Compare your answer with the following:

It is infinite because it has endless list of elements.

Look closely at the elements in this set and find a way of describing them:

‘What is the smallest number in the list?

Compare your answer with the following:

Itis: 1

How can you get the next number from the one before it?

Compare your answer with:

Add 1 to the number before in order to get the next.

Think about these: The smallest number in the endless list is 1and to get the next
number in the list you always add 1.

What list of numbers is this?
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Compare your answer with:

This is the list of counting numbers. (Counting numbers are defined in the unit
entitled ‘Types of Numbers’.)

Therefore, { 1,2,3,4,5,6,7, }is a set of counting numbers.
That is{ 1,2,3,4,5,6,7, }: { Counting numbers }
So, if y stands for any counting number, the set can also be written as

{ y | y is a counting number }, which is read “The set of all y such thaty is a
counting number”.

Example 3

The set { z | z is an odd number, 6 < z <15 }from table 1.1 has been described

in set builder notation.

Write down the way you read the set.

Compare your answer with:

The set of all z such that z is an odd number, z is not less than 6 and z is not greater
than 15.

Notice that this set is finite since 6 < z < 15 means that z has lower limit as 6 and
upper limit as 15.

What is the smallest odd number which is not less than 6?

Compare your answer with:

7

What is the greatest odd number which is not greater than 15?

Compare your answer with:
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15

So,{ z | z is an odd number, 6 < z <15 }, is a set of odd numbers from 7 to 15.

Thatis{ z|zisanodd number, 6<z<15 }={ 7,9,11,13,15 }.

Activity 1

1. a)Let A= | y]|yisaprime number } List the elements of set A.

b) Let B = { Types of triangle } List the elements of set B.

Activity 1 c) Let C= | Multiples of 5 up to 25 } List the elements of set C.

d)LetD= { y | y is a factor of 24, y is greater than 10 } List the
elements of set D.

2. a)LetE= { 2,4,6,8, ... } Use set builder notation to describe set E.

b) Let F = { vertebrates, invertebrates, flowering plants, non-flowering

plants } Use set builder notation to describe set F.

c)LetG= { Mercury, Venus, Earth, Mars, Jupiter, Uranus, Saturn,

Neptune, Pluto } Use set builder notation to describe set G.

d) LetH = { 1,8,27,64, 125, ... } Use set builder notation to describe
set H.

Compare your answers with those at the end of the subunit. Be sure that you
understand each answer before continuing. If you have any
misunderstandings, review this content and try the activity again.

Remember:
A set, which can be finite or infinite, is a collection of objects that can

define by using set builder notation or listing.
Note it!
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Now, before you learn about expressing relationships in sets using set notation
think about what you learnt in describing sets using set builder notation and listing.

Solutions to Activity 1

1. a)A= { y | y is a prime number }
“Set A is the set of all y such that y is a prime number”.

A prime number is a counting number which has only two factors, 1 and
itself.

The smallest prime number is 2. The next is 3; then 5, 7, 11. After 11 it is
13. Since there is an infinite number of counting numbers, the set of prime
numbers is infinite.

Therefore, A= { 2,3,5,7,11,13,... }.

b)B = { Types of triangle }

A triangle has three sides. Equilateral triangle has three sides equal;
isosceles triangle has at least two sides equal; and scalene triangle has no
equal sides.

Therefore, B = { equilateral triangle, isosceles triangle, scalene triangle

3

c)C= { Multiples of 5 up to 25 }

5x1=5

5%x2=10
5x3=15
5x4=20
5x5=25

c={5,10,15,20,25 }.

d)D= { y | y is a factor of 24, y is greater than 10 }
Factors of 24 are 1, 2, 3,4, 6, 8, 12, 24.

Now, factors of 24 which are also greater than 10 are 12 and 24.
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Therefore, D = { 12, 24 }

a) E= { 2,4,6,8,... |.
These are even numbers, and therefore:

E= { Even numbers }

b) F= { vertebrates, invertebrates, flowering plants, non-flowering

plants } .

F= { Living things }

c) G= { Mercury, Venus, Earth, Mars, Jupiter, Uranus, Saturn, Neptune,
Pluto }

G= { Planets }

d) H= { 1,8,27,64,125,... }.

Ix1x1=1"=1
2x2x2=2"=8
3x3x3=3’=27
Ax4x4 =4’ =64

5%x5x5=5°=125

Therefore, H = { cube numbers }

Lesson 2 Expressing Relationships in Sets Using Set Notation

Introduction

By the end of this subunit, you should be able to correctly use the proper symbol

for:

element or member in a set.

number of members or elements of a set.
equal sets.

a subset of a set.

an intersection of sets.



e aunion of sets.
e acomplement of a set.

This subunit is about 6 pages in length.

Set Symbols

Mathematics 12

Now, that you can list and even define sets, in this subunit you will learn to use set

symbols in various relationships in sets.
An element or member is an object in a set.
The symbol € is used to show that an object is a member or an element of a set.

The symbol ¢ is used to show that an object is not a member or an element of a
set.

For example:

(1) If set A is a set of counting numbers, and you want to write that 2 is an
element of A, then you write:

2eA.
(i) IfC={ 1,4,9 },then

3 ¢ C, because 3 is not there in set C.

Number of members or elements of a set: The symbol n (A) is used to denote the
number of members or elements of a set A.

For example:
i C= { X | X is a square number less than 100 }

List set C.

Compare your answer with the following:

C={ 1,4,9,16,25,36,49,64,81 |.

How many elements are set C?

Compare your answer with the following:
There are 9 elements in set C.

In set symbols, to write “There are 9 elements in set C.”, you write:

10
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n(C)=9.

(i) IfF = { Selekane, Setsabelo , TSoarelo }, then
n (F)=3.

Equal sets: Two sets are equal if they contain exactly the same elements. If set A
is equal to set B, then you write A = B.

For example:

{2,4,6}, {2,6,4}, {4,2,06}, {4,6,2}, {6,2,4} and {6, 4, 2} are equal sets.

Subset: If every member of set A also belongs to another set B, then A is a subset
of B. Again, if there are no members in A which are not there in B, then A is a
subset of B.

In set symbols it is written A < B. Sometimes A < B is written when emphasis

is made on the fact that if A is a subset of B, generally, then A is either a proper
subset of B, or A = B.

A < B can also be written as B © A and

A C B can also be writtenas B D A.

For example:

(1) IfC={ X | X is a square number less than 10 }andD={ y|lyisa

counting number }, thenC < DorD o C.

(ii) IfE=® and F = { Selekane, Setsabelo , TSoarelo }, then E < ForF
D E. This is because there are no members in an empty set which are not
there in F. As a matter of fact, an empty set does not have elements!

The symbol & or & is used when a set is not a subset of another set.

Intersection: If some member(s) of set A also belong(s) to another set B, then A
and B are intersecting sets, written A M B.

For example:
() fC={ 1,49 }andD={ 1,2,3,4,5,... |}, then
CAD={1,4,9}.

11
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(i) If E ={ Names that begin with the letter ‘s’} and F = { Selekane,
Setsabelo , Tsoarelo }, then

E N F = {Selekane, Setsabelo }.

Union: If A and B are two sets, a set which is formed by putting together all
elements or members of these sets without repeating any element or member is the
union, written A U B.

For example:

(i) IfI= { north, south }and D ={ east, west }, then

ITu D= { north, south, east, west }

(i) IfP= { red, green, blue }and S = { red, orange, yellow, green, blue,
indigo, violet }, then

P U S = {red, orange, yellow, green, blue, indigo, violet}.

Complement: A complement of set A is a set of all members not in set A but in
the universal set, written A )

For example:
(i) Let € =1{1,2,3,4,5,6,7,8,9, 10}
Ifset A= {1,3,5,7,9 }, which elements are not found in A, but are inE ?

Compare your answer with the following:

The elements are 2, 4, 6, 8 and 10.

The complement of set A is formed by 2, 4, 6, 8 and 10.
Therefore, A’ = {2, 4, 6, 8, 10}

(ii) Let€ = {Tumisang, Nthatisi, Tumelo, TSepo, Jack, Betty, Selekane,
Setsabelo , TSoarelo }

IfF = { Selekane, Setsabelo , TSoarelo !, then

12
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F = {Tumisang, Nthatisi, Tumelo, TSepo, Jack, Betty };

Activity 2
Let €= {3,5,7,9, 11,13, 15};
x A=13,570911,13};
B={3,5,9,11};
Activity 2 C=1{5 11,13}
D={3,11}.

Write true or false for each of the following in tablel.2:

Set notation true or false

a) €=A

() Cc D

) AnB=A

(d AN B=B

() AUB=A

() AUB=B

(& CoD

() Cc D

) D' =¢€

G) A'=®

Table 2.2

Compare your answers with those at the end of the subunit. Continue on if you
scored at least 80%. If not, review this topic again.

Now, make your own summary of this subunit in space below. This will help you
remember the information.

13
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Note it!

Remember:

An element or member is an object in a set. The symbol € is used for
“is an element of ” while ¢ means “is not an element of .

The symbol n (A) is used to denote the number of members or elements
of aset A.

Sets are equal if they contain exactly the same elements. If set A is equal
to set B, then A = B is true.

An empty set is a subset of any set. A subset is also a set containing
some or all elements or members of another set.

Intersection of sets is a set which is formed by putting together all
common elements or members of the sets; the symbol M is used for the
intersection of sets.

14
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If A and B are two sets, a set which is formed by putting together all
elements or members of these sets without repeating any element or
member is the union, written A U B.

A complement of set A is a set of all members not in set A but in the

. . /
universal set, written A"

The next subunit is making use the various symbols which you have now learnt, to

interpret information that is represented with Venn diagrams.

Answers to Activity 2

Set Notation true or false
(@ €=A false
b)) Cc D false
(c) AnB=A false
(d AnB=B true
(e) AUB=A true
) AuB=B Jalse
(g) C oD true
(hyCc D false
(i) D' =& false
G) A'=d Jalse

Lesson 3 Interpreting Information That Is Represented with Venn Diagrams

Introduction

15
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By the end of this subunit, you should be able to:
e use set symbols you learnt in ‘Expressing relationships in sets using
set notation’, to interpret the information from Venn diagrams.
e shade proper regions in Venn diagrams.

This subunit is about 27 pages in length.

Statements about Venn diagrams and shading regions.

Statements can be made about the data that is shown in Venn diagrams. Shading
can also be used to highlight some data with certain things in common in the Venn
diagrams.

Making statements about Venn diagrams:

Various statements can be made, using set notation or set symbols, about the
information that is shown in Venn diagrams.

Example 1:
Let € = {letters of English alphabet};
C = {consonants};

V = {vowels}.

The Venn diagram is shown below:

fa
e

Z

The following set notation can be used to interpret some of the information that is
represented with the above Venn diagram:

16
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(a) C U V = & .This means that the universal set consists of elements of C,
together with those of V.

(b) C n V={ }.The Venn diagram shows that no vowels are consonants;
therefore, their intersection is an empty set, as they are disjoint sets.

(¢) e € V. The element ‘e’ is an element of set V. Notice that ‘e’ is not written
in braces since { ¢ } means a set containing the element ‘e’.

(d) o ¢ C. The element ‘0’ is not an element of set C.
(e) {b,c,d} < C. The set of elements b, ¢c and d, is a subset of set C.

(f) o & V. The element ‘0’ is not a subset of set V. An element cannot be a
subset!

(g) n(C U V)=n(E&)=26. The number of elements in the union of C and V
is equal to the number of elements in & , which is 26.

Example 2:

Let €= {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15};
F = {Factors of fifteen};
V = {Factors of forty};
T = {Factors of twelve}.

List the factors of fifteen which are in € .

Compare your list with the following:

{ 1,3,5,15 }.

Now, list the factors of forty which are in €.

Compare your list with the following:

{ 1,2,4,5,8,10 }.

Also, list set T.

Compare your list with the following:

17
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{ 1,2,3,4,6,12 }.

The Venn diagram for the data is as follows:

e

14

The following set notation can be used to interpret some of the information that is
represented with the above Venn diagram:

(a) Fluv= {1,2,4,5,6,7,8,9,10, 11, 12, 13, 14} is a true statement from
the Venn diagram.

Proof:
Well, from list of set V earlier, V = { 1,2,4,5,8,10 }

The elements which are notin F butin € are 2,4,6,7,8,9, 10, 11, 12, 13 and
14. These are elements of compliment of F.

Therefore, F/ = {2,4,6,7,8,9,10, 11, 12, 13, 14}.
F’/ U V means the elements of set F’ and those of set V.

When collecting the elements of set F’ and those of set V together, without
repeating elements, the set {1,2,4,5,6,7,8,9,10, 11, 12, 13, 14} is formed.

(b) T » V=/{1, 2,4 }.This is correct, as the numbers 1, 2 and 4 are found in
set T, and they are there in set V.

) (TNYV) ¢ (F/ U V). This means the set (T M V) is not an element of

set (F/ U V). A set cannot be ‘an element’ of another set; it can only be a
subset or not a subset of another one!

So, the statement (T N V) & (F' U V) s true.

(d) {6} < T. This means that the set {6} is a subset of set T, which is true.

18
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Activity 3
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(e) 6 & T. A number ‘6’ cannot be a subset, but an element. Therefore, it is

true that 6 < T.

Activity 3

(i) Let E= {1,2,3,4,5,6,7};

A= {2 4,6}
B = {3,4,5).

Below, is a Venn diagram representing the sets?

e

Write true or false for each of the following statements:

Set notation

true or false

(a) n(A)=2

(b) n(B)=3

() AcCB

(d AUB=¢€

e) AnB={4}

) n(A N B)= 4

@ A =(1,3,5,7}

(h) {1,3,5,7} ¢ &

19



i {1,3,57}nB={3,5}

G) Az B

Table 3.3

Compare your answers with those at the end of the subunit. Continue on if you
scored at least 80%. If not, review this content again.

Shading Venn Diagrams — Part 1

This can done by first listing the members of the set which is to be shaded, and
then shading the region or regions, in which those members are found.

For example:
()Let €= {1,2,3,4,5,6,7},A = { 2,4, 6}and B= {3,4,5}:
Below, is a Venn diagram representing the sets.

e

(a) Shading the region representing A’ in the Venn diagram.
First, list the set A :
A'=1{1,3,57

Now, shade the regions in which the members of A’ are found in the Venn
diagram:

Mathematics 12
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(b) Shading the region representing A M B in the Venn diagram.
List the set A N B:

A= {246}
B= {3475}
Therefore, A N B = {4}

Mathematics 12

Shade the region in which the member 4 is found in the Venn diagram:

e

(c) Shading the region representing B \U A in the Venn diagram.
List the set B U A:

A= {24 6
B= {3, 4,5}
Remember that a member of a set is never written more than once.

Therefore, B U A= {2,3,4,5, 6}

Shade the regions in which the members of B \U A are found in the Venn diagram:

21
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Activity 4

Activity 4

Use the Venn diagram below to answer the questions that follow.

1. Based on the Venn diagram:

e

Mathematics 12

.
(a) list the set B ' nA'
(b) shade the set in the above diagram
2. Based on the Venn diagram:
c
1
A B
.

(a) listthe set(B U A

23
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(b) shade the set in the above diagram

3. Based on the Venn diagram:

e

.
(a) listtheset A" U B
(b) shade the set in the above diagram
4. Based on the Venn diagram:
c
1
A B
.

(a) list the set (A N B)’

24
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(b) shade the set in the above diagram

5. Based on the Venn diagram:

e

(a) list the set B’

(b) shade the set in the above diagram

6. Based on the Venn diagram:
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.
(a) listthe set A’ N B
(b) shade the set in the above diagram
7. Based on the Venn diagram:
e
1
A B
.

(a) listtheset A’ U B

(b) shade the set in the above diagram.
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Compare your answers with those at the end of the subunit. Be sure that you
understand each answer before continuing. If you have any
misunderstandings, review this content again.

Shading Venn Diagrams — Part 2

Example 1

Let €= {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 15};
F = {Factors of fifteen};
V = {Factors of forty};
T = {Factors of twelve}.

From example 2 under the subunit ‘Interpreting information that is represented
with Venn diagrams’ the Venn diagram is like this:

e

14

(a) Shading the region representing F in the Venn diagram.
List the set F:
F={1,3,5, 15}

Shade the regions in which the members of F are found in the Venn diagram:

27



(b) Shading the region representing F ™ V in the Venn diagram.

ListFN V
First, list the set F.

Mathematics 12

Compare your list with the following:

F=1{1,3,5, 15}

Also, list the set V.

Compare your list with the following:

V=1{1,2,4,5,8,10}

Now, pick out the common elements to the two sets.

Compare your list with the following:
1 and 5 appear in both sets.
Therefore, FN V = {1, 5}

Shade the regions in which 1 and 5 are found in the Venn diagram:

28



Mathematics 12

(c) Shading the region representing (FU V U T) 'in the Venn diagram.
List(FU V UT)’.
Notice that this is the complement of FU V U T.
FUVUT={1,2,3,4,5,6,8,10,12, 15}
Therefore, (FU V UT) ={7,9, 11, 13, 14}

Shade the regions in which the members of (FU V UT) "are found in the Venn
diagram:

e

14F

Example 2
Let €= {1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15};
F = {Factors of fifteen};
V = {Multiples of seven};
T = {Multiples of two}.
Draw the Venn diagram, and shade:
a) (FhT)Yu (TnNYV)
b) (FUV)' AT
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First, list the subsets F, V, and T.

Compare your subsets with these:

F=1{1,2,4,5,8,10};
V=17, 14};
T=12,4,6,8, 10,12, 14}.

Which of these subsets are disjoint?

Compare your answer with:

F and V are disjoint sets.

Now, the Venn diagram looks thus:

e

a) Shading(FNT)u (TN V) :

(FN T)=1{2,4,8,10} and (T nV)= {14}. Therefore, (FN T) U (T
N V)=1{2,4,8, 10, 14} . So the diagram looks thus:

Mathematics 12
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AP

b) Shading(FUV)' AT

(FUV)' ={3,6,9,11,12,13,15} and T= {2, 4, 6,8, 10, 12, 14}.
Therefore, (F UV) ' N T = {6, 12} . So the diagram looks thus:

Ay

¢) ShadingT' NV

T' ={1,3,5,7,9,11,13, 15} and V = {7, 14}. Therefore, T' N\ V =
{7 } . So the diagram looks thus:

AP

Activity §
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Activity 5

1. Based on the Venn diagram:

e

(a) list the set (FN V) N F/

Mathematics 12

(b) shade the set in the above diagram

2. Based on the Venn diagram:

e

(a) list the set V
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(b) shade the set in the above diagram

3. Based on the Venn diagram:

e

(a) listthe setT

(b) shade the set in the above diagram

4. Based on the Venn diagram:

e
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(a) list the set F !

(b) shade the set in the above diagram

5. Based on the Venn diagram:

e

14

(a) list the set v/

(b) shade the set in the above diagram

6. Based on the Venn diagram:
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(a) list the set T’

(b) shade the set in the above diagram

7. Based on the Venn diagram:

e

(a) list the set F'nv

(b) shade the set in the above diagram
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8. Based on the Venn diagram:

e

(a) listtheset F' n V' A T’

Mathematics 12

(b) shade the set in the above diagram

9. Based on the Venn diagram:

e

(a) listtheset VUT

14
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(b) shade the set in the above diagram

10. Based on the Venn diagram:
e

14

(a) list the set T uv’

(b) shade the set in the above diagram

Check your performance against the given solutions at the end of the subunit.
Continue if you are satisfied with your score. If not, review this content again.

Remember:
Various statements can be made, using set notation, about the

information that is shown in Venn diagrams.

Note it! When shading the regions of Venn diagrams, list the members of the set

which are to be shaded, and then shade the region or regions, in which
those members are found.

Solutions to the Subunit Activities
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Answers to Activity 3

Set notation

true or false

(a) n(A)=2 Jalse
(b) n(B)=3 true
(c) AcB false
(dAuB=E& false
(&) AnB={4} true
(H) n(A N B)=4 Jalse
@ A =1{1,3,57} true
(h) {1,3,5,7} ¢ &€ true
() 11.3.57;AB=13,5} true
() AzB true

Answers to Activity 4

1. B' n A’

A'=1{1,3,571}

B'=1{1,2,6,7}

Therefore, B’ N A'= {1,7}

Mathematics 12
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2. BUA)
BuUA=1{223,45,6}

Therefore, (B U A)' = {1, 7}

3. A’ UB/

A'=1{1,3,57

B'=1{1,2,6,7}

Remember that a member of a set is never written more than once.

Therefore, A UB'= {1,2,3,5,6,7}

4. (AN B)
A N B= {4}
Therefore, (A N B)' ={1,2,3,5,6,7}
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5. B/
B'=1{1,2,6,7}

6. A'nB
A'={1,3,57)

B= {345}
Therefore, A’ N B = {3, 5}

e

7. A UB

Mathematics 12
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A'=11,3,57}
B = {3 4, 5}

Remember that a member of a set is never written more than once.

Therefore, A’ U B={1,3,4,5,7}

Answers to Activity 5

1. (FA V)N F’

Fn Vv={1,5}
F'=1{2,4,6,7,8,9,10,11,12, 13, 14}
Therefore, (FN V) N F/ = {}

No shading in the Venn diagram.

s

2.V
V=1{1,2,4,5,8, 10}

Mathematics 12
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e
3.T
T={1,2,3,4,6, 12}
e
4 o
5
4. F'

F/'=1{2,4,6,7,8,9,10, 11,12, 13, 14}

Mathematics 12
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V'=13,6,7,9, 11,12, 13, 14, 15}

6. T
T'=1{5,7,8,9,10,11, 13, 14, 15}

7. F v/
F'=1{2,4,6,7,8,9,10,11,12, 13, 14}

Therefore, F' N V'={6,7,9, 11, 12, 13, 14}

Mathematics 12
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8. FFnVv AT
F'=1{2,4,6,7,8,9,10,11,12, 13, 14}
V'=13,6,7,9,11,12,13, 14, 15}
T'={5,7,8.9, 10, 11, 13, 14, 15}
Therefore, ' N V! n T'= (7,9, 11, 13, 14}

9. VUT

V=1{1,2,4,5,8, 10}

T=1{1,2,3,4,6, 12}

Remember that a member of a set is never written more than once.

Therefore, VU T = {1, 2, 3,4, 5, 6, 8§, 10, 12}
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10. T uv’
T'=15,7,8,9,10,11,13, 14, 15}
V'=13,6,7,9, 11,12, 13, 14, 15}

Remember that a member of a set is never written more than once.

Therefore, T' UV'={3,5,6,7,8,9,10, 11, 12, 13, 14, 15}

Lesson 4 Drawing Venn Diagrams in Problem Solving

Introduction

By the end of this subunit, you should be able to:
e apply the knowledge of sets in problem solving.

This subunit is about 14 pages in length.
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Sets in Problem Solving

Venn diagrams can be used in practical situations as already stated that naturally
things form sets or groups. In actual fact, any data are easier to interpret and
understand when they are classified. Instead of showing the actual elements, the
number of elements can be written in the respective regions of the Venn diagram.

Example 1:

142 people were interviewed to find out what they used for cooking. The following
results were obtained:

58 used gas cookers;

58 used microwave ovens;

63 used electric cookers;

4 used both gas cookers and electric cookers;

17 used both microwave ovens and gas cookers;

19 used both microwave ovens and electric cookers;

1 used gas cookers, microwave ovens and electric cookers;

2 cooked with solar energy only.

Use the given data to answer the questions that follow.
(a) How many people used gas cookers only?
(b) How many people used microwave ovens and electric cookers only?
(c) How many people used microwave ovens or electric cookers?

(d) How many people used microwave ovens or electric cookers, but did not
use gas cookers?

(e) How many people used microwave ovens or solar energy?

You can answer the questions by first constructing your own Venn diagram:
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How many people were interviewed altogether?

Compare your answer with:
They are 142.

So, the universal set consists of 142 people. Let &= {142 people interviewed}.

Find the subsets of the universal set that you can form from the given data.

Compare your work with the following:

Three subsets, namely, {people who used microwave ovens} , {people who used
electric cookers}and {people who used gas cookers}.

Let M = {people who used microwave ovens} , E = {people who used electric
cookers} and G = {people who used gas cookers}.

Before drawing the Venn diagram, look for more information in the given data
which will help you to decide whether the three subsets intersect or not.

Are there any people who used the all three ways of cooking?

Compare your answer with the following:

Yes; from the data ‘1 used gas cookers, microwave ovens and electric cookers’.

Therefore, the three subsets intersect. So far, the Venn diagram looks thus:
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“There are 142 people in the universal set; and 1 used gas cookers, microwave
ovens and electric cookers”.

Now, ‘58 used gas cookers’ means that n (G) = 58 ; ‘58 used microwave ovens’
means that n (M) = 58; and ‘63 used electric cookers’ means that n (E) = 63.

Label the Venn diagram some more:

a3

e
A2 N
58
58

You are told that ‘4 used both gas cookers and electric cookers’.
That means n (G N E) =4.
The shaded region is for G M E in the Venn diagram that follows.
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i3

e
A2 N
58
58

Since 1 is already put in one part, then put 3 in the other part to make up 4, so that
the Venn diagram looks thus:

63
G
142
58
58

From ‘17 used both microwave ovens and gas cookers’, the Venn diagram looks
thus:

63
s
142y
58
58
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Similarly, from ‘19 used both microwave ovens and electric cookers’, the Venn
diagram looks thus:

63
(=

142 n

58

58

Now, fill in the missing numbers in the subsets to equal the totals indicated by the
arrowed lines:

63
s

142 o

58

58

Finally, use ‘2 cooked with solar energy only’, to complete the Venn diagram:

63
e
142
58
58 5
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This Venn diagram, which shows ‘the number of elements in different regions’,
can now be used to answer the questions:

(a) How many people used gas cookers only?

Compare your answer with:

38

(b) How many people used microwave ovens and electric cookers only?

Compare your answer with:

18+1=19

(c) How many people used microwave ovens or electric cookers?

Compare your answer with:

23+18+16+1+41+3=102

(d) How many people used microwave ovens or electric cookers, but did not
use gas cookers?

Compare your answer with:

23+ 18+41=82

(¢) How many people used microwave ovens or solar energy?

Compare your answer with:

23+18+1+16+2 =60
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Example 2:

A group of 80 pupils were asked which mode of transport they used to go to school
in the year 2000, and the following results were obtained:

36 pupils walked to school;

32 used taxis;

32 used family cars;

16 used family cars and taxis;

16 used taxis and walked to school;

14 used family cars and walked to school;

6 used all the three modes of transport.

(a) How many pupils walked to school only?

(b) How many pupils used none of the three modes of transport?

(c) How many pupils used taxi only?

(d) How many pupils used family cars and taxis, but not walked to school?

(¢) How many pupils did not use family cars?

Let:

€= {the group 80 pupils}

T = {pupils who used taxis}

F = {pupils who used family cars}

W = {pupils who walked to school}

Now, use the given data to construct your own Venn diagram.

What can you conclude about the subsets T, F and W, from the data ‘6 used all the
three modes of transport.’?

Compare your answer with the following:
The subsets T, F and W have a common intersection, and therefore, they overlap.

Considering the data ‘36 pupils walked to school; 32 used taxis; 32 used family
cars;’ the Venn diagram should, thus far, look:
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32
(=

30

36

32

Use the other given data to complete the diagram.

Compare your Venn diagram with the following:

32
s

30

36

32

Now, use the Venn diagram to answer the questions:

(a) How many pupils walked to school only?

Compare your answer with:
12

(b) How many pupils used none of the three modes of transport?

Compare your answer with:
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X

Activity 6

20

(¢) How many pupils used taxi only?

Compare your answer with:
6

(d) How many pupils used family cars and taxis, but not walked to school?

Compare your answer with:
10

() How many pupils did not use family cars?

Compare your answer with:

12+10+6+20 =48

Activity 6

1.
(a) Draw the Venn diagram for the information below.

Let €= {the group 50 boys}, S = {softball players} F = {football players} and V =
{volleyball players}.

50 boys were asked about the games they played:

30 played football, 24 played softball and 11 played volleyball.
12 played softball and football.

6 played football and volleyball.

5 played all three games and 2 played volleyball only.
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(b) Use your Venn diagram to answer the questions below.

(i) How many boys played softball and football but not volleyball?

(i1) How many boys played volleyball and football but not softball?

(iii)) How many boys played football only?

(iv) How many boys played softball only?

(v) How many boys played none of these games?

2.
(a) 100 people were interviewed at a library, on the novels they liked.
65 people liked adventure novels.
43 people liked detective novels.

38 people liked romantic novels.

Mathematics 12

28 people liked both adventure novels and detective novels, and of these, 10 also
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liked romantic novels.
22 people liked both detective novels and romantic novels.
32 people liked adventure novels only.

Let €= {the group 100 people interviewed at a library}, A = {people who like
adventure novels} and D = {people who like detective novels} and R = {people who
like romantic novels}.

Draw the Venn diagram to illustrate the given data.

(b) Use your Venn diagram to answer these questions.

(i) How many people liked all three types of novels?

(i1) How many people liked romantic novels only?

(iil) How many people liked none of the novels?

Compare your answers with those at the end of the subunit. Be sure that you
understand each answer before continuing. If you have any
misunderstandings, review this content again.
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Remember:
From the given information, you should:

Note it! - draw the appropriate Venn diagram.

- identify appropriate region(s) with the solution(s).

You have now completed the last subunit of this unit on sets. Do a quick review of
the entire content of this unit and then continue on to the unit summary.

Answers to Activity 6

1.

(a) Let €= {the group 50 boys}, S = {softball players} F = {football players} and
V = { volleyball players }.

Venn diagram:

24

(o
50
30

11

(b) Using the Venn diagram to answer the questions:

(i) How many boys played softball and football but not volleyball?
7

(i1) How many boys played volleyball and football but not softball?
1

(iii)) How many boys played football only?
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17

(iv) How many boys played softball only?
9

(v) How many boys played none of these games?
6

2.

(a) Let €= {the group 100 people interviewed at a library}, A = {people who like
adventure novels} and D = {people who like detective novels} and R = {people
who like romantic novels}.

Venn diagram:

43
<
100 o
65
38
9

(b) Using the Venn diagram to answer the questions:
(i) How many people liked all three types of novels?
10
(i1) How many people liked romantic novels only?
11
(iii) How many people liked none of the novels?

9
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Unit Summary

a3y,

Summary

In this unit you learned that a set, which can be finite or infinite, is a
collection of objects that can defined by using set builder notation or
listing.

An element or member is an object in a set. The symbol € is used for
“is an element of ” while ¢ means “is not an element of .

The symbol n (A) is used to denote the number of members or elements
of a set A.

Sets are equal if they contain exactly the same elements. If set A is equal
to set B, then A = B is true.

An empty set is a subset of any set. A subset is also a set containing
some or all elements or members of another set.

Intersection of sets is a set which is formed by putting together all
common elements or members of the sets; the symbol M 1is used for the
intersection of sets.

If A and B are two sets, a set which is formed by putting together all
elements or members of these sets without repeating any element or
member is the union, written A U B.

A complement of set A is a set of all members not in set A but in the
universal set, written A’

Various statements can be made, using set notation, about the
information that is shown in Venn diagrams.

When shading the regions of Venn diagrams, list the members of the set
which is to be shaded, and then shade the region or regions, in which
those members are found.

Venn diagrams can be used in practical situations as already stated that
naturally things form sets or groups. Instead of showing the actual
elements, the number of elements can sometimes be written in the
respective regions of the Venn diagram.

You have completed the material for this unit on sets. You should now spend some
time reviewing the content. Once you are confident that you can successfully write
an exam on the concepts, try the assignment. Check your answers with those
provided and clarify any misunderstandings that you have. Your last step is to
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complete the assessment. Once you have completed the assessment, proceed to the
next unit.

Assignment

When you work on this assignment, please observe the time allocated and show your work
or reason for each answer.

TOTAL MARKS: 35

TIME: 40 minutes
Assignmen

t
1. Complete the table.

Set builder notation Listing

{ even numbers not less than 6 }

{ 1,2,4,8,16 }

{ t|tis a multiple of 3,6 < t <12 }

(6 marks)
2.

Let €= {2,6,7,8, 10, 12, 16};
A=1{2,6,7,8,10,12};
B=1{2,6,8,10};

C= {6, 10, 12}.

Write true or false for each of the following:

Set notation true or false

(a n(€)=7

(b) C cB

(c) {2,6,8,10} N {6, 10, 12}={6, 10}

d 6! € B
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(&) AUB=A

(5 marks)

3. Based on the Venn diagram:

e

(a) listthe set (A’ N B) U(B' N A)

(2 marks)

(b) shade the set (A’ N B) U(B' N A).
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4. Based on the Venn diagram:

e

14

(a) listtheset (FN V) U(FNT) U (TN V)

Mathematics 12

(2 marks)

(b) shadetheset (FN V) U(FN T) U (TN V).

(2 marks)
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(2 marks)

5. Let £E=1{1,2,3,4,5,6,7,8,9,10 }, A= { n|nis acounting number, 5< n <9}, B= {even
numbers } and C = {multiples of 4 bigger than 5 }.

a) Draw the Venn diagram for the given information.

(5 marks)

b) Find n(A U B).
(2 marks)

¢) Shade ANB NnC'.
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(2 marks)
d) Shade B "A’) U(A NB')uUC.

(2 marks)

6. Let E= {the group 50 learners in Mathematics grade 12}, B = {male learners}, G = {female
learners } and N = { learners whose surnames begin with the letter ‘m’}.

There are 39 female learners in Mathematics grade 12.

There are 8 male learners in Mathematics grade 12 whose surnames do not begin with the letter

3 >

m-.

There are 28 female learners in Mathematics grade 12 whose surnames begin with the letter ‘m’.
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Draw the Venn diagram to illustrate these data, writing the number of elements in the proper
regions.

(5 marks)

Compare your answers to those provided below. Pay particular attention to any
mistakes that you made and clarify those misunderstandings.

Solutions to the ASSIGNMENT:
1. Completed table:

Set builder notation Listing

{ even numbers not less than 6 | { 6.810,12,14, .. |
{ factorsof 16 } { 1,2,4,8,16 |

{ t|tisamultipleof3,6<t <12 } {912}

2.

Set notation

true or false
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(a) n(€)=7 true
(b) CcB false
(c) {2,6,8,10} N {6, 10, 12}={6, 10} true
(d) {6} €B false
() AUB=A true

3. Listing (A’ N B) U(B' N A):
(A’ N B)={3,5}
B' N A)={2,6}

Therefore, (A’ N B) UB' N A)={ 2,3,5,6 }

Shaded (A’ N B) U(B’ N A) in the Venn diagram:

e

4. Listing(FN V) U(FNT) U (TN V):

(Fn V)={1,5}
(Fn T)={1,3}
(T V)={1,2,and 4}

Therefore, FN V) U(FN T) U (TN V)={ 1,2,3,4,5 }

Shaded (FN V) U(FN T) U (T V) in the Venn diagram:

Mathematics 12

66



Mathematics 12

5.Let £E=1{1,2,3,4,5,6,7,8,9,10}, A= {n|nisa counting number, 5< n <9

+, B = {even numbers } and C = {multiples of 4 bigger than 5 }.

e

a) The Venn diagram for the given information :

b) n(A U B)=38.

¢) Shaded ANB NnC’:
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d) Shaded B "A') U(A NB') UC:

6. Let €= {the group 50 learners in Mathematics grade 12}, B = {male learners},
G = {female learners } and N = { learners whose surnames begin with the letter
‘m’}.

There are 39 female learners in Mathematics grade 12.

There are 8 male learners in Mathematics grade 12 whose surnames do not begin
with the letter ‘m’.

There are 28 female learners in Mathematics grade 12 whose surnames begin with
the letter ‘m’.

From the data, this is the Venn diagram:

39
=
N v
B ,

50 » G
11 .

r "

0

31

Based on your results and the recommendation that you should aim for at least 80%
to ensure your overall success in this course and any subsequent math course you
take, determine how much you should study the overall unit before you attempt the
assessment.
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Assessment

When you work on this assessment, please observe the time allocated
and show your work or reason for each answer.

TOTAL MARKS: 20
TIME: 25 minutes

Assessment

1) A= { 7,14, 21, 28,35, ... } Describe the given set in set
builder notation.

(2 marks)

2) List the following set: F = { x | x* is a multiple of 2,3 < x <
40 .
(2 marks)

3) Let €= {1,2,3,4,5,6,7,8,9,10 }, A= {n|nis acounting
number, 5< n <9 }, B= {even numbers } and C = {multiples of
4 bigger than 5 }. The Venn diagram for the given information is
as follows :

e

(@) Findn((A U B) U C).
(2 marks)
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(b) List A" U C .
(2 marks)

(c) Shade (A U B) U C.
e

(2 marks)

4) A group of 60 pupils in grade 12 were asked which sport they
liked to watch on the television. 40 pupils liked to watch soccer;
33 pupils liked to watch rugby; 17 pupils liked to watch netball
and rugby; 21 pupils liked to watch rugby and soccer; 19 pupils
liked to watch netball and soccer; 29 pupils liked to watch
netball; 5 pupils liked to watch rugby only.

Let €= {60 pupils in grade 12}, S = { pupils who liked to watch
soccer}, N = { pupils who liked to watch netball pupils} and R =
{ pupils who liked to watch rugby}.

Construct the Venn diagram for the given data.
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(4 marks)
(a) How many pupils liked to watch netball only?
(1 mark)
(b) How many pupils liked none of the three sports?
(1 mark)

(c¢) How many pupils liked to watch netball and soccer, but not
rugby?

(2 marks)

(d) How many pupils liked at least two sports?
(2 marks)

Solutions to assessment questions.
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1) A= { multiples of 7 }
2) F={ 4,6 }.
3)
(@ n((AUB) UC)=3.
b A" uC =1{12343810 }

(c) Shaded (A U B) ' U C.

e

4) The Venn diagram for the given data:

28

&N

40

33

(a) 3 pupils liked to watch netball only.

(b) 5 pupils liked none of the three sports.

(c) 9 pupils liked to watch netball and soccer, but not rugby.
37 pupils liked at least two sports
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Unit 2

Types of Numbers

Introduction

Real Numbers! Overly Imaginary, And Yet So
Real.

You use numbers when counting the members of your family. Fractions
are involved when sharing a cake with your friends.

You should have already used numbers in different situations, like in
addition, subtraction, division and multiplication. In this unit, you are
going to classify numbers and review the mathematical operations with
rational numbers.

This unit consists of 74 pages. It covers approximately 3% of the
course. Plan your time so that you can complete the whole course on
schedule. As reference, you will need to devote 30 hours to work on this
unit, 20 hours for formal study and 10 hours for self-study and
completing assessments/assignments.

This Unit is Comprised of Seven Lessons:

Lesson 1 Identifying Natural Numbers, Whole
numbers, Integers, Rational Numbers, Irrational
Numbers and Real numbers

Lesson 2 Adding Rational Numbers

Lesson 3 Subtracting Rational Numbers

Lesson 4 Multiplying Rational Numbers

Lesson 5 Dividing Rational Numbers

Lesson 6 Demonstrating an Understanding of Classes
of Numbers Like Odd, Even, Polygonal, Cube and
Prime Numbers in a Variety of Situations

Lesson 7 Solving Practical Situations Involving
Directed Numbers

Take a moment to read the following learning outcomes. They are a guide
to what you should focus on while studying this unit.

Upon completion of this unit you will be able to:



Outcomes

Terminology
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= jdentify natural (counting) numbers, whole numbers, integers, rational
numbers, irrational numbers, and real numbers.

= gdd rational numbers.

= subtract rational numbers.

= mulfiply rational numbers.

= djvide rational numbers.

= demonstrate an understanding of classes of numbers like odd, even,
polygonal (triangular, rectangular or composite and square), cube and
prime numbers in a variety of situations.

= so0/ve practical situations involving directed numbers.

Ix:

Composite/
rectangular
number:

Cube number :

Difference:

Directed numbers:

Even number :

Odd number :

Opposites:

Polygonal

The distance of the number x from zero on a
number line.

A composite ( rectangular) number is a positive
integer which has more than two factors.

A cube number_is a whole number which can be
written as a power, with 3 as the index.

The result of subtracting a lesser number from a greater
number.

Directed numbers are positive and negative real
numbers.

An even number is a whole number which leaves a
remainder of 0 when divided by 2.

An odd number is a whole number which leaves a
remainder of 1when divided by 2.

Two numbers which are the same distance from zero
but on the opposite side of zero.

Polygonal numbers are sequential numbers which form
second-order arithmetic sequences, in which the second
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numbers: term of the sequence shows the number of sides in the
polygonal structures that can be produced from these
sequences.

Prime number: A prime number is a whole number which has only two
factors, 1 and itself.

Product: The result of multiplication.

Quotient: The result of dividing one number by another.

Reciprocal: Reciprocal of number x is the number obtained by

Online Resource

dividing 1 by x.

I’:ﬁ http://www.hippocampus.org, - P~BaX |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for

mathematics and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Identifying Natural (counting) Numbers, Whole numbers,
Integers, Rational Numbers, Irrational Numbers and Real numbers

Introduction

By the end of this subunit, you should be able to:

identify natural or counting numbers from other numbers.
identify whole numbers from other numbers.

identify integer numbers from other numbers.

identify rational numbers from other numbers.

identify irrational numbers from other numbers.

classify all real numbers into natural numbers, whole
numbers, integer numbers, rational numbers and irrational
numbers.

This subunit is about 6 pages in length.
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Activity 1

Different types of real numbers.

Numbers are the basic building blocks of mathematics which can be
shown on a real number line.

i L L L L L L L L L L b
7 r-rrrr1rrrr 11 17
15 1 -4 0 05 1,235 1 2% 3
Numbers match with other numbers which are called their opposites,

which are the same distance from zero but on the opposite side of zero,
such as 4 and -4 or -2 and 2.

Numbers become greater on the number line as we move from left to
right. For example, 4 is greater than 2 since 4 is farther to the right on the
number line.

Activity 1

Identifying natural (counting) numbers.

Write down the number of letters in the following words:

(@ 1

(b) AM

(¢) NOT

(d) WELL

(¢) TODAY

Check your answers with those at the end of the subunit.

Counting numbers
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The numbers which you have written are called counting numbers and
are used when counting objects or things. Counting numbers are also
called natural numbers.

On the real number line, natural numbers are equally spaced; with 1 as
the smallest natural number and there is no largest natural number.

Identifying whole numbers

Suppose you buy 5 apples from a market; and you eat 3 apples and give
the other 2 to your friend.

Write down the number of apples that you are left with thereafter.

You should have:

0 apples

Counting (natural) numbers and zero are named whole numbers.

On the real number line, whole numbers are equally spaced; with 0 as the
smallest whole number and there is no largest whole number.

Identifying integers

The opposites of counting numbers on a number line are called negative
integers while counting numbers are positive integers.

Zero is neither negative nor positive.

Whole numbers and their_opposites are called integers.

On the real number line, integers are equally spaced; with no smallest
integer and there is no largest integer too.

Identifying rational numbers

These are quotients of integers.

Numbers that can be written as_ratios of two integers, x/y, with y not
equal to zero (you cannot divide by zero) are called rational numbers.

For example, 1/3, 2/3, 3/3, 1, 4/3, 1% are rational numbers.

On the real number line, rational numbers have no smallest rational
number and there is no largest rational number too.

Activity 2
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Complete the table below by filling in YES or NO where appropriate:

Number

Counting

number

Whole

number

Integer

Rational

number

NO

YES

20

YES

| W

NO

1.33

Compare your completed table with the table at the end of the subunit. Be
sure that you understand the differences between counting numbers,
whole numbers, integers, and rational numbers before continuing.

Identifying Irrational Numbers.

Numbers that cannot be written as ratios of two integers, x/y with y not

equal to zero are called irrational numbers.

For example, +/10 , - \/g , T (pie) and 3\/5 are irrational numbers, since

they cannot be written as ratios of two integers.

On the real number line, there is no smallest and no largest irrational

number.
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Identifying Real Numbers

A continuous real number line consists of natural (counting) numbers,
whole numbers, integers, rational numbers and irrational numbers.

A Venn diagram for all types of numbers on a real number line is
shown in figure 1.1.

Real numbers

Integers

Irrational
Counting numbers

numbers

Figure 1.1 — Types of Numbers

Absolute Value

The distance of any number from zero on a number line is called its
absolute value. The absolute value is positive or zero because distance is
never negative. The absolute values of opposites are the same: For
example, the absolute value of -7 and 7 is 7. Absolute value of x is
denoted by |x| and [x| > 0.

Activity 3
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Complete the table below:

X Notation of the Absolute Value
absolute value of the
number

Activity 3 -2 [-2

0 0

20

3

5

4
7

J9=3

-J10 J10

1.33

Compare your completed table with the table at the end of the subunit. Be
sure that you can determine the absolute value of numbers before
continuing.

Remember:
natural (counting) numbers 1,2,3.4,5,...

Note it!

whole numbers zero and all natural (counting)
numbers

integers whole numbers and their
opposites

rational numbers integers and all numbers that can

be written as ratios of two
integers, x/y, with y not equal to
zero
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irrational numbers

real numbers that are not rational

ALL ABOVE NUMBERS TOGETHER FORM REAL NUMBERS

Solutions to the subunit activities

Solutions to ACTIVITY 1:
(a) 1
(b) 2
(c) 3
d) 4
(e) 5
Solutions to ACTIVITY 2:
Number Counting Whole Integer Rational
number number number
2 NO NO YES YES
1
0 NO YES YES YES
1
20— 20 YES YES YES YES
3 NO NO NO YES
5
4 NO NO NO YES
7
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\/5 — YES YES YES YES
_ \/ﬁ NO NO NO NO
133 NO NO NO YES
1.33=——
100
Solutions to ACTIVITY 3:
X Notation of the Absolute Value
absolute value of the
number
-2 [ -2 2
0 | 0| 0
20 |20 | 20
3 | % | 3
5 5
4 | - % | i
27 7
3
\/5 =3 | \/§ |
o Ny Jio
1.33 | 1.33 | 1.33

Lesson 2 Adding Rational Numbers

Introduction

By the end of this subunit, you should be able to:
e add any two rational numbers with the same sign.
e add any two rational numbers with different signs.

10
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This subunit is about 10 pages in length.

Addition of rational numbers.

You can add any two rational numbers basically in three steps.

Adding any two rational numbers with the same sign:

» Write the addition of their absolute values in brackets and
their sign outside the brackets;

» Work out the sum in the brackets;

» Remove the brackets.

Example 1:
54+ 7

Write the addition of their absolute values in brackets and their
sign outside the brackets.

5+ 77

="(5+7)

Work out the sum in the brackets .
(5+7)

= (12)
Remove the brackets.

(12)
=12

Let us do Example 2 together:

L2 .5
Z 4+t =

5 7

Write the addition of their absolute values in brackets and their
sign outside the brackets.

Compare your answer with:
L2 .5

4+ T =

5 7

11



.2 5
="(Z + =
(5 7)

Work out the sum in the brackets.

Mathematics 12

Compare your answer with:

.2 5
4+ =
(5 7)

L3
—(35)

Remove the brackets and simplify.

Compare your answer with:

+, 39
( 35)
)
35
=" i
35
Activity 4

Work out the addition questions below:

x (a) “6+78

Activity 4

(b) T6+*8

12
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"2
—+78
(© 3
(d) T6+78%
(e) 76.3+78.9

Compare your answers with those at the end of the subunit. If you scored
at least 80%, continue on. If not, review adding any two rational numbers
with the same sign.

Adding any two rational numbers with different signs:

» Write the difference of their absolute values in brackets and
the sign of the number with the bigger absolute value outside
the brackets;

» Work out the difference in the brackets;

» Remove the brackets.

13
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Examplel:
T4+ 78
Write the difference of their absolute values in brackets and the

sign of the number with the bigger absolute value outside the
brackets.

T4+ °8
="(8-4)
Work out the difference in the brackets.
(8-4)
=(4)
Remove the brackets.
(4)
=14

Let us do Example 2 together:
94+ 725

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

Compare your answer with:

94+ 725

= (94-25)

Work out the difference in the brackets.

Compare your answer with:
"(94-25)
=(69)

Remove the brackets.
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Compare your answer with:

“(6.9)
=69
Activity 5

Work out the additions below:

x (a) *6+78

Activity 5

(b) “6+*8
"2
—+*8

(©) 3

(d) ~6+781
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() T6.3+78.9

Check your performance against the given solutions at the end of the
subunit. Continue if you are satisfied with your score. If not, review
adding any two rational numbers with different signs.

Remember:

When adding any two rational numbers with the same sign:

” 1. Write the addition of their absolute values in brackets and
Note it! their sign outside the brackets;

2. Work out the sum in the brackets;
3. Remove the brackets.

When adding any two rational numbers with different signs:

1. Write the difference of their absolute values in brackets and
the sign of the number with the bigger absolute value outside
the brackets;

2. Work out the difference in the brackets;

3. Remove the brackets.

Solutions to the subunit activities

Solutions to ACTIVITY 4:

(a)~6+78

"6+ 8
Write the addition of their absolute values in brackets and their
sign outside the brackets.
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"6+ 8

=" (6+38)

Work out the sum in the brackets.

“(6+38)

= (14)
Remove the brackets.

(14)
=14

(b)*6+*8
"6+78

Write the addition of their absolute values in brackets and their
sign outside the brackets.

T6+78

=" (6+8)

Work out the sum in the brackets.
T(6+8)

="(14)
Remove the brackets.

T(14)
=*14

"2
—+78
(© 3
"2

—+78
3

Write the addition of their absolute values in brackets and their
sign outside the brackets.

Work out the sum in the brackets.
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(2
—+8]
3

_ (26
3
Remove the brackets and simplify.
(26
3

26

3
- -8

(S]]}

(d) *6+781
T6+781

Write the addition of their absolute values in brackets and their
sign outside the brackets.

T6+78%

="(6+8%)

Work out the sum in the brackets .
T(6+8%)

SR

Remove the brackets.
T(147)

= "141

(e) “6.3+78.9
“6.3+78.9

Write the addition of their absolute values in brackets and their
sign outside the brackets.

“6.3+78.9
=7(6.3+8.9)
Work out the sum in the brackets .

~(6.3+8.9)
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- (15.2)

Remove the brackets.

~(15.2)
=152

Solutions to ACTIVITY 5:
(@) 6+78
*6+78

Write the difference of their absolute values in brackets and the

sign of the number with the bigger absolute value outside the
brackets.

T6+78

= (8-6)

Work out the difference in the brackets.
(8-6)

= (2)

Remove the brackets.
(2)
="2

(b) “6+78
“6+*8

Write the difference of their absolute values in brackets and the

sign of the number with the bigger absolute value outside the
brackets.

T6+78

="(8-6)

Work out the difference in the brackets.
"(8-6)

=7(2)

Remove the brackets.
"(2)
=1*)
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2
c) —+*8
(© 3
"2
—+*8
3

Write the difference of their absolute values in brackets and the

sign of the number with the bigger absolute value outside the
brackets.

Work out the difference in the brackets.

-3
3

Remove the brackets.
(2
3
B 22
3

(d) “6+*81
T6+784

Write the difference of their absolute values in brackets and the

sign of the number with the bigger absolute value outside the
brackets.

T6+784

- *(84-6)

Work out the difference in the brackets.
“(81-6)

= (29
Remove the brackets.
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"(29)

(e) "6.3+78.9
T6.3+78.9

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

*6.3+78.9

= "(8.9-6.3)

Work out the difference in the brackets.
~(8.9-6.3)

- (2.6)

Remove the brackets.
7(2.6)
=726

Lesson 3 Subtracting Rational Numbers

Introduction

By the end of this subunit, you should be able to:
e subtract a rational number from another, with the same sign.
e subtract a rational number from another, with a different
sign.

This subunit is about 6 pages in length.

Subtraction in rational numbers.

Subtracting a rational number is equivalent to adding the opposite of the
rational number. When subtracting -4, for example, it is the same as
adding +4; and vice versa. After this, you follow the three steps which
you learned in ‘adding rational numbers’.

Subtracting a rational number from another rational number:

» Change subtraction to addition of the opposite of the rational
number which is to be subtracted.
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» Use the rules for adding any two rational numbers which have
been studied.

Example 1:
T 4-75

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

T 4-75
= " 4+°5

Write the addition of their absolute values in brackets and their
sign outside the brackets.

44+ 5
=" (4+5)
Work out the sum in the brackets.
T (4+5)
=)
Remove the brackets.
- (9)
=9

Example 2:
~7-"3

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

S 7- 3
= 7+"3

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

7+ 73
= (7-3)
Work out the difference in the brackets.
S (7-3)
= (4)
Remove the brackets.
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- (4)

=4
Let’s do Example 3 together:
"9-74

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

Compare your answer with:
“9."4
="9+ 4

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

Compare your answer with:
9+ 4
="(9-4)
Work out the difference in the brackets.

Compare your answer with:
(9-4)
="(5)

Remove the brackets.

Compare your answer with:
"(5)
="5
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Activity 6

Activity 6

Work out the subtractions below:

Mathematics 12

(a) *6-"8
(b) “6-*8
© 3-8
(d) "6-"8%
(e) ¥6.3-78.9
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Compare your answers with those at the end of the subunit. Continue on
if you scored at least 80%. If not, review subtracting a rational number
from another rational number.

Remember:
When subtracting a rational number from another rational number:

- 1. Change subtraction to addition of the opposite of the rational
Note it! number which is to be subtracted.

2. Use the rules for adding any two rational numbers.

Solutions to ACTIVITY 6:
(a) *6-"8
*6—"8

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

*6—"8
="6+"8

Write the addition of their absolute values in brackets and their
sign outside the brackets.

T6+78
=7(6+8)

Work out the sum in the brackets.
T(6+8)

=" (14)

Remove the brackets.

T (14)

="14

(b) “6-"8
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“6-"8

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

T6—8
="6+8

Write the addition of their absolute values in brackets and their
sign outside the brackets.

6478
=" (6+8)
Work out the sum in the brackets.
“(6+8)
=" (14)
Remove the brackets.
- (14)
="14

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.
2

— 8

3

2
= —+78

3

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.
2

—4+*8

3

35

Work out the difference in the brackets.
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_(22
3
Remove the brackets.
(2
3
B 22
3

(d) *6-"81

*6-*81

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

+6_+8l
3
="6+784

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

T6+784

= "(84-9)

Work out the difference in the brackets.
“(84-6)
= (2%)

Remove the brackets.
“(29)

=21

(e) "6.3-78.9
76.3-78.9

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

T6.3-78.9
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="6.3+"8.9

Write the addition of their absolute values in brackets and their
sign outside the brackets.

T6.3+78.9
="(63+89)
Work out the sum in the brackets.
T (63+8.9)
=" (15.2)
Remove the brackets.
T (15.2)
="15.2

Lesson 4 Multiplying Rational Numbers

Introduction

By the end of this subunit, you should be able to
- multiply two rational numbers with different signs.
- multiply two rational numbers with the same sign.

This subunit is about § pages in length.

Multiplication of a rational number by a rational number.

The product, which is the result you get after multiplication, is always
positive for any two positive rational numbers. The product of any two
negative rational numbers is also positive. But the product of a positive
rational number and negative rational number is always negative.

Multiplying any two rational numbers with different signs:

» Multiply their absolute values in brackets with a negative sign
outside the brackets;

» Work out the product in the brackets;

» Remove the brackets.

Example 1:
T 3x 72
Multiply the absolute values in brackets with a negative sign

outside the brackets.
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+

S 3x 2
="(3x2)

Work out the product in the brackets.
(3 x2)

= (6)
Remove the brackets.
- (6)
=6

Let us do Example 2 together:
T 25x%x 72

Multiply the absolute values in brackets with a negative sign
outside the brackets.

Compare your answer with:
T 25x 72
="(25x2)

Work out the product in the brackets.

Compare your answer with:
(25 x2)
= (5)

Remove the brackets.

Compare your answer with:
~(3)
=5
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Activity 7

Work out the multiplications below:

x (a) *6x~8

Activity 7

(b) ~6x*8
©) _§x+8
(d) ~6x*8L
(€) *6.3x"8.9
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Compare your answers with those at the end of the subunit. Be sure
that you understand each answer before continuing. If you have any
misunderstandings, review_multiplying any two rational numbers with

different signs.

Multiplying any two rational numbers with the same sign:

» Multiply the absolute values;
» Work out the product.
Example 1:
T 25x%x 25
Multiply the absolute values.
T 25x 725
=25x%x25
Work out the product.
2.5x2.5
=6.25

Let us do Example 2 together:

I
— x T —
4 4

Multiply the absolute values.

Compare your answer with:
+ 1
4

+
| W

X

X

-P'U-) o

1
4

Work out the product.
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Compare your answer with:

I 3

— x =

4 4

3
16

Activity 8

Work out the multiplications below:

x (a) “6x"8

Activity 8

(b) *6x*8

() *6x*8L
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() ~6.3x°8.9

Check your performance against the given solutions at the end of the
subunit. Continue if you are satisfied with your score. If not, review
multiplying any two rational numbers with the same sign.

Remember:
When multiplying any two rational numbers with different signs:

” 1. Multiply the absolute values in brackets with a negative sign
Note it! outside the brackets;

2. Work out the product in the brackets;
3. Remove the brackets.

When multiplying any two rational numbers with the same sign:

1. Multiply the absolute values;
2. Work out the product.

Solutions to the subunit activities

Solutions to ACTIVITY 7:
(a) "6x~ 8
tox~8

Multiply the absolute values in brackets with a negative sign
outside the brackets.

Tox~8
= (6 x8)
Work out the product in the brackets.
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(6 x 8)
= "(48)
Remove the brackets.
~(48)

=48

(b) ~6x*8
“6x*8

Multiply the absolute values in brackets with a negative sign
outside the brackets.

“6x*8

= (6 x 8)

Work out the product in the brackets.
(6 x 8)

= 7(48)

Remove the brackets.

“(48)

=48

5 .
¢) —x78
()3
2

“x*8

Multiply the absolute values in brackets with a negative sign
outside the brackets.

z><+8

)

Work out the product in the brackets.
(2

—x8

3
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_ (1
3
Remove the brackets.
(16
3

16

3
(d) “6x*81
T6xT 84

Multiply their absolute values in brackets with a negative sign
outside the brackets.

“6x* 81
= “(6x8Y)
Work out the product in the brackets.
“(6x384)
="(50)
Remove the brackets.

"(50)

=-50

(e) ¥6.3x8.9
T6.3x7 8.9

Multiply their absolute values in brackets with a negative sign
outside the brackets.

T6.3x"8.9
= (63 x 8.9)
Work out the product in the brackets.
(6.3 x 89)
= 7(56.07)
Remove the brackets.

~(56.07)
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=756.07
Solutions to ACTIVITY 8:
(a) " 6x~ 8
“6x” 8
Multiply the absolute values.
T6x”8
=6x8
Work out the product.
6x8
= 48
(b) "6x*8
T6x* 8
Multiply the absolute values.
Tox* 8
=6x8
Work out the product.
6x8
= 48
"2
(c) gx 8
%x_ 8

Multiply the absolute values.

gx"8
3

E><8
3

Work out the product.
2

—x8

3
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16
)
(d) "6x* 81
T6x* 81

Multiply their absolute values.
Toxt 84
= 6x8%
Work out the product.
6x81
=50

(e) ~6.3x7 8.9
6.3 8.9
Multiply their absolute values.
"6.3x 8.9
= 6.3x8.9
Work out the product.
6.3%x8.9
= 56.07

Lesson 5 Dividing Rational Numbers

Introduction

By the end of this subunit, you should be able to:

e divide a rational number by a rational number, with a
different sign.

e divide a rational number by a rational number, with the same
sign.

This subunit is about 9 pages in length.

Dividing a rational number by a rational number.
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As division by a number is equivalent to multiplication by the reciprocal
of the number, you can use the steps in ‘multiplying rational numbers’.

The quotient, which is the result you get after division, is always positive
for any two positive rational numbers. The quotient of any two negative
rational numbers is also positive. But the quotient of a positive rational
number and negative rational number is always negative.

Dividing any two rational numbers with different signs:

» Divide the absolute values in brackets with a negative sign
outside the brackets;

» Work out the quotient in the brackets;
» Remove the brackets.
Example 1:

T 4+"8

Divide the absolute values in brackets with a negative sign
outside the brackets.

T4+ 78
= (4+38)
Work out the quotient in the brackets.
(4+8)
_ 1
= ( 5)
Remove the brackets.
1
( 5)

= l or -0.5
2

Let us do Example 2 together:
25+ T2

Divide the absolute values in brackets with a negative sign
outside the brackets.

Compare your answer with:
+

25+ 2
= (25 +2)
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Compare your answer with:
(25 +2)
= (1.25)

Remove the brackets.

Compare your answer with:
(1.25)
= 1.25

Activity 9

Work out the divisions below:

x (a) T6+°8

Activity 9

(b) ~6+*8
2
—+*8
(© 3
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(d) ~6+78+

(€) *6.3+77

Compare your answers with those at the end of the subunit. Continue on
if you scored at least 80%. If not, review dividing any two rational
numbers with different signs.

Dividing any two rational numbers with the same sign:

> Divide the absolute values;

» Work out the quotient.

Examples:
[ B |
27 4
Divide the absolute values.
1 1
3.
1 1
"2 a4
1 4 - .
=E x — (Remember that dividing by a number is the same

as multiplying by its reciprocal)
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x (a) 6+78

Activity 10

Work out the quotient.
1 4
X —
2 1

=2

Let us do Example 2 together:

34+ 717

Divide the absolute values.

Mathematics 12

Compare your answer with:
34+ 17

=34 +17

Work out the quotient.

Compare your answer with:
34 +17
=0.2

Activity 10

(b)

Work out the divisions below:

618
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A

Note it!

"2
—=78
(c) 3
(d) "6+781
(e) 76.3+79

Compare your answers with those at the end of the subunit. Be sure
that you understand each answer before continuing. If you have any
misunderstandings, review dividing any two rational numbers with the

same sign.

Remember:

When dividing any two rational numbers with different signs:

1. Divide the absolute values in brackets with a negative sign
outside the brackets;

2. Work out the quotient in the brackets;
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3. Remove the brackets.

When dividing any two rational numbers with the same sign:

1. Divide the absolute values;

2. Work out the quotient.

Solutions to the subunit activities

Solutions to ACTIVITY 9:

(a) "6+'8
618

Divide the absolute values in brackets with a negative sign
outside the brackets.

“6+*8

= "(6+3)

Work out the quotient in the brackets.

“(6+8)

=(0.75)
Remove the brackets.
(0.75)
=-0.75
(b) *6+78
T6+"8

Divide the absolute values in brackets with a negative sign
outside the brackets.

t6+"8

= "(6+8)

Work out the quotient in the brackets.

“(6+8)

=7(0.75)
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Remove the brackets.
~(0.75)
=-0.75

"2
—+*8
(©) 3

2++8
3

Divide the absolute values in brackets with a negative sign
outside the brackets.

%++8
3

)

Work out the quotient in the brackets.

Remove the brackets.

(&)

(d) ~6+781
T6+784

Divide the absolute values in brackets with a negative sign
outside the brackets.

T6+784
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= (6+84)

Work out the quotient in the brackets.

“(6+84)
- (b3
(&)

Remove the brackets.

(18
25
18

25

(e) T6.3+77
*6.3+77

Divide the absolute values in brackets with a negative sign
outside the brackets.

T6.3+77
= (63+7)
Work out the quotient in the brackets.
“(6.3+7)
=7(0.9)
Remove the brackets.
~(0.9)

=-09

Solutions to ACTIVITY 10:

(a) 6+"8

T6+78
Divide the absolute values.
T6+"8
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= 6+8
Work out the quotient.
6+8

=0.75

(b) T6+78
T6+*8
Divide the absolute values.
T6+78
= 6+8
Work out the quotient.
6+8
=0.75

= %+8
3

Work out the quotient.

(d) *6+784
T6+181

Divide the absolute values.

46



+ 6;+ 8 1
* 3

= 6+8%
Work out the quotient.
6+8+

3
X —

25

_ 13
25

(e) 6.3+ 9

76.3+79
Divide the absolute values.
6.3+79
= 63+9

— |

Work out the quotient.
63+9
=0.7

Lesson 6 Demonstrating an Understanding of Classes of Numbers Like
Odd, Even, Polygonal ( triangular, rectangular or composite and
square ), Cube and Prime Numbers in a Variety of Situations

Introduction

By the end of this subunit, you should be able to:
e list odd numbers from natural numbers.
list even numbers from natural numbers.
list prime numbers from natural numbers.
list polygonal numbers from natural numbers.
list cube numbers from natural numbers.

This subunit is about 4 pages in length.

Classes of numbers in natural numbers.

What is an odd number?

Mathematics 12
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Activity 11

Activity 12

Activity 13

Here is set of natural numbers:

{1,2,3,4,5,6,7,8,9,10,11,12,13,... }

Activity 11

List the set of first five numbers which leave a remainder when
divided by 2 from the set of whole numbers.

Compare your answers with those at the end of this subunit.

Therefore, an odd number is a natural number which leaves a remainder
of 1when divided by 2.

What is an even number?

Here is set of natural numbers:

{ 1,2,3,4,5,6,7,8,9,10,11,12,13,... |

Activity 12

List the set of first five numbers which do not leave a remainder
when divided by 2 from the set of whole numbers.

Compare your answers with those at the end of this subunit.

Therefore, an even number is a whole natural number which leaves a
remainder of 0 when divided by 2.

What is a prime number?

Here is set of natural numbers:

{1,2,3,4,5,6,7,8,9,10,11,12,13,... }

Activity 13

List the set of first five numbers that have only two factors.
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Activity 14

Compare your answers with those at the end of this subunit.

Therefore,_a prime number is a natural number which has only fwo
factors, 1 and itself.

What is a cube number?

Here is set of natural numbers:

{ 1,2,3,4,5,6,7,8,9,10,11,12,13,... }

Activity 14

List the set of first five numbers, which can be written as a
power, with 3 as the index.

Compare your answers with those at the end of this subunit.

Therefore, a cube number 1is a natural number which can be written as a
power, with 3 as the index. Cube numbers are also called cubic numbers.

Rectangular or composite numbers:

Composite ( rectangular) numbers are natural numbers which have more
than two factors.

For example, 8 and 9 are composite numbers because 8 has 1,2,4,8 as its
factors and 9 has 1,3,9 as its factors.

Polygonal Numbers

These are sequential numbers which form second-order arithmetic
sequences, in which the second term of the sequence shows the number
of sides in the polygonal structures that can be produced from these
sequences.

Here are some examples .
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1. Triangular numbers:

0
00
0
000
00
u onoon
000
00
0

Activity 14

List the set of the number of zeros in the polygons above.

Compare your answers with those at the end of this subunit.

2. Square numbers:
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00 0 0
00 0 0

000
o0 0 a0

q o0 0
0 0 0 o

0 00 0

Activity 15

List the set of the number of zeros in the polygons above.

Compare your answers with those at the end of this subunit.

Remember:

Classes of numbers like odd, even, polygonal ( triangular, rectangular or

composite and square ), cube and prime numbers are obtained from real
Note it! numbers which are natural numbers.

Solutions to the subunit activities

Solutions to Activity 10

{ 1,3,5,7,9 }

This set is the set of first five odd numbers.

Solutions to Activity 11
{ 2,4,6,8,10 |

This set is the set of first five even numbers.
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Solutions to Activity 12
{ 2,3,5,7,11 }

This set is the set of first five prime numbers.

Solutions to Activity 13
{ 1,8,27,64,125 }
(Since 1=1° , 8=2" ,27=3" , 64=4" , 125=5")

This set is the set of first five cube numbers.

Solutions to Activity 14
{1,3,6,10}

This set is the set of the first four triangular numbers.

The second term, which is 3, is equal to the number of sides in
the polygons; hence the triangles can be drawn.

Mathematics 12

Solutions to Activity 15
{14916}

This set is the set of the first four square numbers.

The second term, which is 4, is equal to the number of sides in
the polygons; hence the squares can be drawn.
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Lesson 7 Solving Practical Situations Involving Directed Numbers

Introduction

By the end of this subunit, you should be able to:
e apply knowledge of directed numbers in practical situations.

This subunit is about 5 pages in length.

Directed numbers in problem solving.

Some practical situations, such as calculating temperature changes,
distance travelled and calculations of resultant force, involve the use of
directed numbers:

When solving problems on practical situations involving directed
numbers:

» Change the problem to its mathematical expression;

» Work out the mathematical expression.

Example 1:

One night the temperature dropped from -2 ‘Cto-10°C.
What was the temperature difference?

Change the problem to its mathematical expression.
2°C - -10°C

Work out the mathematical expression.

2°C - -10°C

=+8°C

Let us do Example 2 together:

The temperature at 0930 is -6"C and the temperature at 1730 is
20°C.

Assuming that the temperature rises at a steady rate, find the
average temperature between 0930 and 1730.

How do you find the average when a quantity changes steadily?

Compare your answer with:

(Initial value + final value) +2
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Change the problem to its mathematical expression.

Compare your answer with:
(-6°C +20°C)=+2

Work out the mathematical expression.

Compare your answer with:
(-6°C+20°Cy=+2
=+7°C

Activity 16
Work out the following:

(i) Selekane always walks to school and back home, after school. The school is
S5km from her village. One day, she goes to school and on her way back she
rests for 20minutes when she is halfway home.

. . 0
Activity 16 (a) What is the total distance she has walked?

(b) How far is Selekane from home then?

(¢) Ifsheis 1.8 km from home, how far is she from the school?
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(ii) Setsabelo and TSoarelo play by pushing perpendicularly to the faces of a
box on a frictionless table.

(a) If Setsabelo pushes with 50 newtons and TSoarelo with 35

newtons on the same face, what is the resultant force, in newtons,
on the box ?

(b) IfSetSabelo pushes with 50 newtons on one face and TSoarelo

with 35 newtons on the opposite face, what is the resultant force, in
newtons, on the box?

Compare your answers with those at the end of the subunit. Continue on
if you scored at least 80%. If not, review solving practical situations
involving directed numbers.

Remember:

When solving problems on practical situations involving directed
numbers:

Note it! - Change the problem to its mathematical expression;

- Work out the mathematical expression.
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You have now completed the last subunit of this unit on types of
numbers. Do a quick review of the entire content of this unit and then
continue on to the unit summary.

Solutions to ACTIVITY 16:

(i) Selekane always walks to school and back home, after school. The
school is Skm from her village. One day, she goes to school and on
her way back she rests for 20minutes when she is halfway home.

(a) What is the total distance she has walked?

Change the problem to its mathematical expression.

“5km + ' 2.5km

Work out the mathematical expression.

“5km + 2.5km

=+7.5km

(b) How far is Selekane from home then?

Change the problem to its mathematical expression.

“5km - ' 2.5km

Work out the mathematical expression.

“5km - ' 2.5km

=+2.5km

(¢) Ifsheis 1.8 km from home, how far is she from the school?

Change the problem to its mathematical expression.

“5km - ' 1.8km

Work out the mathematical expression.

“5km - ' 1.8km

=+3.2km
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(ii) Setsabelo and TSoarelo play by pushing perpendicularly to the
faces of a box on a frictionless table.

(a) If SetSabelo pushes with 50newtons and TSoarelo with
35newtons on the same face, what is the resultant force, in newtons,
on the box?

Change the problem to its mathematical expression.
*S0newtons + *35newtons

Work out the mathematical expression.

* 50newtons + * 35newtons

= +85newtons

(b) If Setsabelo pushes with 50 newtons on one face and TSoarelo
with 35newtons on the opposite face, what is the resultant force, in
newtons, on the box?

Change the problem to its mathematical expression.

* 50newtons - * 35newtons

Work out the mathematical expression.

* 50newtons - *35newtons

= +15newtons
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@ In this unit you learned about all types of numbers on a real number line:

natural (counting) numbers

1,2,3 4,5, ...

Summary
whole numbers

zero and all natural (counting)
numbers

integers

whole numbers and their
opposites

rational numbers

integers and all numbers that can
be written as ratios of two
integers, x/y, with y not equal to
ZeTo

irrational numbers

real numbers that are not rational

such as \/5, {/ﬁ,and—ﬁ

ALL ABOVE NUMBERS TOGETHER FORM REAL NUMBERS

When adding any two rational numbers with the same sign:

1. Write the addition of their absolute values in brackets and
their sign outside the brackets;

2. Work out the sum in the brackets;

3. Remove the brackets.

When adding any two rational numbers with different signs:

1. Write the difference of their absolute values in brackets and
the sign of the number with the bigger absolute value outside

the brackets;

2. Work out the difference in the brackets;

3. Remove the brackets.

When subtracting a rational number from another rational number:

1. Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

2. Use the rules for adding any two rational numbers which

have been studied.

When multiplying any two rational numbers with different signs:

1. Multiply their absolute values in brackets with a negative
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sign outside the brackets;
2. Work out the product in the brackets;
3. Remove the brackets.

When multiplying any two rational numbers with the same sign:

1. Multiply their absolute values;
2. Work out the product.

When dividing any two rational numbers with different signs:

1. Divide their absolute values in brackets with a negative sign
outside the brackets;

2. Work out the quotient in the brackets;
3. Remove the brackets.

When dividing any two rational numbers with the same sign:

1. Divide their absolute values;

2. Work out the quotient.

An odd number is a whole number which leaves a remainder of 1when
divided by 2.

An even number is a whole number which leaves a remainder of 0 when
divided by 2.

A prime number is a whole number which has only two factors, 1 and
itself.

A cube number is a whole number which can be written as a power,
with 3 as the index.

A composite (rectangular) number is a positive integer which has more
than two factors.

Polygonal numbers are sequential numbers which form second-order
arithmetic sequences, in which the second term of the sequence shows the
number of sides in the polygonal structures that can be produced from
these sequences.

Directed numbers are positive and negative real numbers.

You have completed the material for this unit on types of numbers. You
should now spend some time reviewing the content. Once you feel that
you can successfully write an exam that covers each of the learning
outcomes, try the assignment. Check your answers with those provided
and clarify any misunderstandings that you have. Your last step is to
complete the assessment. Once you have completed the assessment,
proceed to the next unit.
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When you work on this assignment, please observe the time allocated
and show your work for each answer.

Work on the following questions:

1. Complete the table below by filling in YES or NO where

TOTAL MARKS: 60

TIME: 60 minutes

appropriate:
Number Counting Whole Integer Rational
number number number
34
V2
2 3
(9 marks)

2. Complete the table below by filling in YES or NO where

appropriate:
Number Prime Composite | Odd
number number number
1
2
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10

(30 marks)
3.Work out:

(a) 6+73 (2 marks)

(b) T7+°8 (2 marks)

(c) ¥5-78 (2 marks)

(d T1-79 (2 marks)
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(e) “6x73 (2 marks)
) *7x8 (2 marks)
(g 6+73 (2 marks)
(h) ~6.6+"3 (2 marks)

4. One winter night in Lesotho, the temperature changed from 7 ’Cto-
0
13 °C.

What was the temperature difference? (2 marks)

5. Here is a sequence of polygonal numbers:
1,6,15,28,45,....

(a) Write down the second term of the sequence. (2 marks)

(b) Which polygonal numbers are in this sequence. (1 mark)
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Compare your answers to those provided below. Pay particular attention
to any mistakes that you made and clarify those misunderstandings.

Solutions to the ASSIGNMENT:
1. Complete the table below by filling in YES or NO where

appropriate:

Number Counting Whole Integer Rational
number number number

31 NO NO NO YES

ﬁ NO NO NO NO

23 YES YES YES YES

2. Complete the table below by filling in YES or NO where

appropriate:
Number Prime Composite | Odd
number number number

1 NO NO YES

2 YES NO NO

3 YES NO YES

4 NO YES NO

5 YES NO YES

63



Mathematics 12

6 NO YES NO
7 YES NO YES
8 NO YES NO
9 NO YES YES
10 NO YES NO
3.Work out:
(a) "6+ 3

"6+ 3

Write the addition of their absolute values in brackets and their

sign outside the brackets.

6+ 3

="(6+3)

Work out the sum in the brackets .

“(6+3)

= (9)

Remove the brackets.

(9)

=9

(b) *7+78

*7+78

Write the difference of their absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

*74+78
="(8-7)

Work out the difference in the brackets .
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“@=7)
="~

Remove the brackets.
(D
="1

(c) *5-78
*5-78

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

*5-"8
=*54+%8

Write the addition of the absolute values in brackets and their
sign outside the brackets.

5478
=*(5+8)
Work out the sum in the brackets.
T(5+8)
=" (13)
Remove the brackets.
T (13)
=13

d) "1-*9
+1_+9

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

*1-*9
="1+79

Write the difference of the absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

*1+79

="(9-1)
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Work out the difference in the brackets .
“(0-1)
= (%)

Remove the brackets.

")

=8

(e) " 6x73
“6x73
Multiply the absolute values.
“6x73
=6x3
Work out the product.
6x3
=18

) *7x°8
%8

Multiply the absolute values in brackets with a negative sign
outside the brackets.

7% 8
= (7 % 8)
Work out the product in the brackets.
(7 x 8)
=" (56)
Remove the brackets.
"(50)

=756

(g) ~6+73
673
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Divide the absolute values.

T6+73
= 6+3
Work out the quotient.
6+3
=2
(h) 76.6+%3
T6.6+73

Divide the absolute values in brackets with a negative sign
outside the brackets.

T6.6+73
= "(6.6+3)
Work out the quotient in the brackets.

“(6.6+3)

S(e)
3
="(2.2)
Remove the brackets.
(2.2)
=722

4. One winter night in Lesotho, the temperature changed from 7 ‘Cto
13'c.
What was the temperature difference?

Change the problem to its mathematical expression.
7°C - -13°C

Work out the mathematical expression.

7°C - -13'C

-+20°C

5. Here is a sequence of polygonal numbers:
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1,06,15,28,45,....

(a) Write down the second term of the sequence.
The second term of the sequence is 6.

(b) Which polygonal numbers are in this sequence.

Hexagonal numbers, since 6 which is the second term, shows that the
polygonal structures that can be produced from this sequence have six
sides.

Based on your results and the recommendation that you should aim for at
least 80% to ensure your overall success in this course and any
subsequent math course you take, determine how much you should study
the overall unit before you attempt the assessment.
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Assessment

Attempt all the questions. Show your work for each answer.
TOTAL MARKS: 30
TIME: 35 minutes

@ 1. Look at the real numbers written below:

1 1
{2,%/@,\/%,162,182,19}

Assessment

a) Which of the numbers are natural numbers? (3 marks)

b) Which of the numbers are rational numbers? (3 marks)

¢) Which of the numbers are whole numbers? (3 marks)

d) Which of the numbers are prime numbers? (3 marks)

e) Which of the numbers are composite numbers? (3 marks)

2. Work out:

(a) "11+713 (2 marks)

69



Mathematics 12

(b) T9.5x 4 (2 marks)
(c) T12+72 (2 marks)
(d) T10-*19 (2 marks)
(e) ~4x79 (2 marks)

(f) After buying a new fridge, Selekane noticed that the temperature

. 0 .
inside the freezer compartment was 20 C. She wanted to put in
her groceries when the temperature inside it had gone down

30°C. Find the temperature at which she put in her groceries.
(2 marks)

3. Here is a sequence of polygonal numbers:
1,5,12,22,45,....

(a) Write down the second term of the sequence. (2 marks)

(b) Which polygonal numbers are in this sequence. (1 mark)

Check your performance against the given solutions; and if you scored
80% or more, then go on to the next unit; otherwise review_the section(s)
on which unsatisfactory performance occurred.

SOLUTIONS TO ASSESSMENT:
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Look at the real numbers written below:

1 1
{2,{/6_4,\/%,182,19,252}

a)

b)

d)

e)

Which of the numbers are natural numbers?

1
Since/64 = 4 and252 =5 then natural numbers are:

1
{2,%/@,19,252}

Which of the numbers are rational numbers?
2 4 1 1
Since 2 = T,i/@ =4=".19 =T9 and252 =5 :%

,then natural numbers are:

1
{2,%/@,19,252}

Which of the numbers are whole numbers?

1
Since3/64 = 4 and252 =5 then natural numbers are:

1
{2,%/6_4,19,252}

Which of the numbers are prime numbers?

Natural numbers which have only two factors, 1 and
themselves are:

{2.19}

Which of the numbers are composite numbers?

/64 = 4 is the only composite number, as it has more
than two factors; namely 1, 2 and 4.

2. Work out:
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@@ “11+713
11+ 13

Write the addition of their absolute values in brackets and their
sign outside the brackets.

11+ 713

=" (11+13)

Work out the sum in the brackets.
“(11+13)

="(24)
Remove the brackets.

(249)
=24

(b) *9.5x" 4
*9.5x 4

Multiply the absolute values in brackets with a negative sign
outside the brackets.

*9.5x 4
= (95 x 4)
Work out the product in the brackets.
(95 x 4)
- ~(38)
Remove the brackets.
~(38)

=738

() *12+72
1272

Divide the absolute values in brackets with a negative sign
outside the brackets.

12+72
= ~(12+2)
Work out the quotient in the brackets.
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“(12+2)

0

Remove the brackets.

~(6)

(d) *10-*19

*10-"19

Change subtraction to addition of the opposite of the rational
number which is to be subtracted.

T10-"19
=*10+719

Write the difference of the absolute values in brackets and the
sign of the number with the bigger absolute value outside the
brackets.

*10+719

=~(19-10)
Work out the difference in the brackets.
~(19-10)

-0

Remove the brackets.

)

-9

(e) "4x~9

“4x” 9

Multiply the absolute values.

“4x79

=4x%x9

Work out the product.

4%x9
=36
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f.  After buying a new fridge, Selekane noticed that the temperature
inside the freezer compartment was 20 ’C. She wanted to put in

. N 0
her groceries when the temperature inside it had gone down 30 C.
Find the temperature at which she put in her groceries.

Change the problem to its mathematical expression.
20°c-30°C
Work out the mathematical expression.
20°c-30°C
=-10°C

The temperature is -10 ‘c.

3. Here is a sequence of polygonal numbers:
1,5,12,22,45,....
(a) Write down the second term of the sequence.

The second term of the sequence is 5.

(b) Which polygonal numbers are in this sequence?

Pentagonal numbers, since 5 which is the second term, shows that the
polygonal structures that can be produced from this sequence have five
sides.
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Unit 3

Limits of Accuracy

In life we make many measurements. We take measurements of length,
weight, height, volume and many others. But when taking these
measurements we use instruments and our human eyes which are not
perfect, this means that there can be small mistakes here and there. To
cater for these mistakes we apply what are known as the ‘limits of
accuracy’ to measurements in the real world. This means that the exact
measurement falls within the range defined by these limits.

This unit consists of 26 pages and is about 1% of the whole course. Plan
your time so that you can complete the whole course on schedule. As
reference, you will need to devote approximately 10 hours to work on this
unit, 6 hours for formal study and 4 hours for self-study and completing
assessments/assignments.

The previous unit dealt with types of numbers. You learned about whole
numbers, rational numbers, irrational numbers and all the other types. In
this unit we are going to look at how accurately we can measure or report
on things in the world around us. Thus, in this unit we will be applying
the limits of accuracy to those numbers you learned about in unit 2.

This Unit is Comprised of Three Lessons:

Lesson 1 Revising What You Already Know

Lesson 2 Limits of Accuracy

Lesson 3 Solving Simple Problems Involving Limits of
Accuracy
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Upon completion of this unit you will be able to:

e give appropriate upper and lower bounds for data given to a
specified accuracy (e.g. measured lengths)

Outcomes

e oblain appropriate upper and lower bounds to solutions of simple
problems (e.g. the calculation of the perimeter or the area of a
rectangle) given data to a specified accuracy

Limits of Accuracy

Decimal Numbers:
Terminology

Mixed numbers:

Significant figures:
Lower bound:

Upper bound:

Online Resource

Boundaries put on a measurement to keep errors
and uncertainties within specific limits.

In this context a decimal number is a number that
consists of a zero, a decimal point and one or more
numbers after the decimal point.

Numbers that consist of any whole number other
than zero, a decimal point and one or more
numbers after the decimal point.

Digits of a number that carry meaning contributing
to its precision.

An element of a set which is lesser than or equal to
every element of that set.

An element of a set which is greater than or equal
to every element of that set.

I’:B http:/www.hippocampus.org, - D-BaXx |I

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for

mathematics and the topics discussed in this unit. Here you will find:

Videos

Presentations
Simulations

Online Study Groups
Links to Even More Information
Textbook Correlations
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e  Online Courses

Lesson 1 Revising What You Already Know

Activity

At the end of this sub-unit you should be able to:
e Round any number to the specified degree of accuracy.

e Count the number of significant figures in whole numbers,
decimals and mixed numbers.

e  @Give rough estimations of numerical expressions.
This sub-unit consists of approximately 6 pages.

This unit mainly deals with limits of accuracy. However, before
introducing any new material, we will just remind ourselves of some
important concepts that we will need to prepare for the discussion on
limits of accuracy.

In secondary school you learned how to round off numbers to the given
degree of accuracy and how to estimate calculations. You rounded off
numbers to the desired number of significant figures or decimal places.
You also learned how to count the number of significant figures in whole
numbers, mixed numbers and decimal numbers.

Now work on Activity 1 and see how much you can still remember.

Activity 3.1
1. Round off the following numbers to the nearest ten:

a) 1238

b) 578

¢) 688.90

2. Round of the following numbers to the nearest hundredth:

a) 0.1578

b) 3.498
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¢) 423.024

3. Round off each of the following numbers to the nearest whole number:

a) 23.8

b) 17.4

¢) 99.9

d) 7 888.8

4. Round off each of the following numbers to the number of decimal
places indicated in the bracket:

a) 45.901 (1 dp)

b) 0.0123 (2 dp)

¢) 0.44991 (3 dp)

5. Give the number of significant figures in each of the following
numbers:

a) 231

b) 23.1

¢) 5501

d) 0.0023

€) 6 090
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f) 23.01

g) 0.56

h) 9 900 000

0)36.9

i) 0.00020

k)9 871

1) 76.0

m) 0.004500

6. Round off the following numbers to the number of significant figures
given in the brackets:

a) 321 (2 sf)

b) 6302 (1 sf)

¢) 45 509 (3 sf)

d)1.214 (3 sf)

e) 67.010 (4 sf)

f) 5.00001 (3 sf)




Mathematics 12

) 0.0122 (2 sf)

h) 0.9910 (3 sf)

i) 0.0100 (2 sf)

7. Make a rough estimation of the numerical values of each of the
following expressions:

a) 2.64x 2178

b) 8.974 +32.23 -15.87

¢) 0.5701 x 45

986x0.0891

d
) 99

o 2.76x0.0421
194

f) 8.12°

8)

A rectangle has the following dimensions, length 17.2m and width 6.2m,
estimate the area of the rectangle.
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Tip

Compare your answers with those given at the end of the sub-unit. I hope
you were able to get all the answers correct. If you were unable to answer
all of the questions correctly, revisit your secondary school textbook or
check the following notes and get some help.

As you were working out the questions of activity 1 you should have put
in mind the following points:

When counting the number of significant figures in whole
numbers, you count from the left to the last non-zero digit.

When counting the number of significant figures in mixed
numbers, count all numbers.

When counting the number of significant figures in decimals,
count to the right starting with the first non zero-digit.

When calculating the estimate of an expression we round off
each number in the expression correct to one significant figure,
then work out the value of the resulting expression.

By convention the final answer in estimation is always
approximated to 1 significant figure.

Model Answers
Activity 3.1

a) 1238 to the nearest ten is 1240.

b) 578 to the nearest ten is 580.

¢) 688.90 to the nearest ten 690.

a) 0.1578 to the nearest hundredth is 0.16.

b) 3.498 to the nearest hundredth is 3.50.

¢) 423.024 to the nearest hundredth is 423.02.
a) 23.8 to the nearest whole number is 24.

b) 17.4 to the nearest whole number 17.

¢) 99.9 to nearest whole number is 100.

d) 7888.8 to the nearest whole number is 7889.
a) 45.901 to 1 dp is 45.9.

b) 0.0123 to 2 dp is 0.01.

c) 0.44991 to 3dp is 0.450.

a) 231 has 3 sf.

b) 23.1 has 3 sf.
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¢) 5501 has 4 sf.

d) 0.0023 has 2 sf.

e) 6090 has 3 sf.

f) 23.01 has 4 sf.

2) 0.56 has 2 sf.

h) 9900000 has 2 sf.

1) 36.9 has 3 sf.

7) 0.00020 has 2 sf.

k) 9871 has 4 sf.

1) 76.0 has 3 sf.

m) 0.004500 has 4 sf.
6. a) 321 to 2 sf'is 320.

b) 6302 to 1 sfis 6000.

¢) 45509 to 3 sfis 45500.

d) 1.214 to 3 sfis 1.21. Note that we do not write the last zero
because a zero after a number and a decimal point is significant.

e) 67.010 to 4 sfis 67.01.
1) 5.00001 to 3 sf'is 5.00.

2) 0.0122 to 2 sf'is 0.012. We count to the right starting with the
first non-zero digit.

h) 0.9910 to 3 sf'is 0.991.
1) 0.0100 to 2 sfis 0.010.

7. Making rough estimations we round each number in the expression
correct to 1 sf.

a) 2.64 x 2178 =3 x 2000= 6000.
b) 8.974 +32.23 -15.87 = 9 + 30 -20 = 19=20.
) 0.5701 x 45 = 0.6x50= 30.

d) 986x0.0891 < 1000x0.09 _

0.9
99 100
o 2.76x0.0421 N 3x0.04 —0.0006
194 200
f) 8.122 = 8= 64.
8. Area = length x width
=17.2m x 6.2m

~20m X 6m
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= 120m2~100m?, we leave the answer to an estimated calculation
in 1 sf.

Now that you remember how to deal with estimation and significant
figures you can carry on with the limits of accuracy.

Lesson 2 Limits of Accuracy
At the end of this sub-unit you should be able to:

e give appropriate upper and lower bounds (limits of accuracy)
for data given to a specified accuracy.

This sub-unit consists of approximately 3 pages.

I hope you still have the introduction in mind that the limits of accuracy are
applied to any measurement so that the little human mistakes that can happen when
taking measurements are taken care of.

Consider the following situation:

In the laboratory Puleng takes a measurement of the volume of water in a
measuring cylinder. To her eye, the volume looks to be 80 ml. She asks her lab
partner, Teboho, to check the measurement, and he determines that the cylinder
contains 81 ml. of water. Which one of them is right?

The answer is that Puleng and Teboho are both right. Because of the limitations of
the human eyes and slight differences in positioning the cylinder when taking the
measurement, it is not possible to determine how much water is in it with a greater
degree of accuracy.

It would be wrong to suggest that their answer is more accurate than is actually
possible under the circumstances, so to eliminate any confusion we apply the
bounds or limits of accuracy to the measurement. To Puleng it seems the volume is
80ml, but the limits of accuracy indicate that this measurement could still be
anywhere in the range between 75ml and 85ml. These are all numbers which when
rounded to 1 significant figure (as 80 has one significant figure) will give 80. So
the limits of accuracy of the exact volume are given in the form of an inequality as:

75ml < exact volume < 85ml.

The inequality sign on the left side shows equality because when rounding all the
numbers between 75 and 80 with 75 included, to one significant figure we get 80.
On the other side the inequality sign on the right hand side shows no equality
because 85 when rounded to one significant figure gives 90 instead of 80.
However, when all the numbers between 80 and 85 are rounded to one significant
figure, the result is 80. So this is how we apply the limits of accuracy.

75ml is called the lower bound of the limits of accuracy and 85 is said to be the
upper bound of the limits of accuracy.

Consider the following examples.



Mathematics 12

Activity

Example 1:

Give the limits of accuracy of the following numbers:
a) 55

b) 17.3

Solution:

a) The limits of accuracy of 55 should include all numbers which when rounded to
two significant figures will give 55 as it has two significant figures.

So the limits are:
54.5 < exact number < 55.5

b) In the same way as in a) above the limits of accuracy of 17.3 should include all
numbers which when rounded to one decimal place will give 17.3 as it has one
decimal place.

So the limits are:
17.25 < exact number < 17.35

Now work on the following activity on the limits of accuracy.

Activity 3.2

The following quantities are given to the stated accuracy. Write down the limits of
accuracy of the measurements in the form of an inequality.

1. 10 cm to the nearest cm.
2. 3 md{ to the nearest m .
3. 15 km to the nearest km.
4. 50 kg to the nearest kg.
5. 13m to the nearest m.

10
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6. 39.763km to the nearest m.
7. 0.003¢ to the nearest m £.

8. 15.62 A to the nearest 0.01A.
9. 7.1Q to the nearest 0.1 Q.
10. 0.93m to the nearest cm.

When you are done answering all the questions, compare your answers with those
given at the end of the sub-unit on solving problems involving limits of accuracy.

Lesson 3 Solving Simple Problems Involving Limits of Accuracy

By now you should know how to apply the limits of accuracy to a
measurement. In this section you will learn how to solve problems that
involve limits of accuracy.

At the end of this sub-unit you should be able to:

e obtain appropriate upper and lower bounds to solutions of
simple problems given data to a specified accuracy.

This sub-unit consists of ? pages.
Consider the following examples:

Example 1:

11
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A car took roughly 3 hours (with the measurement taken to the nearest hour) to
travel 360km (measured to the nearest ten kilometres). What are the lower and the
upper bounds of the average speed to the nearest km/h?

Solution

First we know that the average speed is given by total distance over total time, i.e.
_total distance d

total time t

To get the lower and the upper bounds of the average speed we first have to know
the lower and the upper bounds of both distance and time.

The limits of accuracy of time should include all numbers of which when rounded
to the nearest hour give an answer of 3 hours.

So the limits of accuracy of time are: 2.5h <t <3.5h

In the same way, the limits of accuracy of distance should include all numbers of
which when rounded to the nearest ten should give 360km.

So the limits of accuracy of distance are as follows:
355km <d < 365km

Now that we know the limits of accuracy of distance and time we can find the
upper and lower bounds of the average speed.

Just take a minute and think of how you would find the lower bound of the
average.

Compare your answer with the following.

The lower bound of the average speed are given by the shortest or smallest time
divided by the longest or largest time. That is, the

shortest dis tan ce

lower bound of average speed = -
longest time

This makes sense because the lower bound is the smallest of the range, so if the
distance is already the shortest and it is divided by the largest value (time), then the
output should be the smallest that could be found.

shortest dis tan ce _ 355km —10lkm/ h

So the lower bound =
longest time 3.5

Now can you find the upper bound? Just give it a try.

Compare your answer with the following:

12
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Activity

The upper bound of the average speed is given by the longest distance divided by
the shortest time. That is, the

longest dis tan ce

upper bound of average speed = -
shortest time

This also makes perfect sense because the upper bound is the largest of the range,
so if the distance is the longest and it is divided by the shortest time, then the
output should be the largest possible outcome.

longest distance _ 365km

Now the upper bound = =146km/ h

shortest time 2.5h

Example 2

A triangle has base 5 cm and height 4 cm to the nearest cm. Find to the nearest
0.01cm?, the limits of accuracy of the area of the triangle.

Solution

The limits of accuracy of the base are:
4.5cm < base < 5.5cm

The limits of accuracy of the height are:
3.5cm < height < 4.5cm

Area= base x height

Now the lower bound of the area is given by:

Lower bound of Area= smallest base x smallest height = 4.5cm x 3.5cm=
15.75cm?

And the upper bound of area is given by:
Upper bound Area= largest base x largest height = 5.5cm x 4.5¢cm = 24.75cm?
So the limits of accuracy of area to the nearest 0.01cm? are:

15.75cm? < area of triangle < 24.75cm?.

Note again that the lower bound has the symbol of equality because both the
smallest height and the smallest base had the symbol of equality, and that the upper
bound of area has no symbol of equality because the largest height and the largest
base both had no symbol of equality.

Now work on activity 3.3 to apply your new knowledge to solving problems
involving limits of accuracy.

Activity 3.3

1. A cuboid has the following dimensions: length 9m width 7m and height 10m all
measured to the nearest meter. Copy and complete the following statements, with

13
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length, width and height to the nearest m, area to the nearest m? and volume to the
nearest m*:

a)___ <length<
by <width<
c)___ <height<
d)__ <basearea<
e)____ <volume<

2. A car travels a distance of 120km to the nearest km in 3 hours to the nearest
hour. It then changes speed and travels further at 80km/h to the nearest km/h in 2
hours to the nearest hour.

a) Find the least and the greatest possible average speed of the car in the first part
of the journey.

b) Find the greatest possible distance travelled in the second part of the journey.

c¢) Find the upper bound of the average speed of the entire journey.

3. A car starts from rest and attains a maximum speed of 20m/s to the nearest m/s
after 10s to the nearest s. Find the least possible acceleration of the car.

Hint: Acceleration a is given by

ye final speed — initial speed

time

4.1f 2 <x <5,-4 <y < -land5< z &, Calculate the lower and the upper
bounds of :

14
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b)y—-x

Xy

5. The radius of a circle is measured as 1 1mm correct to the nearest millimetre.

i) Write down the least possible value of the radius.

22
i) Taking = to be 7 , calculate the least possible value of the circumference.

When you have finished answering all the questions compare your answers with
those given at the end of the sub-unit.

Model Answers

Activity 3.2
1. 9.5cm < true length < 10.5cm.
2. 2.5ml < true volume < 3.5m¢{
3. 14.5km < true distance < 15.5km.
4. 49.5kg < true distance < 50.5kg.
5. 12.5m < true distance < 13.5m.

6) 39.7625km < true distance < 39.7635km or 39762.5m < true distance < 39
763.5m, because 1000m = 1km.

7. 0.0025¢ < true volume < 0.0035¢ or 2.5m{ < true volume < 3.5m¢.
8. 15.615A <true current < 15.625A.

15
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9. 7.05Q < true resistance < 7.15Q.

10. 0.925m < true distance < 0.935m or 92.5c¢m < true distance < 93.5cm.

Activity 3.3

1. a) 8.5m < length <9.5m.
b) 6.5m < width < 6.5m
¢) 9.5m < height < 10.5m.
d)

lower bound = smallest lengthx smallest width = 8.5mx 6.5m = 55.3m*

upper bound = | argest lenght x | argest width =7.5mx10.5m = 78.8m’

Therefore, the limits of accuracy of the base area are: 55.3m? < base area
<78.8m>.

e)

lower bound = smallest areax smallest height = 55.3m" x9.5m = 525.4m’

upper bound = | argest area x [ argest height = 78.8m* x10.5m = 827 .4m’

Therefore, the limits of accuracy of volume are: 525.4m? < volume <
827.4m°.

2. a) The limits of accuracy of distance and time and time are:
119.5km < true distance <120.5km
2.5h < true time < 3.5h

So the least possible average speed S

_shortest distance _ 119.5km _ 32.1km/h
longest time 3.5

The greatest possible average speed S =

longest dis tan ce _ 120.5km 482%m /| h
shortest time 2.5h

b) Limits of accuracy of speed and time are:
79.5km/h < actual speed < 80.5km/h
1.5h < actual time < 2.5h.

The greatest possible distance = greatest speed x longest time= 80.5km/h
x2.5h=2.1.3km.

16
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¢) The upper bound of the average speed of the entire journey =
upper bound of  first speed +upper bound of second speed

2

_ 48.2km/h+80.5km/h

2
=64.4km/ h

3.
The limits of accuracy of the final velocity are: 19.5m/s <v <20.5m/s.
The limits of accuracy of time are: 9.5s < true time < 10.5s.

So the least possible acceleration is

ye smallest velocity _ 19.5m/s —1.9m/s

largest time 10.5s
4.
a) The lower bound of x + y is given by the lower bound of x + lower bound of y.
So the lower bound of x + y= 2+ -4 =-2.
The upper bound of x +y is given by the upper bound of x + the upper bound of y.
So the upper bound of x +y=5—1 =4,
b) The lower bound of'y - x is given by the lower bound of y - upper bound of x.
So the lower bound of y - x =-4 -5 =-9.
The upper bound of 'y -x is given by the upper bound of y - the lower bound of x.
So the upper bound of x -y =-1 -2 =-3.

Xy

¢) The lower bound of 7 s given by

lower bound of x x lower bound of y _2x-4 -8

upper bound of z 8 8 =
Xy
The upper bound of Z s given by:
upper bound of x x upper bound of y _ 5x—1 _ -5 1

lower bound of z 5 5

17



5.

i) The least possible value of the radius is 10.5 mm.

ii) ¢ = nd = 2.

So the least possible value of the circumference is
22

c= 2><7><10.5mm

= 66mm

Mathematics 12
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Unit Summary

a5y,

Summary

In this unit you learned that:

When counting the number of significant figures in whole
numbers, you count from the left to the last non-zero digit.

When counting the number of significant figures in mixed
numbers, count all numbers

When counting the number of significant figures in decimals,
count to the right starting with the first non zero-digit.

When calculating the estimate of an expression we round each
number in the expression correct to one significant figure, then
work out the value of the resulting expression.

By convention the final answer in estimation is always
approximated to 1 significant figure.

When taking measurements or approximating numbers, the limits
of accuracy which consist of the lower and the upper bound are
applied to the measurement to ensure accuracy.

The limits of accuracy are written as: a <x < b, where a is the
lower bound and b the upper bound.

The lower limit has an inclusive inequality and the upper limit has
a strict inequality because the upper limit does not round down to
the true measurement. Instead it rounds up to a different number
altogether.

The next unit after this is on algebraic manipulations.

19
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Mathematics 12

You are advised to spend 40 minutes on this assignment. It carries 50
marks in all and the marks for each question are shown in parentheses.

Show all the necessary workings.

The use of calculators is not permitted.

1. Round the following numbers to the nearest 1000:

a) 68 769
(2 marks)

b) 792 347
(1 mark)

¢) 999 899
(1 mark)

d) 88 500
(1 mark)

2. Round of the following numbers to the nearest 100:

a) 78 531
(1 mark)

b) 8 079
(1 mark)

c)3011
(1 mark)

d) 720
(1 mark)

20
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e)2993
(1 mark)

3. Round off the following numbers to the number of decimal places
indicated in the brackets:

a) 3.12 (1 dp)
(1 mark)

b) 2.56 (1 dp)
(1 mark)

¢) 3.98 (1 dp)
(1 mark)

d) 1.003 (1 dp)
(1 mark)

e) 0.013 (2 dp)
(1 mark)

) 9.999 (2 dp)
(1 mark)

4. How many significant figures does each of the following numbers
show?

a) 7538
(1 mark)

b) 20 450
(1 mark)

¢) 0.00971
(1 mark)

21



d) 0.005100
(1 mark)
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e) 56.2310
(1 mark)

)2 341.0
(1 mark)

5. Write the following numbers to the number of significant figures

shown in the brackets:

a) 48 599 (1 sf)
(1 mark)

b) 7 899 (3 sf)
(1 mark)

¢) 990 (1 sf)
(1 mark)

d) 483.7 (1 sf)
(1 mark)

e) 2.5728 (3 sf)
(1mark)

) 14.952 (3 sf)
(1 mark)

2) 0.085 (1 sf)
(1 mark)

h) 0.0019 (1 sf)
(1mark)
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1) 0.002300 (2 sf)
(1 mark)

6. 1 mileis 1760 yards. Estimate the number of yards in 11.5 miles.
(3 marks)

7. Estimate the answers to the following:

53x11.2
q) 22

2.1
(2 marks)

9.8’

b
) 4.7%

(2 marks)

18.8x(7.1)*
(3.1)* x(4.9)°
(2 marks)

c)

8. Each of the following numbers is correct to one decimal place. State
the limits of accuracy in the form of inequalities as a<x<b, where a is the
lower bound and b the upper bound.

a) 3.8
(1 mark)
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b) 15.6
(1 mark)

c) 1.0
(1 mark)

d)-0.2
(1 mark)

9. The capacity of a swimming pool is given as 740m> correct to two
significant figures.

a) Calculate the lower and the upper bounds of the pool’s capacity and
using x cubic metres for the capacity, express the range of values in
which x must lie as an inequality.

(2 mark)

10. A farmer measures the dimensions of his rectangular field to the
nearest 10m. The length is recorded as 570m and the width is recorded as
340m.

a) Calculate the lower and the upper bounds of the length.
(2 marks)

b) Using W metres for the width, express the range of values in which W
must lie as an inequality.
(2 marks)

Compare your answers to those provided below. Pay particular attention
to any mistakes that you made and clarify those misunderstandings.

Model Answers to the Assignment

1.

a) 68769 to the nearest 1000 is 69 000.

b) 792 347 to the nearest 1000 is 792 000.
¢) 999 899 to the nearest 1 000 is 1 000 000.
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d) 88 500 to the nearest 1000 is 89 000.

2.

a) 78 531 to the nearest 100 is 78 500.
b) 8 079 to the nearest 100 is 8100.
¢) 3011 to the nearest 100 is 3000.
d) 720 to the nearest 100 is 700.

e) 2 993 to the nearest 100 is 3000.
3.

a)3.12to 1 dp=3.1.

b)2.56to 1 dp =2.6.

¢) 3.98 to 1dp=4.0.

d) 1.003 to 1 dp=1.0.

e) 0.013 to 2 dp=0.01.

) 9.999 to 2 dp = 10.00.

4.

a) 7538 has 4sf

b) 20450 has 4 sf.

¢) 0.00971 has 3 sf.

d) 0.005100 has 4 sf.

€) 56.2310 has 6 sf.

) 2341.0 has 5 sf.

5.

a) 48 599 to 1 sf=50 000.

b) 7 899 to 3 sf=7900.

¢) 990 to 1 sf=1 000.

d) 483.7 to 1 sf=500.

e) 2.5728 to 3 sf=2.57.

f) 14.952 to 3 sf=15.0.

g) 0.085 to 1 sf=0.09.

h) 0.0019 to 1sf=0.002.

1) 0.002300 to 2 sf=0.0023.

6.

1 mile is approximately 2 000 yards, the number of yards is

approximately 10 miles.

Mathematics 12
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So in 11.5 miles there is approximately

2000 yards x10 miles ~90000.
1 mile

2) 5.3x11.2 < 5x10 _
2.1 2

98" 10°_100_,

47* 5% 25

18.8x7.2* 20x7* 20x49

3 x49" T x5 9x25

8.

a) 3.75<x<3.85

b) 15.55 <x < 15.65

€)0.95<x<1.05

d) -0.25<x<-0.15

9.

The limits of accuracy of the pool are: 735m* < 740 m® < 745m®.

10.

a) Upper bound of length is 575m.

And the lower bound of length is 565m.

b) 335m < W <345m.

25.

b)

=435~4.
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Assessment

You are advised to spend 30 minutes on this assignment. It carries 35
marks all in all and the marks for each question are shown in parentheses.

Show all the necessary workings.

The use of calculators is not permitted.

1. Round off the following numbers to the degree of accuracy shown in
brackets:

a) 3 621 (nearest 100)
(1 mark)

b) 8 976 (nearest 10)
(1 mark)

¢) 56 862 (nearest 1000)
(1 mark)

d) 986 589 (nearest 10 000)
(1 mark)

2. Round off the following numbers to the number of decimal places
shown in the brackets:

a)4.61 (1 dp)
(1 mark)

b) 8.583 (1 dp)
(1 mark)

¢) 0.00277 (3 dp)
(1 mark)
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d) 9.953 (1 dp)
(1 mark)

Mathematics 12

3. Round off the following numbers to the number of significant figures
shown in the brackets:

a) 0.7765 (1 sf)
(1 mark)

b) 834.97 (2 sf)
(1 mark)

¢) 687 453 (3 sf)
(1 mark)

d) 42.6 (1 sf)
(1 mark)

4. Make rough estimations of the numerical values of the following
expressions:

a) 0.0321 x 1846
(2 marks)

34.49x0.700

1.83
(3 marks)

b)

5. A cuboid’s dimensions are given as 3.973m by 2.4 m by 3.16 m.
Estimate its volume, giving your answer to an appropriate degree of
accuracy. (3 marks)
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6. A school measures the dimensions of its rectangular playing field. The
length was recorded as 350 m to the nearest 10 metre and the width as
200 m to the nearest 100m. Express the ranges in which the length and
width lie using inequalities.

(3 marks)

7. The mass of sack of vegetables is given as 7.8kg correct to 1 dp. Write
the limits of accuracy of the mass.
(2 marks)

8. The following numbers are expressed correct to three significant
figures. Present the limits of accuracy of each number using inequalities:

a) 254
(1 mark)

b) 50.5
(1 mark)

c) 1.00
(1 mark)

9.
A basketball stadium has 13492 seats.

During a season a basketball team played 26 matches and every seat was
sold for each match. At each match a seat cost $18.80.

By writing each value correct to 1 significant figure, estimate the total
amount of money paid to watch these matches during the season.
(3 marks)
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10. The distance travelled by an object was 230m, correct to the nearest
10m. The time taken was 7 seconds, correct to the nearest second.

i) Complete the following statements
(2 mark)

m< distance< m

s< time < S

ii) What was the least possible average speed for the whole journey?
(2 marks)

Send your answers and work to your tutor for marking.
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Unit 4

Algebraic Manipulation

Introduction

When letters and numbers are used together, the mathematics is
called algebra. We have already occasionally used letters instead of
numbers. In this unit, we are going to do more work on algebra. We
are going to work with both linear and non linear expressions.

This unit consists of 54 pages. This is approximately 2% of the
whole course. Plan your time so that you can complete the whole
course on schedule. As reference, you will need to devote 20 hours
to work on this unit, 15 hours for formal study and 5 hours for self-
study and completing assessments/assignments.

When reading the following learning outcomes, think about them
as a guide to what you should focus on while studying this unit.

This Unit is Comprised of Three Lessons:

Outcomes

Terminology

Lesson 1 Multiplying Algebraic Expressions
Lesson 2 Multiplication of Other Algebraic Expressions
Lesson 3 Factorisation

Upon completion of this unit you will be able to:

= multiply a monomial by a polynomial
= expand products of algebraic expressions
= exiract common factors using brackets

= factorise where possible expressions of the form ax + ay; ax + bx +
kay + kby; a’x *— b’y?; a’+ 2ab + b’; ax’ + bx +c

Term: Either a single number, called a constant, or
variable, or the product of several numbers and/or
variables.

Expression: An expression is formed when terms are combined

by either addition or subtraction.

Linear expression: An expression that has the highest power on the



Non linear
expression;

Factor:

Factorisation:

Monomial:
Binomial:
Trinomial:

Polynomial:

Online Resource

Mathematics 12

variable as 1.
An expression that has the highest power on the
variable of power greater than 1 or less than 1, but

never 1.

Factors of numbers are numbers that divide into
another exactly.

Writing a number or an expression as a product of
its factors.

An algebraic expression with one term.
An algebraic expression with two terms.
An algebraic expression with three terms.

An algebraic expression that has many terms
(“poly” means “many” )
of the form ¢,x" + ¢ vy x" '+ ..o ¢iX + cowith

where n is a positive integer and ¢, cy,. ....c, are
real numbers with ¢, # 0

I’:ﬁ http://www.hippocampus.org, - P~BaX |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for

mathematics and the topics discussed in this unit. Here you will

find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Multiplying Algebraic Expressions
By the end of this subunit, you should be able to

= multiply a monomial by a polynomial.

= expand products of algebraic expressions.
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Reflection

Multiplying a Monomial by a Polynomial.

We will first consider examples of multiplying a monomial by a
polynomial. To multiply a monomial by a polynomial, we multiply each
term of the polynomial by the monomial. This is a direct application of
the distributive property.

The distributive property says
If a, b, and c are real numbers, then

alb+tc)=axb+ axc
and
(b+c)a=bxatcxa

a and (b + ¢) are factors. The factor without brackets is said to be
distributed as a factor of each term within the brackets.

Examples

3(4+5)=3(4)+3(5
=12+15
=27

(8 +2) 6=8(6) + 2(6)
— 48+ 12
=60

The distributive property is normally challenged with the
BEDMAS rule.

The BEDMAS rule states that the standard order of operations is
such that

We start with the operation inside the Brackets.
next Exponents and Roots

followed by Multiplication and Division (from left to right if
consecutive)

and lastly Addition and Subtraction (from left to right if
consecutive)

Going back to our examples
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3(4+5)=3(9)
=27

(8+2)6=(10)6
=60

One would then ask, why bother with the distributive property
when BEDMAS still gives the same result. Let us look at the next
example:

x(y +27)

y and 27 are not like terms. This says we cannot add them together.
That therefore says working with the addition in the brackets will
only work if like terms are involved. The distributive property
works for all situations.

x(y +27) = (xx y)+ (x X 27)
=xy +x27
=xy +27x

Can the distributive property be extended to the sums involving any
other number of terms?

Compare your answer to the following:

Yes!

The distributive property is the key tool in multiplying expressions.
When multiplying algebraic expressions:

- multiply numerical coefficients together, then.

- list all the variables that occur in the terms being multiplied
and write them in alphabetical order; since it makes it easier
to read when the problems become more involved.

- remember the laws of indices; add the exponents of like
variables.
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Let us consider these examples.
Example 1
a(3x +4+ 6y)

We have a monomial a , and our polynomial 3x + 4 + 6y

Multiplying them out, using the distributive property:
a(3x +4+ 6y) =a(3x) + a(4) + a(6y)

The factor, a, without brackets is said to be distributed as a factor
of each term within the brackets.

=a3x + a4 + aby
As a matter of convention, the figures are written before the letters:
=3ax + 4a + 6ay
Example 2

a(x+ty-z)=ax+ay-az

Example 3
-3 (ab + d + 5ab)

The factor, -3, without brackets is distributed as a factor of each of
the terms in (ab + d + Sab).

-3(ab+d+5ab)=-3 xab+-3 xd+-3 x5ab
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£

Note it!

Adding a negative number is equivalent to subtracting a positive
number of the same value.

=-3ab+-3d+-15ab
-3ab and -15ab are like terms. We collect like terms.
=-3ab +- 15ab +-3d

-18ab + -3d
-18ab — 3d

Example 4

3x(x+y—z+ax2)

The factor, 3x, is distributed as a factor of each of the terms in (x +

y—z+ ax?’)

3x (x+y—z+ax?)=3x (x +y—z+ax’)
=[Bxxx)+(BxXxy)—(3x xz)+ (3x ax?)]

3x x x and 3x x ax” can be simplified with the help of the laws of

indices. Remember that when no power is explicitly stated, the
power is assumed to be 1.

=[Bx'xxH+Bxxy)-Bxxz)+(3.x ' xaxx'xx 1]
=[x + B3xx y) — B3xx 2) + 3xx' axx'™)]

=[(3x) + (Bx xy) = Bx x2) + (3x' " )]

=[(3x%) + (3x x y) = (3x x 2) + (32 x X)]
=3x?+3xy - 3x z + 3ax’

We have a term that has power 2 and another that has power 3. We
normally write the terms in descending order.

=3ax’+3x >+ 3xy —3x z
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X

Activity 1

Example 5

2{3a+5(b +c)}
We have a monomial 2, and our polynomial is {3a + 5(b + ¢)}

This polynomial has two sets of brackets. It is best, as a rule, to
begin with the innermost brackets and work outwards.

2{3a+5(b+c)} =2{3a+(5xb+5x%x¢)}
=2{3a+ 5b+ 5¢}
=2x3a+2x5b+2x5¢c
=6a+ 10b + 10c

Example 6

X+ 5a) =x° + 5ax?

Work out:
1. 4y(6x —78)

2. 2a(-a—b)

3. -5z(x—9y)

4. —(b—4)

5. a(a’—3a+2)
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6. 4b*(b*+2b-13)

7. Sy[Sc+y (2 —2s* + 11)]

8. xyz[(-3 (xyZ’ + X’yZ*+ x’y’2)]

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Lesson 2 Multiplication of Other Algebraic Expressions

Next, we will consider the multiplication of other algebraic
expressions in two brackets.

If you need to multiply two brackets together, we multiply each
term in the first pair of brackets by every term in the second pair of
brackets.

This multiplication of one polynomial by another is called
expansion.

Multiplying out the factors of an expression so as to get rid of the
brackets is called expanding the brackets.

Example 1

Work out (x +3) (x + 5)

This is best done by the “FOIL” method. This is what it says:

(x+3) x+5)

F | Multiply out the First terms | x+3) (x+5) |xx x=x
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O | Then multiply out the Outer x+3)(x+5) |xx5=5x
terms

—

Next multiply the Inner terms | (x +3)(x+5) | 3xx=3x

L | Finish off by multiplying out x+3)(x+5) |3x5=15
the Last terms

Then add them all up
(x+3)(x+5)=x*+5x+3x + 15
We collect like terms
(x+3)(x+5)=x>+(5x +3x) + 15
=x>+8x + 15
Example 2
In this example, one of the first terms looks different from what we

have had so far. It has a constant and a variable. That will not
change anything. The rules are not changed.

(6x-5)(x+7)=6x x X+ (6x X7 +-5xx)+-5x7
= 6x>+ (42x + -5x) + -35

We collect like terms
=6x>+37x - 35

Example 3

Bx+1)Bx+2)=3xx3x+Bx*x2+1x3x)+1x2
=9x”+ (6x + 3x) + 2

We collect like terms

=9x>+9x +2
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There are some special products that we are going to look at. They

are:

1. Square of a sum : (a+ b)2
(a+b)=(a+b)(a+h)
Using the “FOIL” method;

=[(axa)+(axb)+(bxa) +(bxb)]
=a’+ab+ba+b’

Collecting like terms, ab and ba

= a’+2ab+b’

Example 4
Expand, (x + 5) (x + 5)
(x+5)(x+5) =(x+5)°

=[x X))+ (xx3)+ (5 xx) +(5x5)]
=x’+x5+5x+5°

Collecting like terms, x5 + 5x

=x"+ 10x + 25
Actually we did not have to go through all these steps, we could
have straight away fitted the result like this:

(a+b)*= a’+2ab+b’

(x+5)2 =x"+2x5 + 5

=x*+10x +25

Square of a difference: (a - b)2
(a-b)’=(a-b)(a-b)

Using the “FOIL” method;

10
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=[(axa)+(ax-b)+(-bx a) +(-bx-b)]
=a’—ab-ab+b’
=a’ - 2ab + b’

Example 5

Expand, (x - 5) (x - 5)

(x-5)(x-5)=(x-5)"

=[x *xx)+(x*x-5)+(-5xx) +(-5x-5)]
=x?+xX-5+-5xx+-5

=x"-10x +25
Again we did not have to go through all these steps; we could have
straight away fitted the result in this:
(a-b)’=a’-2ab+b’

(x-5)(x-5)=(x-5)2=x"-2x5+-5"
=x"-10x +25

2. Difference of two squares : (a+b) (a-b)

(a+b)(a-b)
Using the “FOIL” method;

= [(axa) + (ax-b) + (bxa) + (bx-b)]
=a’—ab+ab-b’

=a’ - 2ab + b’

=82 b2
Example 6
Expand, (x - 5) (x + 5)

(x-5) (x+3) =[x xx) +(x*x35)+ (-5x%) +(-5%3)]
=x*+ x5 + -5x + -57

11



Collecting like terms, x5 + -5x
=x" +-25
=x*-25
OR

(x-5)(x+35)=x*-5
=x*-25

Mathematics 12

The examples that we have had so far have had letters and
constants. We can have situations where we are using letters
throughout. That will not change anything. The rules are not

changed.

Example 7

Expand, (x +y) (x +y)

This is square of a sum

(X+y)2= xz-i-ny—i-y2

Example 8

Expand, (x - y) (x -y)

This is square of a difference

(x-y)=x"-2xy +y’

Example 9

Expand, (f- g) (f+ g)

This is the difference of two squares

12
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(f-g)(f+rg=Ff-¢
That will not change anything. The rules are not changed.
These special products can also be used to provide an easy way of
calculating squares of numbers, when calculators are not used.
Example 10

13?

This we can workout with the help of the square of a sum
We can write 13 as 10 + 3

132 = (10 + 3)?
This is a square of a sum: (a +b)? =a’+ 2ab + b’
132 = (10 + 3)*

= [(10 x 10) + (10 x 3) + (3 x 10) + (3

x3)]
=100+30+30+9
=100+60+9
=169

Example 11

99°

This we can workout with the help of the square of a difference:
(a-b)y’=(a-b)(a-b)

997 = (100 - 1)*
=[(100 x 100) - (100 x 1) - (1 x 100) + (1
< 1) ]
=100” - 2(100)(1) + 17
10 000 — 200 + 1

13



= 9800 +1
= 9801

Example 12
(79 +21) (79 - 21)

=79%-21?
= 6241 — 441
= 5800

Example 13

6.25°
6.25%= (6 + 0.25)

= [(6%6) + ( 6x0.25) + (0.25%6) +
(0.25%0.25)]

=36 +1.5+1.5 +0.0625
36+ 3 +0.0625
39.0625

x Calculate:

1) 102

Activity 2

2)10.5°

Mathematics 12
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Activity 3

Check your performance against the given solutions at the end of this
subunit. Continue if you are satisfied with your ability to answer the
questions. If not, review the above content and try the activity again.

Expand the following:

1. (x+3)(x+2)

2. x-3)(x-2)

3. (x-5)(x-4)

15



4. (2x+3y) (x+2y)

5. 3x+2)(2x +4)

6. (x-y)(2x-3y)

7. (x+2)(2x-1)

8. (2x-8)(x+7)

Mathematics 12

Compare your answers to those given at the end of the subunit. Note that

it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.
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Activity 4

Expand the following:
Lo (x+y)’
2. (2x+3)
3. (x— 4y)2
4. (2a- y)2
5. (5x—2y)

Compare your answers with those at the end of this subunit. Be sure that
you understand each answer before continuing. If you have any
misunderstandings, review this content and work through the activity
again.

Key Points to Remember

The key points to remember in this subunit on multiplication of algebraic
expressions are:

e numerical coefficients are multiplied together,

e all the variables that occur in the terms being multiplied
are listed and written in alphabetical order; since it
makes it easier to read when the problems become more
involved

17
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e when we multiply algebraic expressions, we need to
remember the laws of indices. Add the exponents of like
variables

e use the “FOIL” method to multiply two brackets
together
e there are some special products; they are:
Square of a sum : (a+b)*=(a+Db) (a+b)
Square of a difference : (a-b)’=(a-b) (a-b)

Difference of two squares : (a + b) (a-b) =a’- b’

Answers to Activity 1

1. 4y(6x —8) =4y x 6x —4y % 8

=24xy — 32y

2. 2a(-a—b)=2ax-a—2axb
=2-a’ - 2ab
=-2a" - 2ab

3. 5z(x—9y)=-5zxx— -5z2x 9y
=-5xz— 45y z
=-5xz +45yz

4. «(b—-4)=-1(b—4)
=—Ixb--1x4
=—1b +1x4
=-b +4

18
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5. a(a2—3a+2)=a>< a’—ax 3a+ax2
=a’—3a’+2a

6. 4b*(b” +2b — 3) = 4b® x b + 4b*x 2b — 4b* x 3
= 4b* + 8b’ — 12b°
7. -5y[5c+y (2 —2s" +11)] =5y[5c + (y° —2s*y + 11y)]

=5y[Sc+y — 25y + 11y)]
=25cy + 5y4 —10s* y2 + 55y2)]

8. xyz[(-3 (xyZ’ + xX’yZ’ + X’y’2)] = xyZ[(-3xyZ’ -3x’yZ" -

3x2y3z)]
_ —3x2yzz4 -3x4y223 -3x3y422
Answers to Activity 2
102°
102°= (100 + 2)°
=[(100 x 100) + ( 100 x 2) + (2 x 100) +
(2x2)]
=10 000 + 200 + 200 + 4
= 10000+ 400+ 4
= 10 404
10.5%
10.5%= (10 + 0.5)*
=[(10 x 10) + (10 x 0.5) + (0.5 x 10) + (0.5 x
0.5)]

=100+5+5+0.25
=100+10+0.25

=110.25

Answers to Activity 3
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(x+3)(x+2) =x*+(3x+2x)+ 6

=X’ +5x+ 6
(x-3)(x-2) =x*+(-3x+-2x)+ -6

=x>+-5x + -6

=x*-5x—6

(X - 5) (x - 4) = x> +( -4x + -5x) + 20
=x2+-9x + 20
=x%-9x-20

(2x + 3y) (x + 2y) = 2x* +( 4xy + 3xy) + 6y°

=2x"+ Txy + 6y°

(3x +2) (2x +4) = 6x"+( 12x + 4x) + 8

=6x>+16x + 8

x-y)(2x—-3y))=2 x2- 3xy—2xy-i-3y2
=x%-9x-20

(x+2)2x—1))=-2x*+x+4x-2

=2x*+5x-2

(2x-8) (x +7))=-2x"-14x - 8x - 56

=.2x*-22x - 56

20



Answers to Activity 4

L x+y) =x+y) x+y)
= X2+2xy+y2

2. (2x+3)Y=(2x+3)(2x+3)
4x%+2(2x.3) + 37
= 4x*+12x + 9

3. (x—4y)’ = (x—4y) (x—4y)
= X" 2 (x4y) + (4y)’
=x%-2 (x.4y) + 16y’
=a’ - 8xy + 16y°

4. (2a-y) =(a-y)(2a-y)
=4a’ -2 (2ay) + (y)’
=4a’ - 4ay +y*

5. (5x—2y)* =(5x—2y) (5 -2 y)
=25x%— 2 (5xX2y) + (2y)*
= 4a”— 20xy +4y?

Mathematics 12
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Lesson 3 Factorisation

Reflection

By the end of this subunit, you should be able to:
= extract common factors using brackets.

= factorise where possible expressions of the form ax + ay; ax + bx +
kay + kby; a’x *— b’y a’+ 2ab + b*; ax” + bx +c

Factorisation is the reverse of the work we did in the previous

subunit. Factorisation simply means finding the factors (the things

that divide evenly into) of a number or expression.

In your Junior Certificate Course you did work on factorisation of
whole numbers and some expressions. You factorised expressions
by taking out a common factor.

In this unit, you will continue to work on factorisation of
expressions by taking out common factors. You will also learn to
find the factors of expressions of different types using other
methods.

Factorise the following:

As a reminder, to factorise a number means to write it as a product
of'its factors.

(a) 2
()5
(c) 15
(d) 12

(a) Factors of 2 are 1 and 2
1 divides into 2 exactly 2 times
2 divides exactly once into 2

(b) Factors of S are 1 and 5
1 divides into 5 exactly 5 times
5 divides exactly once into 5

(c) Factorsof 15are 1, 3,5 and 15
1 divides into 15 exactly 15 times

22



Mathematics 12

3 divides into 15 exactly 5 times
(d) Factors of 12 are 1,2,3 4, 6 and 12
1 divides into 12 exactly 12 times

2 divides into 12 exactly 6 times
3 divides into 12 exactly 4 times

Factorising by Taking Out a Common Factor

A simple rule in factorising any expression is first to look for
common factors and to “take out” these common factors.
Example 1

3(4)+3(5)

The expression 3(4) + 3(5) has two terms, 3(4) and 3(5). Each of
the terms has a common factor of 3. This is extracted using
brackets giving:

3(4)+3(5) = 3(4+)5)

Example 2

4x +4y + 4z

This expression has three terms. All three have a common factor, 4.
Taking itout: 4x + 4y +4z=4(x +y + z)

4 and x +y + z are factors of 4x + 4y + 4z
Example 3
Extract common factors in xy + 27x

Xy + 27x has two terms, and each has x in them; x is a common
factor of xy and 27x
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£

Note it!

Xy +27x =x(y) + x(27)
=x(y +27)

Example 4
7x* 4 21x + l4xy

This expression has three terms. All three have two common
factors, 7 and x.

It is advisable that we write the variables with powers without the
powers.

7x* 4 21x + 14xy = Txxxx + 21x + 14xy

=7(xxx + 3x + 2xy)

Then taking out x:

=7x(x +3 +2y)

If an expression has two or more common factors, you can “take
them out” in one step.

7x* + 21x + l4xy

Taking out 7 and x:
7x* + 21X + 14xy = 7x(x + 3 + 2y)

Example 5
Extract common factors in ax’ — a’x

As needed, you can write the variables with powers without them.
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2 2
ax’ —a X = axXxXXX —axaxx

Each of the two terms has two common factors, a and x

=ax(x —a)

and you then multiply these factors (brackets) together, you must

; An important thing to remember is that when you have factorised,

Note it!

end up with what you had originally.

Let us multiply the factors that we got in the examples above and
check what we get.

1. 3(4+5)=3(4)+3(5
2. Ax+y+z)=4x+4y+4z
3. x(y+27)=xy+27x

4. Tx(x+3+2y)="7x"+21x + l4xy

S.axx(Xx—a)=axxXx—axaxx

= ax2 — aZX

Factorise the following, completely:
1. 3x-6

Activity 1

2. 6x+4
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3. 6y’ —4y

4. 10xy + 5xz

5. 3x’y—oxy’

6. 8a’bc— 12ab’cd + 4b*c*d?

After completing the questions, compare your answers to the correct
answers at the end of this subunit. Take the time needed to understand
each answer before continuing.
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“Grouping” and Taking Out a Common Factor

Sometimes only a few terms in an expression have a factor in
common.
For example ax + ay + bx + by

It is only ax and ay that have a common factor a
It is only ax and bx that have a common factor x
It is only ay and by that have a common factor y
It is only bx and by that have a common factor b
We use the method called “grouping” and taking out a common
factor. Group the terms by identifying patterns of common factors,
then take out the common factor in each group.
Example 1
ax + ay + bx + by = (ax + ay) +( bx + by)
=a(x+y)+bx+y)
(x +y) is a common factor of the two terms a(x +y) + b(x +y).

We take out this common factor:

Taking out (x +y) from a(x + y) leaves a,
and taking out (x +y) from b(x +y) leaves b

ax ty)+bx+y)=(x+y)(atb)
Even if we were to group the terms differently from what we have
above, the result should be the same.

ax +ay + bx + by = (ax + bx) +( ay + by)
=x(atb)+y(a+b)

(a + b) is a common factor of the two terms x(a + b) + y(a + b)
Taking out (a + b) from x(a + b) leaves x,

and taking out (a + b) from y(a + b) leaves y
X(@at+b)+y(a+tb)= (at+b)(x+y)

(a+Db)and ( x +y)are factors of ax + ay + bx + by
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Activity 2

Factorise the following:

1. ac+ad+2bc+2bd

2. km—-kn+Im-1In

3. 3xy+2lx-2y—-14

4. 3x*+6x-4x-8

5. a®—3a’+6a—12

6. X*—x*+x+1

Mathematics 12
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Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Factoring Quadratic Expressions: Familiar Products

In a previous topic, we used the “FOIL” method to expand the
following:

(a+Db)(a+b)=d>+2ab+b
(a-b)(a-b)=d’-2ab+b’
(a+tb)(a-b)=d*-b’

These may now be familiar patterns.

We want to factorise them that is do “FOIL” in reverse.
Example 1

Factorise x* + 6x + 9
You may have noticed that it matches this pattern:
a* +2ab+b’
Let us then write x* + 6x + 9 to match this pattern.
X Hox+9=x"+2x3+3

= (x+3) (x+3)

=(x +3)

Example 2
Factorise p* — q°
This pattern is recognizable. It is the difference of two squares.
2 2 =
P-4 eradP-9
Remember that if you did the reverse process of expansion, the +pq

and —pq terms cancel each other out.

Example 3
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X

Activity 3

Factorise 16x” — 25y*

This is the difference of two squares.

16x% — 25y% = 4%xx* — 5%xy?

Using one of the laws of indices: x"xy" = (xy)"
= (4xx)* = (5xy%)
= (4x)” - (5v)
= (4x + 5y) (4x — 5y)

Example 4

Factorise 45x* — 20y”
We are tempted to say this is the difference of two squares, but 45
and 20 are not perfect squares. They only become perfect squares
when their common factor is taken out.
45x% —20y* = 5(9x* — 4y%)

= 5[(3%x%) — (22xy)]

= 5[(3%)° - (2y)’]

= 5[(3x + 2y) (3x - 2y)]

Factorise the following:

1. x*-49
2. 2x*-50
3. X —16%°
4. 4a° - 64b°
5. 1-100y

2
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6. x°—16x

7. 9a’— 16x

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Factoring Quadratic Expressions: Trial and Inspection

Sometimes we cannot recognise any familiar pattern in a quadratic
expression. For example, x” + 9x + 18

The expressions we are going to work with have this pattern: ax” +
bx +¢

We factorise with the help of the following steps:

The expression will still have two factors, (x + 0) (x + 0)

the first term in each bracket is x to give X

we look for numbers that go into the boxes. These are factors of ¢
these factors of ¢ should add up to b

Example 1

X +9x+ 18

c=18

Factors of 18 are 1 and 18,2 and 9, 3 and 6, -1 and -18, -2 and -9, -
3and -6.
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on
I

9 1 and 18 do not add up to 9
-1 and -18 do not add up to 9
2 and 9 do not add up to 9
-2 and -9 do not add up to 9
-3 and -6 do not add up to 9
3and 6 add up to 9

X+ 9x+ 18 =(x+3) (x + 6)

Example 2

X2+ 7x + 12

c=12

Factors of 12 are 1 and 12, 2 and 6, 3 and 4, -1 and -12, -2 and -6, -
3 and -4.

b=7 1 and 12 do not add up to 7
-1 and -12 do not add up to 7
2 and 6 do not add up to 7
-2 and -6 do not add up to 7
-3 and -4 do not add up to 7
3and 4 add up to 7;

X+ T7x+12=(x+3) (x +4)

Example 3
X - 6x+8

The product of the two numbers required is positive (+8) and their
sum is negative (-6); so both numbers must be negative.

Factors of 8 are 1 and 8, 2 and 4, -1 and -8, - 2 and - 4

Since both numbers must be negative, we can ignore 1 and 8, 2 and

-1 and -8 do not add up to -6
-2 and- 4 add up to -6
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X% - 6x + 8 = (x + -2)(x + -4) which is normally written (x - 2)(x -
4)

Example 4

x> —x-6

The product of the two numbers required is negative (-6). The
negative product indicates that one of the numbers is negative and
the other is positive, and their sum is negative (-1).

Factors of -6 are -1 and 6, - 2 and 3, 1 and -6, 2 and - 3

We are aware that because of the negative product, one of the
numbers is negative and the other is positive. We therefore test the
pairs with one being positive, the other negative.

b=-1 1 and -6 do not add up to -1
-1 and 6 do not add up to -1

-2 and 3 do not add up to -1
2 and -3 add up to -1

XX —X-6=(x+2)(x+-3)
=(x+2)(x-3)

Example 5

2x°—x-2

The term 2x* has factors 2x and x.

The factors are still (2x + 0) (x + 0)

The product of the two missing terms is -2.
Factors of -2 are:

-2and 1,

1 and -2,

2 and -1, and

-1 and 2.

Using -2 and 1, we find
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2x7—x—2=(2x+-2) (x+ 1)
=(2x-2)(x+1)

We expand the brackets to check the answer
(2x -2) (x + 1) = 2xxx + 2xx1 +-2x x +-2x1

=2+ 2x + -2x + -2
=2x>+2x -2x-2

=2x*+0-2
This is not the correct factorisation.
Still using -2 and 1, but having 1 in the first bracket and having -2
in the second bracket, we find

2% —x-2=02x+1)(x +-2)
=2x+1)(x-2)

We expand the brackets to check the answer.

2x+ 1) (x - 2)=2xxx +2xX%-2 + 1xx + 1x-2
=2x>+-4x + Ix + -2
=2x"+-3x +-2
=2x*+-3x -2

Still, this is not the correct factorization.

Using -1 and 2, we find

2% —x-2=(2x+-1) (x +2)
=(2x-1)(x+2)

We expand the brackets to check the answer.
(2x-1) (x+2)=2xxx +2xX2 + -1X x +-1x2

=2x°+4x +-1x + -2
=2x>+2x-1x-2

=2x>+x-2

This is not the correct factorization.
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Note it!

X

Activity 4

Still using-1 and 2, but having 2 in the first bracket and having -1
in the second bracket, we find

2% —x-2=(2x+2) (x +-1)
=2x+2)(x-1)

We expand the brackets to check the answer
2x+2) (x-1)=2x.x + 2x%x-1 + 2xx + 2%-1
=2x%+-x +2x +-2

=2x> - x+2x-2
=2x"+x-2

Not the required factorization, yet again! And we have run out of
options. This says not every expression can be factorised.

Not every expression can be factorised. Later in the course, we will use
the quadratic formula to find the solutions to these expressions.

Factorise, where possible, the following:

1. x>-5x+6

2. x*-5x-6

3. x> +5x+6

Mathematics 12
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4. xX*+2x-15

5. x>+ 12x+36

6. x*-2x-1

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Factoring Quadratic Expressions: Trial and Inspection
(continued)

In all our examples so far, the coefficient of x* has been 1. We can
have situations where the coefficient of x* is any other number.

Example 1
2x* + 15x + 7
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The term 2x> has factors 2x and x.

The factors are (2x + 0) (x + O)

The product of the two missing terms is 7.
Factors of 7 are

7 and lor

1 and 7.

We are immediately tempted to say this will not work as 1 + 7
does not add up to 15, they add up to 8, which is far less than 15.

We are, however, quick to remember that 1 and 7 are not the only
ones that are used to build the middle term. In the FOIL method
Multiplication of the outer terms and the inner terms give the
middle term

Trying out the possibilities, let’s substitute 1 and 7 in (2x + 0) (x +
0)

2x*+15x+7=02x+ 1) (x +7)

We expand the brackets to check the answer

2x+1) (x+7)=2xxx +2xx7 + 1xx + 1x7

=2x"+ ldx +x+7
=2x>+ 15x + 7

This is the correct factorisation.

We expand the brackets to check the other combination (2x + 7) (x
+ 1), that indeed it is an incorrect factorisation.
(2x+7) (x + 1) =2xxx + 2xx1 + Txx + 7x1

=2x°+2x+7x+7
=2x>+9x +7

Indeed this is not the correct factorisation. The middle term is 9x,
and not 15x.
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Example 2
6x* + 5x - 4

The term 6x> has factors 6x and x.
2x and 3x

The term 4 has factors 4 and 1.
2 and 2
Remember one on these pairs should add to 5

Your guess is as good as mine, as to how much work is going to be
involved!

We can reduce the amount of work involved by “temporarily
eliminating” some of the possible combinations with the following:
The use of 6x and x, factors of 6x°, ™ more likely to giveus a
middle term that is greater than 5x, which is the term under
consideration. We will therefore start using 3x and 2x. If this does
not work then we can go back and try 6x and 1x.

The product of the two numbers required is negative (-4). The
negative product indicates that one of the numbers is negative and
the other is positive. Their sum is positive (+5 ). We therefore test
the pairs with one number being positive, the other negative.
The possible combinations of the two numbers are:

-4 and 1

1 and -4

4 and -1

-1 and 4

2 and -2

-2and 2

We start by using -4 and 1. Since this is essentially trial and error,
you can start with any pair.

6x>+5x —4=03x-4) 2x + 1)
We expand the brackets to check the answer
=3xx2x + 3xx] + -4x2 x +- 4x1]
=6x"+3x +-8x + -4
=6x”+3x - 8x - 4

= 6x°- 5x - 4
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X

Activity 5

This is not the correct factorisation.
Similarly, (3x + 1) (2x — 4) does not work.
Next we try 4 and -1

6x* +5x —4=(3x+4) (2x - 1)

We expand the brackets to check the answer

= 3xX2x + 3xX-1 +4x2 x +4x-1
=6x"+-3x+8x + -4
=6x>-3x+8x-4
=6x%+5x - 4

This is the correct factorisation.

Factorise, where possible, the following:

1. 2x*—x-3

2. 2x*-3x-5

3. 3x*—13x-10

39



Mathematics 12

4. 6p°—18p+12

5. 9x*—12x+4

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on factorisation are:

When given an expression to factorise, try the various methods of
factorisation in succession

take out any common factors
look for familiar patterns

use the method of trial and inspection

when you have factorised, and you then multiply these factors
(brackets) together, you must end up with what you had originally

not every expression can be factorised

You have now completed the last subunit of this unit on algebraic
manipulation. Do a quick review of the entire content of this unit and then
continue on to the unit summary.

Answers to Activity 1
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3x-6=3(x-2)
6x+4=2(3x+2)

6y’ — 4y =2y(3y - 2)

10xy + 5xz = 5x(2y + z)

3x%y — 9x’y’ = 3x%y (1 — 3xy?)

M

a

8a’bc — 12ab’cd + 4b*c’d* = 4¢(2a’b — 3ab’d + 4b*cd?)
Answers to Activity 2

1. ac+ad+ 2bc + 2bd = (ac + ad) + (2bc + 2bd)
=a(c+d)+2b(c+d)

= (c+d) (a+2b)

2. km—kn+Im - In= (km - kn) + (Im - In)
=k(m-n)+1(m - n)

= (k+1)(m-n)

3. 3xy +21x—2y—14=(3xy +21x) - 2y + 14)
=3x(y+7)-2(y+7)
= 3x-2)(y+7)
4. 3x°+6x —4x — 8= (3x"+ 6x) —( 4x + 8)
=3x(x+2)-4(x+2)
=(3x-4) (x+2)

5. a’—3a’+6a—12=(a’—3a’ )+ 6a—12)
=a’(a-3)+6(a-2)
= (@’ +6)(a-2)
6. X —x*+x-1=(x-x*)+(x-1)

=x*(x—-D+1(x-1)
=+ 1) (x-1)

Answers to Activity 3
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X—49= (x-7)(x+7)

2x2 =50 = 2(x* —25)
=2[(x=5)(x+5)]

X —16 x> =(x—4x) (x +4x) ]

4a® — 64b” = (2a — 8b) (2a + 8b)

1-100y* =(1-10y) (1 + 10y)

X~ 16x =x(x*— 16)
=x[(x-4) (x+4)]

92>~ 16x” ~ (3a — 4x) (3a + 4x)

Answers to Activity 4

SN hE WD =

X—5x+6=(x—-3)(x-2)

X —5x-6=(x—6)(x+1)

X +5x+6=(x+3)(x+2)

X +2x-15=(x-3)(x+5)

X+ 12x+36=(x+6) (x +6)=(x + 6)
x> —2x - 1 cannot be factorised

Answers to Activity 5

2x*—x-3=02x+1)(x -3)
2x*-3x—5=(2x-5)(x+ 1)
3%~ 13x—10=(3x +2) (x - 5)
6p°—18p+12=(3p-3) 2p-4)

M

9x*—12x +4=(3x-2) 3x - 2) = (3x - 2)°

Mathematics 12
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Unit Summary

G7

Summary

In this unit you learned that:

- distributive property is the key tool in multiplying expressions.
- expansion is the reverse of factorization.

- factorisation is the reverse of multiplying out, or expansion.

- factorisation can be done.

(a) by taking out a common factor

(b) by grouping

(c) with patterns: square of a sum, square of a difference and
the difference of two squares

(d)with trial and inspection method

- some expressions cannot be factorised.

You have completed the material for this unit on algebraic
manipulation. You should now spend some time reviewing the
content in detail. Once you are confident that you can successfully
write an exam on the concepts, try the assignment. Check your
answers with those provided and clarify any misunderstandings that
you have. Your last step is to complete the assessment. Once you
have completed the assessment, proceed to the next unit.
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Assignment

1. Answer All Questions.

2. Show all the necessary working.

Assignment
Total marks = 50

1. Work out

(@) x(x—=17)

(b) 9xy(p+q+r)

(c) (4s+1)6s

(d) -2a(3 - 5a)

() (x+8)(x+5)

() (2a—3b) (a +4b)

Mathematics 12

Time: lhour

(2]

(2]
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(®) (x-5)

(h) (5h+k)*

(1) Bx+4)(x-2)

Factorise the following:

(a) 9x +3y

(b) 12cm + 16dm

(c) 2pq—6q°

(d) x+y—ax—ay

Mathematics 12

(2]

(2]

(2]

(3]
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(e) ax*-ay’ +bx’ —by’

(f) ah+bh+ch+ap+bp+cp

(g) 3x*-6x+x—2

(h) xX* 3x*+x-3

(i) x*-2x-3

Mathematics 12

(3]

[3]

(3]

(3]
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() 20x*—17x-3 (3]
(k) 6x*—5x+1 [3]
() 2x*-19x+35 [3]

Compare your answers to those provided below. Pay particular attention
to any mistakes that you made and clarify those misunderstandings.

Answers

(@) x(x—=7)=x"-7

(b) 9xy(p + q + 1) =9xyp + 9xy q +9xyr
(c) (4s +t)6s = 24s” + 6ts

(d) -2a(3 — 5a) = -6a + 10a’

(e) (x+8)(x+5)= x>+ 8x+5x+40

= x>+ 13x +40

(f) (2a—3b) (a+4b) = 2axa + 2ax4b — 3bxa -3bx4b
= 2a’+ 8ab — 3ba -12b”

2a’+ 8ab — 3ba -12b°

= 2a’+ 5ab - 12b°
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(@ (x-57=(x=5)(x-5)
= x* -5x—5x+25
= x*-10x +25
(h) (5h+k)* = (5h+k) (5h +k)
= 25h* + 5hk + 5kh + k*
= 25h* + 10hk + k*
(i) Bx+4)(x-2) = 3x"—6x +4x -8
= 3x°—2x-8

() 9x +3y= 3(3x+y)

(b) 12cm + 16dm = 4m(3c + 4d)

(c)2pq — 69 =2q(p — 39)

(d) x+y—ax—ay=x—ax+ y-ay
=(x—ax)+ (y—ay)
=x(1-a)+ y(l —a)
=(l-a)(x+y)

(e) ax®-ay’+ bx’—by’=ax’ + bx” -ay’— by’
=(ax’ +bx’) - (a y*+ by?)
=x’(a+b)-y* (a+b)
=(x’-y)(a+b)

(f) ah+bh+ch+ap+bp+cp
= (ah + bh + ch) + (ap + bp + ¢cp)
=h(a+b+c)+platb+c)
=(h+p)a+b+c)

(g) 3x*-6x+x—2=(3x"-6x)+(x-2)
=3x(x-2) +(x-2)

Mathematics 12
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=3Bx+1)(x-2)

(h) ¥’ 3x*+x-3=(x-3x")+(x-3)
=x*(x-3)+1(x-3)

=x*+1)(x-3)
(i) x*-2x-3=(x+1)(x-3)
() 20x*—17x—3=(20x+3) (x- 1)
(k) 6x*—5x+1 =(2x-1)(3x-1)
(1) 2x*—19x+35=(2x-5) (x-7)

Based on your results and the recommendation that you should aim
for at least 80% to ensure your overall success in this course and
any subsequent math course you take, determine how much you
should study the overall unit before you attempt the assessment.
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Assessment

\O)

Assessment

1. Answer All Questions.

2. Show all the necessary working.

Total marks = 42

1. Simplify

(@) 2(x+y-2)

(b) a(x*+x—3)

(c) ¥ (4x—12y —8y)

(d) x(a+b)-y(b-c)

Mathematics 12

Time: 45 minutes

(2]

(3]
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() (b-0)(x+y)

® &k+1)2k+1)

(9)3a+ 2y

(h) 2x-7)°

2. Factorise the following:

(a) 3x—6

(b) a(x—2)+b(x—2)

Mathematics 12

(3]

(3]

[1]

(2]
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(c) 3x*—12

@ (a-b)y -’

(e) 9—36x’

(f) x*—15x+50

(2) x? +4x +4

Mathematics 12

(3]

(3]

(3]

[3]
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(h) 9x*—4 [3]

Answers

1.Simplifying

(a) 2x+y—-2)=2x+2y-2z

(b) a(x*+x—-3)=ax’+ax—3a

(c) ¥ (4x—12y —8y) =3x—9y — 6y

(d) x(a+b)—y(b—c)=ax+bx—by+cy
() (b-¢c)(x+y)=bx+by—cx—cy

(f) (k+1)(k+1)=2k>+3k+1

(2) Ba+ 2)’=9a"+12a+4

(h) (2x - 7)* = 4x* -28x + 49

2. Factorising

(@) a(x—2)+b(x—-2)=(a+b)(x-2)

(b) 3x*— 12 =3(x"—4)

() 3x-6=3(x-2)

(d) (a-by’-c’=[(a-b)-(o)[(@a+b)+ (¢)]
(e) 9-36x>=(3—6x) (3 + 6x)

(f) x*—15x+50=(x - 5) (x - 10)

(g) X* +4x +4=(x+2)

(h) 9x*—4=(3x-2)(3x+2)
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Unit 5

Linear Equations

Introduction

Linear equations are part of our everyday life. Consider the following
situation; you have 5 books in your bag, someone comes and puts X more
book in your bag so that the total is now nine. How many books have
been put in your bag? 4 because 5+4=9. Now your equation is 5+ x=9.
Once you use an equal sign or once you say equals to, you already have
your equation.

In this unit we are coming to work with linear equations. You will soon
know what kind of equations are linear equations.

This unit consists of 106 pages. This unit is about 5% of the whole
course, so plan your time accordingly. As reference, you will need to
devote 35 hours to work on this unit, 25 hours for formal study and 10
hours for self-study and completing assessments/assignments.

In unit 4 you worked with algebraic manipulations. Algebraic
manipulations are a direct introduction to linear equations. In this unit
you will need almost all the information you gathered in unit 4. In
mathematics information and skills builds upon itself.

This Unit is Comprised of Five Lessons:

Lesson 1 Problem of an Equation

Lesson 2 Solving Linear Equations

Lesson 3 Equations with Numerical Denominators
Lesson 4 Equations with Algebraic Denominators
Lesson 5 Simultaneous Linear Equations
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Outcomes

Terminology

Upon completion of this unit you will be able to:

define the term ‘linear equation’ and explain how it differs from other
types of equations;

give examples of where linear equations can be used in contexts drawn
from everyday life;

solve linear equations involving fractions.

solve simultaneous equations with two unknowns by the elimination
method.

solve simultaneous equations with two unknowns by substitution
method.

solve simultaneous equations with two unknowns by matrix method.

solve simultaneous equations by graphing.

Linear equation: An algebraic equation in which each term is either

a constant or a product of a constant and a variable
and the unknown variable has the highest power as

one.
Simultaneous A set of algebraic equations which will be satisfied
equations: by one solution set at the same time.

Elimination method:  An algebraic method of solving linear equations

where a variable with equal coefficients is
removed from the equation by addition, or
subtraction of the equations. When the coefficients
are not equal the two equations are multiplied by
appropriate factors to get equations (multiples)
which have equal coefficients in one of the
variables, then elimination is carried as usual
where coefficients are equal.

Substitution An algebraic method of solving linear equations
method: where one variable is expressed in terms of the

other in one of the equations, then this expression
is substituted for the variable in the other equation,
the remaining variable is solved.

Matrix method: An algebraic method of solving linear equations

where the equations are written in matrix form and
rules of matrices operations are applied to find the
solution to the original equations.

Numerical A bottom number in a fraction which is a counting
denominators:
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number.
Algebraic a bottom number in a fraction which is an
denominators: algebraic expression.
LCM Method: An algebraic and arithmetic method where two (or

more) fractions are added or subtracted by first
changing them to their equivalent fractions with
the same denominator (this denominator is the
lowest common multiple).

Online Resource

I’;> http://www.hippocampus.org, - P~-BarXx |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for
mathematics and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Problem of an Equation

Mathematics in general is about describing relationships and patterns. For
you to be able describe a relationship or a pattern you should develop an
eye to recognise the structure in situations you are faced with. How does
the structure of the situation help? The recognition of the structure of the
situation will help you to form a generalised statement of the situation.
Once you are able to form a generalised statement you can use
mathematics to solve the problem you are faced with.

How can you use equations in everyday life situations? The answer will
be provided as you read further.

Upon completion of this sub-unit you should be able to:
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= define the term ‘linear equation’ and explain how it differs from other
types of equations;

= gjve examples of where linear equations can be used in contexts
drawn from everyday life;

In Unit 4 you learnt about terms and expressions. There are times when
two expressions are linked with an equal sign. The expression with an
equal sign is called an equation. In an equation, at least one unknown
(variable) must be present.

For example,

di -G m g,

.Jr+_=;- 1:
K lem 3

L= gl'i:l-: m 10d

are all equations. But,
frdmy,

G lmignd,

da = 8

are not equations. The first two have no unknowns (variable(s)), the third
has no equal sign, it is an expression.

For an equation to be a linear equation, it has to have terms of the power
lonly.

For example,

3x+7=12 is alinear equation in one unknown (x),

— =35 isalinear equation in one unknown (a),

2x + 3y =6 is a linear equation in two unknowns (x and y).

But x>+ 3x - 4=0is not a linear equation as it contains x> ( x to the
second power).

Linear equations can be used almost every where in real life where the
situation can be represented (modelled) by a relationship of some kind.
The following examples will highlight this. These are just some of the
possibilities not all possibilities where linear equations can be used.
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Example 1

A packet of sweets costs M p and a packet of chocolate costs M2.50
more. The total cost is M10.50. Calculate the cost of each packet.

Solutions to Example 1

A packet of sweets costs M p and a packet of chocolate costs M2.50
more. The total cost is M10.50. Calculate the cost of each packet.

Let the cost of packet of sweets be represented by c.
So, you can form an equation:

Total cost = cost of packet of sweets + cost of packet of chocolate
100 w Mg & (Mg #0200
1057 m & B 6 2,000
g+ 230w 10,20
e d0 =230 w030 =530
oy w30

B g Ei

# w400
The cost of packet of sweets = M4.00

The cost of packet of chocolate = Mp + M2.50
=M4.00 + M2.50
=Mo6.50

Example 2

The length of a rectangular door mat is (2 + x ) cm and the width is 59
cm. If the area is 6018 cm’. Find the length.

Solution to Example 2

The equation which connects the area of the rectangle to the size of its
sides is
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area gf rectongle m i
AONE ran® m (2 & clom = 39 oo
9018 m Q02 &)
8018 = 113 m 115 = 118 + 20

D00 = B2

The length of the mat = (2 + x) cm
=(2+100) cm
=102 cm

Example 3
A tourist is using a vehicle to tour the country. After three days he found

that the total distance travelled is 495 km. He travelled 1 times farther

on the second day and twice as far as the first day on the third day. How
far did he travel on each day?

Solution to Example 3
Let d be the number of kilometres travelled on the first day.

So, you can form an equation
il dltoney wwerilrsd = diy L dbimery + diy & dirimer
+ gy E disnner
498 ki w 15 b+ 26
495 b m -lfg & km (collect like terms)

AER o l!‘ﬁ e
13

L m (e < m T m 10

110 G w g G
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X

Activity

For day 1 distance travelled = 110 km

For day 2 distance travelled = 1.r- @ ke
=158x10am  (3x110 m E m 1)
= 10T fnn

For day 3 distance travelled = & & &

= 22 110

220 kg

It is good to look and get guidance from worked examples, but the old
Chinese saying says ‘I hear I forget, I see I remember, I do I understand’
meaning that getting the chance to do yourself will be more helpful than
just seeing how to do. Therefore, turn the word problems in activity 5.1
into linear equations then solve them to be able to answer the questions
asked.

Activity 5.1

Solve the following by first forming an equation from the given problem.

a) 2 times a certain number increased by 6 is 8. What is the number?

b) Palesa’s mass is 10kg more than her brother’s mass. The sum of their
masses is 110kg. Find the mass of each.

¢) When a number is divided by 2, the answer is the same as when 15 is
subtracted from 3 times the number. What is the number?
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d) 4 straws of length x cm and 3 straws of length 2x cm have to be cut
from a 60 cm length of straw. What is the length of each type of straw?

Check your answers against the model answers provided below, if you
are confident in the process of turning word problems into appropriate
linear equations to help answering the associated questions then move to
the next sub-unit of solving linear equations.

Model answers to activity 5.1
narrher = I thmer nunber =

maer and nergere Oy ¢ =
maer and Mereese 8y O anavwer i 6

Let the number be represented by 7.

e e A - e -

To find the number you solve for 7.

anedmy
St i=imi=g (subtract 6 both sides)
an = 2
_ - - (divide by 2 both sides)
n=1

The number is 1.

2. Polesa’ smigss + her brother's moss wm 110 §g

Let the brother’s mass be represented by m.

i o (g o 1QT = 110

To find the mass of each, first find the value of m.
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m o4 G 4 100 m 110 (multiply brackets)
o 4= 10 m 1100
e 10 =10 w110 =10  (subtract 10 both sides)
Zin m 107

il g =R (divide by 2 both sides)

So, Palesa’s mass = 50 kg + 10 kg
=60 kg
Brother’s mass = 50 kg

nunsiier = d e aunnlee e 7 -
aivide numler by I equale ¥ thwer maomber subtracl 18
Let number be represented by #.

n-;-;- Bno=12

To find the number, find the value of n.
Smgn =13
2(L) w2080 - 12) (multiply by 2 both sides)
1w g -3
1= G = =31 (subtract 6n both sides)
=%n m =37
o g ZE (divide by 5 both sides)

n==on

The number is 6.

din o) 5 3020 ongl m 80 oup

dor = G G0
To find the length of each type, first find value of x.
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4 o G w30 (collect like terms)
10 m 0
‘,:_; = % (divide by 10 both sides)
x =6

4 straws are of 6 cm in length,

3 straws are of 12 cm in length (2 % & org m 12 gy

From the activity, generally the process of solving real life problems using
equations is:

1. Decide on the unknown quantity and represent it by a letter. Remember
to state the units being used where possible.

2. Form an equation which generalises the facts given in the problem
about the unknown quantity,

3. Solve the equation then answer the associated question(s) by using the
solution of the equation.

Now, you are at the end of the sub-unit problem to an equation, move to the next
sub-unit of solving linear equations which looks at some of the methods used to
solve similar type of equations.

Lesson 2 Solving Linear Equations

The skill of solving the linear equation is very important because it is used across
a number of fields. For instance, it can be used in problems occurring in
business, industry and science. Consider the following situation.

In Lesotho, like in many developing countries, the government is establishing
infrastructure for investors to come and invest in industries with the purpose of
creating jobs for the citizens, especially textile industries. However, the investors
agree to come and establish the industries (factories) with the main purpose of
making profit in the business.

Let us say that it will require two million Maloti (M) to equip the factory and to
start up the production line for a certain type of jeans (casual trousers). The
recurrent cost (for labour, materials and overheads) of producing one pair of
jeans is thirty Maloti. The owners and managers of the business will then decide
the price at which the jeans are sold to suppliers so that a profit is made.

Suppose each pair of jeans is sold to a wholesale supplier for seventy Maloti.
The owners and managers of the business need to know how many pairs of jeans
will have to be sold to recover both the initial cost of getting the factory running
and the recurrent cost of producing each pair of jeans? In business this is
referred to as the “breakeven point” — the stage where income covers all
expenses. At the breakeven point, the business is not yet making any profit, but
neither is it losing money. What happens is that you recover the expenses but do
not make extra money (profit).

This is the kind of situation in life where you can do your business calculations
(homework) even before you run a losing battle in your business.

10
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Let us now look at how you can use your knowledge and skills with linear
equations to find the information necessary to make informed decisions.

Let j represent the number of jeans sold.

Remember, in order to break even, the total cost of producing jeans must be
equal to the income from sales of the jeans.

The cost of producing jeans = 2 QU0 Q00 & 307

Cash from sales of j jeans ™ 7
At the break-even point you have:

Income from sales of j jeans = the cost of producing jeans
T om 2000 000 & 507 (subtract 305 both sides)
PN - 2 UL U

A m 2 Q00 Q00 (divide by 40 both sides)

A g BEEEEE

Al an

=0 00C

e In order to break even, 50 000 pairs of jeans have to be sold.

e  This also means that the business will make a profit on every pair of
jeans that it can sell above the breakeven point of 50 000.

Notice that the equation used here is a linear equation (the highest power of the
variablej is 1). This is the kind of equation that can be used to calculate the
information needed for small businesses and income-generating activities, such
as selling fruits and vegetables.

First let us use the four basic operations to solve one-step equations. Basically,
one-step equations are solved simply by doing the inverse operation to both sides
of the equation.

A. Addition

Example

Solve the following equations

a)a-5= —12 b)d-3.5=19

11



Solution

a)a-5=—12

+5= 45

a = =7

B. Subtraction

Example

Solve the following equations

a)y+2.1=23

Solution

a)y+2.1=23

_ =21==21

Y =209

C. Multiplication

Example

Solve the following equations

)= =-3

b)d-3.5=19
+35=+435

d =215

bym+8=—25

b)m+8=—25
_=8==8

m = -33

b) = (a) =4

Mathematics 12

12



Solution
Q) ==-3
multiply both sides by —8

—&
TrE-—3x-g

Simplify both sides
p=24

D.Division

Example

Solve the following equation.

5x=—31
Solution
S5x =—31
Divide both sides by 5.
se _ =31
E 5
Simplify both sides.
1
X=—0 z

Mathematics 12

The steps above can be combined to solve longer equations. Do not be afraid of
words longer equations. They only mean the equations which require more than

one operation to arrive at the solution. The working is still similar to what you
have seen above. However, to help you along, examples below will take you
slowly showing step by step working.

Example

If the task says solve the following equations, then it requires you to find the
value of the variable that will make the statement true. The worked examples
below will show you how to combine the operations when solving an equation.

13



a)5 -3x=26

Solution

5-3x=26

Subtract 5 from both sides of the equation.

5—5-3x=26-5
Simplify both sides.

—3x=21

Divide both sides by - 3

B2

=5 =3
Simplify both sides
x=-=7

Mathematics 12

Note that the same equation could also be done by choosing to start with division

T o= G w27

LT

— = (divide both side by 3)

': - % u % (simplify division where possible)
-E— o - E (subtract % both sides)

: -: - - —: (simplify the subtraction)

- h (multiply by -1 both sides)
oom = (simplify the division)

14
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r= -7

In the first approach subtraction was done first followed by division, in the
second approach division was done first followed by subtraction then
multiplication. Which approach look easier to follow to reach to the solution?

b)7(b-1)=21
Solution

7(b-1)=21
Divide both sides by 7
Tib-1) _ 21
F T
Simplify both sides.
b-1=3
Add 1 to both sides of the equation.

b=1+1=3+1
Simplify both sides.
b=4

Even here the equation could have be worked as follows:
Fibh 1) m 21 (multiply the bracket)
fo=TFmil
TimPaimilad (add 7 both sides)
o omIg

—-—m= (divide by 7 both sides)

Is there a significant difference between the two approaches? Any noticeable
difficulty or more working?

¢)Sn+2=2n+17

Solution
Sn+2=2n+17

15



Subtract 2n from both sides

Sn+2-2n=2n+17 —2n
Simplify both sides.
3n+2=17

Subtract 2 from both sides

3n+2 —-2=17 -2
Simplify both sides.
3n=15

Divide both sides by 3

M 13

B B
Simplify both sides.

n=>5

d)1-3(p+)=p-(2p-1)
Solution

1=-3p+t)=p-(2p-1)

Remove brackets

l=fp=3myp=2Ip+1
Simplify both sides.

=i =2 m =gl
Add 2 to both sides

-3 =3t im=p+1+id

Simplify both sides.

-ip m=—-nt+3
Add p to both sides

-3p hpw=-pt3 g
Simplify both sides.

=3 m R
Divide both sides by -2

Mathematics 12
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-2p_3
-2 -2
Simplify both sides.
—3
p=—

You will find that many times it is easiest to solve by starting with addition or
subtraction before multiplication or division.

Now, can you use the same skills to work out the equations in activity 5.2.

17
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Activity

Activity 5.2

Solve the following equations

a)Tp—8=6

b) 4(3& + 2} =20

C)Be=2Z84+4r

d) 6= 5r = 19

e) 1R = i m Ay & 17

Het+23mIt+8

Mathematics 12
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g iag=0mG=13(8=0q)

I hope up to now you have continued to use the skills in the activity, you can
check your work against the model answers provided below. Remember that if
your work looks different it does not mean your work is wrong.

Answers to Activity 5.2
a) Tp=8B=6

Tp-8+8=6+8

Ty mld
Tp=17 =14+7
p =2

c) Ge=100+r

8s—s=28+ts—s
Ts+7 =28=+17
s =4

e)I8u—6+6=2u+12+6
18u—2u =2u-2u-+18
l6u+16= 18+ 16

12a+8=20
12a+8—-8 =20—- 8
[2a+12=12+12

a =1

d) G=5rwm 18
6—5r+5r=19r+ 5r
6+24 =24r+24

1
N

f) 6t—2t+2=2t—-2t+8
4t+2-2=8-2
4t+4 =6+4

=T

19
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0 | \©

g) Iag-Emog=3(F-a)
3a—-5=6-6+2a
3a—2a—-5=2a-2a
a-5+5=0+5
a =5

You have done a lot up to here, now let us move to the equations with
numerical denominators and use the same skills again.

Lesson 3 Equations with Numerical Denominators

Most of the work you have been doing in solving equations has been to
balance the equation by doing the same operation on both sides. You will
continue to use balancing, but the equations are going to change slightly.

You have seen one situation in business where a problem gives an
equation. The fact is, there are many situations which can give equations
in life. Consider a wealthy man who has made a will (a written document
instructing how the wealth is to be given to chosen beneficiaries and
certified by lawyer) where the beneficiaries are the child to be born and
his wife (the wife was expecting a child at the time the will was written);
the child is to receive two-thirds of the wealth if it is a boy and the wife
one-third of the wealth. But, if it is a girl, is to receive one-third and the
wife two-thirds. When the wife gives birth, there were twins a boy and a
girl. How should the wealth be divided to satisfy the will?

At the end of this sub-unit you should be able to:

e define the term ‘numerical denominators’,

e identify equations with numerical denominators,

e Solve linear equations involving numerical denominators.
There are six pages in this sub-unit.

In unit 2 you learnt about Types of numbers. Can you recall which type
of numbers have denominators? If you need help to remember review
work done in unit 2.

In the will problem above, if the newly born child would be a boy he

would be entitled to two-thirds of the wealth -;:!;I . The number indicates

that the wealth is divided into three equal parts by the bottom number. Do
you still remember the name of this bottom number? The parts the boy
will get are indicated by the top number. What is the name given to this
top number?.

20



Mathematics 12

The three at the bottom is the numerical denominator because three is a
counting number.

For example, =, - are fractions with numerical denominators because
4 B

the bottom numbers 3 and 6 are counting numbers.

Example 1

Multiply both sides by 3

ar
?x3:—4‘7{3

Simplify both sides.

2r=—12
Divide both sides by 2

ar =12

z 2
Simplify both sides.
r=-6
Example 2

Ex=1

" =
Multiply both sides by 4
1
—X4=5x4
&
Simplify both sides.

dx=1=20
Add 1 to both sides

Bx=1+lwiD+1
Simplify both sides.

Bxowm 21
Divide both sides by 3

1
E

[ %]

B

21



Simplify both sides.
x=17
Example 3

—_— 17
3

Multiply both sides by 3

?x&:n x 3

Simplify both sides.
y+5=51
Subtract 5 from both sides

y+5—-5=51-5
Simplify both sides.

y =46

Example 4

Elout P

B
Multiply both sides by 5

dla=-1)
E
Simplify both sides

#5=6 =5

3a—-3=30

Add 3 to both sides

3a—-3+3=30+3

Simplify both sides
3a=33

Divide both sides by 3
3a 33

3 3
a=11

Example 5

2—?’+1:$
3

=

Mathematics 12
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X

Activity

Multiply each term in the equation by 6 (the LCM of the denominators)

% x6+1 ®x6= ? %6
Simplify both sides
4p+6=21p

Subtract 4p from both sides of the equation

4p+6 —4p=21p -4p
Simplify both sides
6=17p
Divide by 17 on both sides
i

i 1F
Simplify both sides

= ( II:-)
iF ' P

Activity 5.3

Solve the following equations. Show all of the work you do to arrive
at an answer.

3
b) K=d -.“F-a
& B
gd | 2
C)?'i"E—'l

23
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®§+s-?

o) =t (2mud

= & &

wRa

D mibiE

ETEolaEs
" 2 o
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Model Answers

Activity 5.3

0 8.3 543 ( multiply both sides by 3 )
c+8-8=15-8 (subtract 8 both sides)
x-=2 x-3 . .

b) 1 x20 = 5 x 20 ( multiply both sides by 20; LCM of

denominators )
Sx—4x—-10=4x—-4x-12 ('subtract 4x both sides)
x-10+10=-12+10 (‘add 10 both sides)

- o ]
x=—Z

) %x 21 +§>< 21=1x21 ( multiply both sides by 21; LCM of

denominators )

9d +14-14 =21-14 ( subtract 14 both sides )
% :% ( divide by 9 both sides )
=
d) §><5+3><5=7><5 ( multiply by 5 both sides )
e+15-15=35-15 (‘subtract 15 both sides )
gm0
e) (bs_l) x 30— (2-0) x30 = %x 30 ( multiply by 30 both sides )
6b—6-10+5b=10 ( collect like terms)
11b-16+16 =10 + 16 (‘add 16 both sides )
% = % ( divide by 11 both sides )
bmiZ
p X2 4 1x4+ T 204 ( multiply by 4 both sides )
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xX—x+2=4+2x—x—-4 ( subtract x both sides )
2=x

y—1 1 2y +1

2) 5 x6—§x6: 6 x 6 ( multiply by 6 both sides )
3y—-2y-3-2=2y-2y+1 (collect then subtract 2y
both sides )
y=5+5=1+5 (‘add 5 both sides )
Vv omfi

The important thing to remember is:

Get rid of the denominator by multiplying all the terms
of the equation by the lowest common multiple of the
denominators.

You have now completed the sub-unit on how to solve linear equations
with numerical denominators using the LCM (Lowest Common Multiple
of denominators) method. Do a quick review of the content then continue
on to solving linear equations with algebraic denominators.

Lesson 4 Equations with Algebraic Denominators

The rules of operating the fraction equations with algebraic denominators
are the same as for numerical fractions. Do you still remember the
meaning of algebraic denominator? Just like in numerical fractions
where we have the bottom number as a counting number or an integer;
algebraic fractions have the bottom number as an algebraic expression.

At the end of this sub-unit you be able to:
e Solve linear equations involving algebraic denominators.
There are six pages on this sub-unit.

Linear equations occur quite often in our everyday life, they sometimes
involve algebraic denominators not numerical denominators. Similar to
equations with numerical denominators these algebraic denominators
have to be cleared before one can solve the equations with ease. How are
they cleared?

Let us start by looking at worked examples to illustrate the working
process in solving linear equations with algebraic denominators.
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Example 1
d 9

—_—+—=4

g 2

Multiply each term by the LCM of the denominators which is 2(y+3)

ix} FLAEE Y 3,"1-11334 kBl X 2o+ B)

¥ 5 ) i " "

Simplify both sides by multiplying out the brackets

B+ Bt 27 m By + 24

Simplify the left side of the equation

Py 35 m By 4 2d
Subtract 8y from both sides.

e o= T b 30 = e = Qoeeh I

Simplify both sides

e B35 m2d

Subtract 35 from both sides of the equation
¥+ BF =55 m Z&— BB

Simplify both sides

vom =11

Example 2
g 1 -
-
p=a B=3 B=a
Multiply each fraction by (p - 2)(p — 3)the LCM of the denominators

Rlp=tifpeid _ 1ip=00=ad = 2ip=0ip=r

F=d =3 =i

Simplify both sides
Hp-9-lp-Dmifp-3

Remove the brackets

Ep=1b=p+imip=—¢
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Simplify left side of the equation

Ap =13 m 2p =6

Subtract 2p from both sides of the equation

dp =2y =15mip=32p=—06

Simplify both sides
ip=1im =g

Add 13 to both sides

dp=l3tlim=Ghlh
Simplify both sides

Divide both sides by 4
dp 7

C
Simplify both sides

pmid

Example 3

3 x 3

*—3 x—-3 2

Multiply both sides by LCM of the denominators which is @z )
3 {3 2 = B) = 2 e 2 —

—Xr—-5 m—xr-8)-cxAx-8)

Simplify both sides

§=dy=3x+9F

Subtract 9 to both sides of the equation.

f=0m=y+8=0

28



Simplify both sides

Divide by -1 on both sides

=3 =
—  —

=1 =1
Simplify both sides

Example 4

Multiply both sides by 2a (LCM of the denominators)

ixia L¥Za

& 2a

Simplify both sides
id—1l=¢6a

Simplify left sides
1=6a

Divide both sides by 6

1 6@

5 &
Simplify both sides

=a or a=

R
] =

Ll

=3x 2z

[¥N}

Mathematics 12

(or x=3)

Now it’s time for you to try solving some problems on your own. Good

luck working on the following equations!
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x Activity 5.4

Activity an answer.

ma-%-a

o
~
by
F |
(=
B ==

@
N
5
LN L=
Pet

[ |
;‘?
-i-I"‘
m

Mathematics 12

Solve the following equations. Show all of the work you do to arrive at
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Model Answers

Activity 5.4
a) 27-1' Hm § (' multiply all terms by f)
I I
2=2+ifmd=2 (' subtract 2 on both sides )
5;- - E ( divide by 3 on both sides )
fag
b) Jetmd ( multiply all terms by 2h)
G =G =1 m B = &h ( subtract 6h on both sides )
=1 m 2} ( divide by 2 on both sides )
—%-Fi (or h--Tﬂ')
o =i ( multiply all terms by 2(b+1) )
ldwm 3o+l ( multiply the bracket )
¢ Iwm3b |3 B (' subtract 3 on both sides )
% - % (divide by 3 on both sides )
3% -
d) o B (multiply all terms by 9(a+1) L.C.M )

F el
Tla==1) = (3q =57 (multiply the brackets)
fa=TwmIiTg=-q48 (‘subtract 7a on both sides )

Fo=Ta~7 m3fq=Tg=4&5 (add45 onboth sides)

B g il ( divide by 20 on both sides )
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e) .-::IT'.' = % ( multiply all terms by & = LiZx &= 37)
2y Emy=1 (subtract x on both sides )
Sy myh Emy- -] (subtract 5 on both sides )

¥+hEl=Em=l=§

x=-6
The important thing to remember is:

remove the denominator(s) by multiplying all the terms
of the equation by the algebraic lowest common
multiple of the denominators.

You have now completed the sub-unit on the method of solving linear
equations involving algebraic denominators. Do a quick review of the
content and then continue on to the next sub-unit, which presents a

method for solving simultaneous linear equations with two unknowns

Lesson 5 Simultaneous Linear Equations

You have considered simple linear equations having only one unknown
quantity (variable). However, there are some situations which will require
more than one variable, and their solution will also require you to find the
value of more than one variable.

In this sub-unit, we will only look at linear equations with two unknown
quantities.

At the end of this sub-unit you should be able to:

= solve simultaneous equations with two unknowns by the elimination
method.

= solve simultaneous equations with two unknowns by substitution
method.

= Solve simultaneous equations with two unknowns by matrix method.
= 50/ve simultaneous equations by graphing.

Generally, to find the solution of linear equations with two unknowns you
will use similar working as when there is one unknown. However, the
only important difference is that you need to form two equations from the
information of the situation.

Equations with two unknowns (variables) (see Figure 5.1) are called
simultaneous linear equations. Solving simultaneous linear equations
requires you to find the values of the two unknowns at the same time,
meaning the solution you get will be true for both equations. Some of the
methods used to solve for the unknown quantities in simultaneous
equations are elimination, substitution, matrix and graphing. We will look
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at the elimination method first, substitution second, matrix third, and
graph method fourth.

A. The Elimination Method

To solve this type of equation, you should first eliminate one of the two
unknowns. This means you manipulate the equation so that you can get
rid of (or eliminate) one of the two unknowns. This leaves you with only
one unknown variable, and you already know how to find the value of a
single variable. Then, you continue working to find the value of the
second unknown variable using the value of the first.

At the end of this sub-unit you should be able to:

e Solve simultaneous equations with two unknowns by the
elimination method.

There are nine (9) pages on this sub-sub-unit on solving simultaneous
linear equations in two unknowns by elimination.

The method of elimination works the same way as you were solving for
one unknown, you have solved the equations when you have found the
values of the two unknowns. The found values must make both equations
true statements.

The key step is to make the coefficients (Figure 5.1) of one of the
unknowns equal but different in signs in the two equations.

This is done by adding or subtracting one equation from the other.
Addition and subtraction needed here was reviewed at the beginning of
this unit.

However, this will not always be straightforward. In some cases you may
have to multiply or divide one or both of the two equations by a number
before you can add or subtract one from the other. This means you have
to look at the equations, think, then decide what to do before you start
manipulating them. In other words, plan what you are going to do before
you do it, then follow your plan.

e-4p +9

3
VAN / [ \
coefficient variable

variable  coefficient variable

one unknown (variable) .
two unknowns (variables)

The coefficient of e is 1

The coefficient of p is 4.

Figure 5.1: coefficient and variable.
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Example 1

Given the following equations, find the values of x and y.

xthrm@ (Equation 1)
Bx=-dymb (Equation 2)
Solution

The first step is to eliminate one of variables in the two equations. So you
choose which one before you eliminate. How do you choose?

Note that there are two variables so the choice is really between x and y
only. For now, , let us do both of them and to see how much work is
needed for each choice.

To eliminate x in the two equations:

You look at the coefficient of x in both equations. In the first equation,
the coefficient is 2, while in the second equation it is 3. Obviously these
coefficients are not numerically equal. Since they are not already equal,
you look for the LCM of 2 and 3. The LCM of 2 and 3 is 6. Now the task
is to make 6 the coefficient of x in both equations.

To achieve this in the first equation, multiply the 2 which is already there
by 3. That will give you 6. Note that you do not want to change the
equations, so you must multiply all the terms in the first equation by 3.
This gives you the following:

G & e om i (Equation 3)

To achieve the same in the second equation, you need to multiply the 3
that is already there by 2 in order to make the coefficient of x equal to 6.
Remember that, once you multiply one term in an equation by a number,
you must multiply all the other terms by the same number. The result is
the equation below:

G =dyp m 10 (Equation 4)

Now, you have equal coefficients of x. The next step is to eliminate the x.
Here again you have to make a choice to add the two equations or to
subtract one from the other. If you add (Equation 3) and (Equation 4)
together you get:

(6x +3y)+ (6x—4y)=24+10
(6x+ 6x)+ (3y—4y)=34

1l =y miq (Equation 5)

Have you eliminated the x? NO, there are still two variables. This means
that adding the equations here was the wrong choice, because it will not
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give what you want, which is to eliminate one of the two unknown
variables.

Now let us try subtracting one of the two equations from the other. If you
subtract (Equation 4) from (Equation 3) you get:

(6x + 3y) - (6x —4y) =24 - 10
(6x - 6x) + 3y + 4y) = 24

Toom L (Equation 6)

Have you eliminated the x? Definitely YES, there is no x in Equation 6.
You could also have subtracted Equation 3 from Equation 4. What would
the result of that operation be?

-Ty=-14

When we reverse the signs on both sides, this becomes:

Trmld

Now you can continue to find the value of y. Remember you worked
equations of this type at the beginning of the unit where you were solving
one-step equations by using the inverse of the operation in the equation.
Here in Equation 6, y is multiplied by 7. The inverse of multiplication is
division. Therefore you choose to divide both sides by 7 to get:

v—Z (Equation 7)

Next, you use the value of y to find the value of x. You will achieve that
by using one of the starting equations, either Equation 1 or Equation 2.
Using Equation 1 you get:

xtrmi
Substituting 2 for y, we get:

ixtIlmg
ar mi

r=3

Find the value of x using Equation 2.

Do you get the same value or is your answer different?

35



Mathematics 12

The solutionis x*=3 and v =2

It is a good practice to check your solution. How? Take the values of x
and y and substitute into any of the starting equations to see if you get a
true statement!

That is, in Equation 1 you get
A e myg
ieimg
img

The statement & = § is true, so the solution is correct.

Check using the second equation at the start of this example (Equation 2).

Note that, the choice might have been to eliminate y not x. If you chose
that option, your work would be as follows:

To eliminate y in the two equations, multiply all terms in the first
equation by 2 (so that the coefficient of y will be equal in both equations,
luckily they are also opposite)

i 3y - 10 (Equation 1)

Sy =2ymb (Equation 2)

Add the two equations (so that the sum of y coefficients is zero when you
add; it cancels out):

TxwmIl (Equation 3)

Now you can realise that y has been eliminated — this is why this
approach is called the elimination method.

Solve the above equation by dividing both sides by 7 (a one-step
equation) to get:

x=3

Substitute 3 for x in Equation 2

35 —2r m

Solve the above equation for y
P=dp=E

-5y m =d
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ym3

Therefore, x = 3and y m 3
Check the solution obtained

First equation: Left hand side (LHS): 2{%) + 2w+ 2m &
Right hand side (RHS):8

Second equation: Left hand side: 8(%) (I m D 4 mE
Right hand side: 5

LHS = RHS because 8 =8 and 5=35 are true statements.

Therefore,

x =3 and y =2 is a solution.

The explanation above is rather long-winded. A lot of the steps shown
above are not usually written down when solving equations. Instead, it is
usually done in our heads as mental work. However, I have shown it here
to clarify the whole process of solving linear equations.

When you are asked to solve simultaneous equations, you need not show
how you can work using all the choices available. Instead, you just use
one of the options. This means that different people can solve the same
problem using different options. There is nothing wrong with this; as
long as the process is correct; the result will be the same. However some
choices may take a lot of working before you get to the solution.

For the next examples you will not see all the steps written down, but I
hope you will remember the choices you have to make at each step and
that there are other ways you could have gone about solving the equation.

Example 2

We will continue and look at another set of equations the steps are much
similar but some details and options will be left for you to try for
yourself.

S hdrmg @)
¥=3rml (2)
Solution

Multiply the first equation by 3 and the second equation by 2 ( the choice
is to eliminate y )

%+ Grm 1B

B = i m

Add the two equations
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lly = 2

Solve the above equation for x

x=2

Substitute 2 for x in equation (2)

2+ 3y m2

Solve the equation for y
3v=10
yu@

Therefore, » mQiand x = 2

Example 3

Solve the following equations in two unknowns.

P =iy =10 (1)
2y iy m 16 )
Solution

Add the two equations (the signs of the coefficients of x are different and
coefficients are equal)

5y =6

Solve the above equation for y

ywmi
Put 2 for y in the first equation

a=dym=10

Solve the equation for x
=y m =12
x=3

Therefore,  m Zand x — 3

Example 4

B — 2y m 17 (1)
T =2vedb 2)
Solution
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The two equations have equal coefficients of y, but if you attempt to add
them, will they cancel each other? No, but if you use what you learnt in
unit 2 about directed numbers you subtract equation 1 from equation 2, as
this will get rid of the y.

Tx—-2y =45
':S)' 291 - IF:I

Subtract the two equations, the signs of coefficients of y are different and
the coefficients are equal. The result is

dym 28

Solve the above equation

x=7

Put 7 for x in the second equation
TET) =2 m B

Solve the equation above
4% = 2y m 45

=3y m =4

ym

Therefore, x = 7 and  m 2 is a solution.

Note, here in example 4 you had to multiply first equation by —1 before
adding the two equations. Note, you would obtain same result if you
subtract the first equation from the second equation instead of
multiplying by —1 .

Now, look at example 5.

Example 5

¥+Iiypwmif (1)
E=Sym=@ 2
Solution

Subtract the second equation from the first equation

Brm 52

Solve the equation above

x=4

Put 4 for x in the second equation
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1) —Er m =6

Solve the equation above
G=Eyrm=@G

=5y m =1

o d

Therefore, v = 2and x = 4 is a solution

Now, move to example 6, i hope you are now getting the idea.

Example 6
G e m (1

dpmZymy 2)

Choosing to eliminate x , multiply equation (1) by 4 and multiply
equation (2) by -6 to get

adic = 1y m 3 3)

=ddrsliyrm=4 (4)
Add the two equations to get

—ity g (5)
Divide both sides by -4 to get

ruit
Substitute -: into equation (2) to get value for x.
w=2Em7

dp=5m?

do m 10
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Solutionis x m ZE- ang ¥ = ',I,'E .

Example 7
For e w22 (1)

dptmirm=] (2)

Choosing to eliminate y, multiply equation (1) by 2 and equation (2) by 7
to get

o+ dyp = &4 3)

w21y m =F “

Now, to make y disappear, subtract equation (4) from equation (3) to get
=1Fy m 3] &) (divide by -17 both sides)
y= -3

Substitute ¥ = —3 into equation (2) to get

b Bl m =] (simplify brackets)
S mfm=l (add 9 both sides)
Sxmg (divide by 2 both sides)
r=4

Solution is xm & gng = m =F .

Example 8
s irmiml (1)
f=dy =T 2)

Choosing to eliminate y, multiply equation (1) by 4 and equation (2) by 3
to get

Grellr=-I0m{ 3)
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Activity

PFr=12r=21m{ 4)
To get rid of y, add equation (3) and (4) to get

Fr=dlmi

1Fnm 4]

wmd

Substitute z m i into equation (1) to get
2 'f'—,LT cir=im] (multiply brackets)
fh wEr=Fm] (collect like terms; -:f"—;- f—i:l)
B = :l: - (add i both sides)
P m : (divide both sides by 3)

Solution is xm 'j';: Grg pm ,i.; .

Activity 5.5

Mathematics 12

Solve the following equations with two unknown variables by using the
elimination method. Please show all the steps you used to arrive at your

answer.
a) ¥+rm]l
¥ By om @

b) & =5y m B3

Sx 3wl

4



c) dgrbmf

=g tpm=]

d) ¢« 8d—1E

3¢+ dd m 3E

e) rriFtimi

S3g=r+limQ

Mathematics 12
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) Tu=dv =4
it dT w2
Answers
a) Zxwmg subtract equation 1 from equation 2, then
divide both sides by 2
¥y 4

Using equation 1, substitute v =4 to find value of x .

Feedm ]

= 3
= -3

ywumdandxm=F isasolution
b) 1w 13y =wE multiply equation 1 by 3 and equation 2 by 4

lix =gy m g

Subtract equation 2 from equation 1

from gl

L4y}

y=
Using equation 2, substitute v = 3 to find value of.
G #202) w10
G 10 m 17
e l0=10 m 1 =10
fx =2

r=2

=
Il
It

2and v = 3 is a solution.

Mathematics 12
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c) Eamp subtract equation 2 from equation 1

Using equation 2, substitute @ = 3 to find b.
~@l ebm =l
=frielm=lf
=2
@m3andb w2 isasolution.

d) ¢+ 7dmdd multiply equation 1 by 3

fo ¢ id m E
Subtract equation 2 from equation 1 to eliminate . Then find .
Tom ¥ divide both sides by 7

Using equation 1, substitute & = 1 to find c.
¢+301 w1
codmll
Ao o @ WA -
rm ]l

d wmlagnd cm12 is asolution.

e) Add equation 1 and equation 2 to eliminate. Then, find.
fr=ldm{ divide both sides by 6
LR R
z=—4
v m 3 gnd gm =4 isasolution
f) Subtract equation 2 from equation 1 to eliminate. Then, findz.
Jum 23 divide both sides by 5
u =3

Using equation 2, substitute = = 5 to find.
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208 +2v m 24
10 = 10 & 217 m 2= 1] subtract 10 from both sides
v m 1d divide both sides by 10
v=17

wm B and ¢ w7 is asolution.

You have now done the first of the four methods. It has been a lot of
work to get this far. Congratulations! You are now left with three
methods to learn. Have a good time on this learning journey. The next
method is substitution.

B. The Substitution Method

The substitution method is very similar to the elimination approach you
learned about in the last sub-unit. The idea here is still to eliminate one
unknown variable, but the difference is in how we eliminate it. With the
substitution method, we make either unknown the subject of one of the

two equations, and then substitute the expression equal to the unknown

which has been made the subject into the other equation.

Remember, when you are checking the solution of an equation, you want
to find whether the expression on the left-hand side (LHS) is equal to the
expression on the right-hand side (RHS). If LHS = RHS, then it is a true
statement. This means that the expressions on the LHS and on the RHS
have equal values, as that is the definition of an equation. You can use
this knowledge to replace one number with the other; we say you
substitute one for the other. That is, you can replace a number on the LHS
by a number on the RHS (or RHS by LHS).

In the substitution method, you start to replace one unknown by the equal
expression to eliminate it. Then, find the value of the remaining unknown
by using the same steps you were using in elimination method when there
is one unknown left in the equation.

At the end of this sub-sub-unit you should be able to:

e Solve simultaneous equations with two unknowns by substitution
method.

There are nine pages on this sub-sub-unit.

The following examples will help you understand how this method
works.

Example 1
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Syr=2xwm il ey

rtdyms (@)

make y the subject of the equation in the second equation.

¥ Qx=oxmP=y (subtract 2x from both sides)
Tm =37

Notice that LHS = y, and RHS = & = Zx. These sides are equal, so you

can replace ¥ by # = 2 in equation 1 &y = 27 m 11 . Thus,
Substitute % = 2x for y in the first equation.

By = Zxwm 11
B9 —2w) —2w — 11

Solve the new equation for x, using the skills you were using in

elimination method from here onwards. Notice that 3 is no longer in the
equation, you have x only.

e e R ( multiply brackets )
2F =Gg=232xwmll ( collect like terms )
di=Exwmll (‘subtract 27 both sides (or add 8x both
sides ))
=&y m =156
x—2

Put 2 for x in the second equation

yieidxm@
ot DY - (' substitute 2 for x and multiply out )
Fopdhm @ (subtract 4 both sides )
ymE

Therefore, x = 2 and » m § is a solution.

Check: substitute x = 2 and 7 m & into first and second equations. If
these answers are correct both equations will be true!

Check: Sy=2xmll (1
5(E) = 2(2) m 11
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lE=dwmll
1Tlwmll
LHS = RHS

Check: Pl dxm@ (2)
5-+2() m9
Eddmb

Qmi
LHS = RHS

Example 2
A gy om L0 )

et drmld @)

Choosing to make x, the subject in equation (1) to get

e B om0 (subtract 3y both sides)

o L0 = g (3)

Note that LHS = x and RHS = 11 = &¥ . The sides are equal, so substitute
x by 1@ = f» in equation (2) to get

v Frmld

2010 $9 1 Bpmid 4)

Solve for y . Equation (4) has one unknown! You work as you have done
when solving equations with one unkown.

2010 = 8l Ty m 10 (simplify brackets)
al =teaivm g (collect like terms)
of = m 18 (subtract 20 both sides)
—v=—4 (divide by -1 both sides)
y=+4
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Use v = 41in equation (1) to find value of x .

e e om0
w304 m 10 (simplify brackets)
K+ lim Il (subtract 12 both sides)
xr=-=2

Solutionis & m =2 @iag ymd |

Example 3
fx=ZrmF )]
e gy g 2)

Make x the subject in equation (2)
b lr =y == (subtract 2y on both sides)
xmi=2y 3)
Substitute for x in equation (1) using equation (3) to get
G =2y m7y
B8 =yl mZym ¥ 4)

Solve for y in equation (4)

18 =gy =ZymF (multiply brackets)
li=Gym? (collect like terms)
18 =l =gy mF=lF (subtract 15 both sides)
- =3
ZLu (divide by -1 both sides)

= M

A

Substitute the value of  m § into equation (2) to find the value of x.

Ay m
el mp (substitute y = 8)

peelimd

Mathematics 12
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pell=mlimd =1} (subtract 16 both sides)
r= =11

sm =11 and »m{g isa solution.

Check the solution by using any of the two equations (1) or (2).

Example 3
frmyx M
¥=3rmg 2)
Put 5y for x in the second equation
fp=3ym@
frma
3
Y74

3
Substitute " for y in equation (1).

Srmy

3&‘1-.1:‘

1
-:1--'%

w-ﬂ%

i 1w

Therefore, X = 5% and y=

Example 4

¥ =bx =17 @)

rmix="% 2)

Since y = §x=1F and ¥ =3x — 9, then ¥x —17= x5 = 9.
Each right side is equal to y

Solve for x
50
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=17 =8x =9
dxwm @

Now substitute 4 for x in the first equation.
¥ mBy=17

y m B} =17

ym Q=17

ymE

Therefore, x = 4and > m 3

Example 5
=du e ymil (1)
=y o+ G wm 3§ (@)

Choosing to make y the subject in equation (1) to get

=g+ dymil

oy m Il =35 3)
pm :Ef:i.‘{ (4)

Here, with careful look in equation (2) you could use equation (3) (try on
yourself) but here we will use (4) to find value of x .

— s 0[50 m g3

=i+ 031 + Gl m 33 (simplify brackets)
=i o Q8 P om 3 (collect like terms)
I =22 m 30 (subtract 63 both sides)
Jom 23 (divide by 5 both sides)

L

Use x = 3 in equation (2) to find value of y.
=i G m 3G
=000 5 O - 58 (simplify brackets)
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=20 & frm 35 (add 20 both sides)
e m AR (divide by 6 both sides)
mpl

Solution is ;m ¥ gng » = ?-

Example 6
P =Tp mii (1
To=Fpmild )

Choosing to make p subject in equation (2) to get
T =g w1F

e mli+ g

pm 3)

Substituting (3) into equation (1) to find value of g.

P =Tg m33 (1)

g Q‘mT - Tg m 33 (substitute p and multiply brackets)
B o m (multiply by 7 all terms)
182 & 8l = 40 w 251 (collect like terms)

Zdp w231l =132
Sl m 9 (divide both sides by 32)
g=3

Now, use equation (1) and g = 3 to find the value of p.

P =Tp mis

B = Fid)m 33 (substitute q)
Fp=2Ilmid (add 21 both sides)
FrmEiall (simplify)
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X

Activity

B m 34 (divide both sides by 9)
n=A

Solutionis pm & gng g m§ .

Activity 5.6

Now solve the following equations by substitution
a)y = By = B

=Cxmy

b) dx =Sy m 11

e

C)2x 1l my
S =iz m =33

d g=2rmld

&ty m B
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) dy+ixmi

Petrml

Diyp+ix=17m

artip=10 =0

Model Answers
Activity 5.6
a) In both equations v is the subject. Therefore any equation can be
used. Substitute ¥ m §x =¥ into equation 2.
i=lrmiyg=1
fmisnivmiyaBr=38 (add5xon both sides )

ihuwmiy =080  (add5 onboth sides )

) L]
|
e £

( divide both sides by 8 )
1=x
Using equation 1, substitute * =1, to find y

b RV ( multiply bracket )

Mathematics 12
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ymgei ( subtract )
y=-=2
xm latud» m =2 is a solution.

b) Inequation 2, y is already a subject. Substitute v m 4% = 7 into

equation 1.
2w =gldw =7l m 11 ( multiply bracket )
dr=1lxwilm]l ( collect like terms )
=10yl =C1mll =21 ( subtract 21 on both sides )
'_r+¥ = :—:' ( divide by -10 on both sides )
xr=1

Substitute = = L into equation 2, to find y

w4l -7 ( multiply bracket )
rmde ( subtract )
r = —q

g A
> -

xw largh: m =3F is a solution.

¢) Inequation 1, y is already a subject. Substitute Zu =11 = ¥ into

equation 2.
Fp = 402 #11) m =32 ( multiply bracket )
Bog o= Qop = b m =032 ( collect like terms )
=gy = b W =El S g (‘add 44 on both sides )
'_— = :— ( divide by -3 on both sides)
xr=—%

Substitute x = —4 into equation 1, to find y
Limdl = 1lmy ( multiply bracket )
=i ll=x (add)

:‘:j:
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x = —4and v =3 is a solution.
d)  Remember any of the two unknowns can be made the subject. In
both equations it is easier to make x the subject. Making x the subject in

equation 1; m 1#4= 23 . Then substitute for x in equation 2.

eyl adrm@ ( remove bracket )

ldsiptiymp ( collect like terms )

ld=m ldt iy mPe=ld ( subtract 14 on both sides )

( divide by 5 on both sides )

v= -1
1 1

Substitute v = —1 into equation 1, to find x

w=20=10m 14 ( multiply bracket )

Aba=imli=2 ( subtract 2 on both sides )

am Ll
xwmld gndym=1 isa solution.

e) Make y the subject in equation 2. Substitute ¥ ® L =& into
equation 1, to find x.

Ml=ylsiymg ( multiply bracket )

E=Clasds =i (collect like terms )

a=itamid=] ( subtract 2 on both sides )

.
& — L

Substitute ~ = 2 into equation 2, to find y
yhlml
palmlml=l ( subtract 2 on both sides )
v=-1
x m Jangd v m =1 is a solution.

f) Make y the subject in equation 2

2y lymlialimiall (add 15 on both sides )

drd iy mixmll =Fx ( subtract 5x on both sides )
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L g EEzE ( divide both sides by 2 )

Substitute for y in equation 1

g {)ﬂ'{ b e T g ( multiply bracket )

Losli 0w = 17w O (multiply all terms by 2 to remove fraction )

-

= lins iy - ( collect like terms )

== linhdrm

ll=ll=1llxm{=]l1 ( subtract 11 on both sides )
ﬂ:i;ﬁ- = =ﬁ- ( divide by -11 on both sides )
r=1

To find y, substitute x =1 into equation 2.
e Bl =17 mQ ( multiply bracket )

Zr+B=-13mg

y=1llmQ ( collect like terms )
e miPall=04a10 (add 10 on both sides )
.-. = = ( divide by 2 both sides )
y=3
x=1 and y =3 is a solution.

You have now completed the sub-unit which presented the substitution
method of solving linear equations. Go to the beginning of the sub-unit
and do a quick review of the content before moving on. Once you are
confident that you have mastered the substitution method, you can turn to
the next sub-unit which looks at how you can solve linear equations using

matrices.

C. The Matrix Method
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In this section you are going to learn how to solve linear equations with
two unknown variables using the matrix method. Unit 7 is on matrices in
case you need to look more on matices.

Simultaneous equations sometimes arise from matrix multiplication for
example,

If (; Ii‘j (g) = (13&1 then multiplying the left hand side gives

(2&—35- _ 1
o+ L4 — LlD

Therefore 2g =— 3 m 11 ( equal matrices))

Ba - 14b =10

At the end of this sub-sub-unit on solving linear equations in two
unknowns by matrix method you should be able to:

e write equations in matrix form,
e find the determinant of a matrix,
e find the inverse of a matrix,

e multiply matrices,

e solve simultaneous equations with two unknowns by matrix
method.

There are seventeen (17) pages on this sub-sub-unit on solving linear
equations in two unknowns by matrix method.

The following examples will help you learn how to solve simultaneous
equations by matrix method.

Example 1
Sx -2y = g

xrm]

It helps to number the equations, so they are numbered below.

S +drm g @)
¥hypml 2
Step 1

Rewrite the equations in matrix form

G D6=(
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a I:| 3
Find the determinant of the 2 by 2 matrix !E I | by
e multiplying the elements in the leading diagonal then subtracting
the product of the elements on the other diagonal

That is,
wfl H-Grn-@an
(Same as) i §| mi%x1) =07 %11
-i-2
=1

Step 3

-
Find the inverse of the 2 by 2 matrix lﬁ I |
First find the new matrix by re-arranging the positions of the elements of

the 2 by 2 matrix {E iil as follows

a) 1'\ : 1 ‘| exchange positions of these elements
(leading diagonal)
b) { 1 g ‘| negative of these elements

(the other diagonal)

a -
The new matrix is {_11 E- J

Then, to get the inverse
the inverse = ﬁ-;nﬁr et
( reciprocal of the determinant multiplied by the new matrix)
: . 1 -2 _
the inverse is ( 1 B } (det=1)

Step 4

Multiply both sides of the equations as written in step 1 by the inverse of
the original 2by2 matrix on the left hand side

1 DG UE=(G

Then,

59



Mathematics 12

LHS = inverse matrix multiplied by original matrix equals a unit matrix
AT
i
B FATE I 3 T S T N
RES= {53 T )= ran = el =)
Since, LHS = RHS

D0 e
multiplication by unit matrix )
(f} - (,T} ( equal matrices,

corresponding elements are equal )

Therefore, 5 wm % mte 3 m 7 is a solution.

Example 2
y=3x-5 (1)
y=-5x+3 2)
Re-arrange the equations so that they can be re-written in matrix form.
y—3x=-5 ( subtracted 3x on both sides )
y+5x=3 ( added 5x on both sides )
Re-arrange the positions of x and y.
-3x+y=-5
Sx+y=3

Now that the equations are re-arranged, you can write them in matrix
form.

Step 1

Rewrite the equations in matrix form
-3 \(x) (-5
5 1)\y 3
Step 2
Find the determinant of 1‘\-55 l]
=B 1Y P
der( G 1) m=3xD={1x8)
m=3=8
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PR =

- [n]

Then, the new matrix ](\—15 :é1

after re-arranging the elements in the leading diagonal and changing the
signs of the elements in the other diagonal.

That is,
-3 o
a) i exchange positions of these
elements
1 .
b) 5 negative of these elements
to get

. I -1

the new matrix as
-5 -3

Find the inverse of the 2 by 2 matrix

. _ A . "
the inverse = == (1w matrix]

171 =1
'-a"ﬁ-s 3/
Step 3

Multiply both sides of the equations as written in step 1 by the inverse of
the original 2 by 2 matrix on the left hand side

O RIS
T

-8 to get unit matrix )

1(—5-3 -8 11
RHS == == =-8— ( factor
—125-9 “\ 16 -2

out-8)
Since LHS = RHS

[
bl
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! (! ( property of multiplicati
roperty ol multiplication

by unit matrix )

b))

Therefore, x =1 and y =-2 isasolution.

Example 3
dx=1lmy (1)
Ex =dpwm =53 2

Equation 1 requires some re-arranging so that it is written in the form
similar to equation 2.

2x+11-11=y-11 (subtract 11 on both sides)
2x—y=y-y-11 (subtract y on both sides)
2x—y=-11

Now, the equations are

2x—y=-11 (equation 1 re-arranged)

Sx—4y=-32 (same as equation 2 above)

In this form, they can be written in matrix form.
Step 1

Rewrite the equations in matrix form

e

Find the determinant of the 2 by 2 matrix |;§ :1_'[

der(3 Tilm@x-dl-(-1x9)

=347
= -2

Then, the new matrix
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2
a) ( 4} exchange positions of these
elements
-1 .
b) 5 negative of these elements
to get
) -4 1
the new matrix as
-5 2

Find the inverse of the 2 by 2 matrix

. I ; n
the inverse = == (ew tratrix]

liag 1
'-_z"ﬁ-s z)

Step 3

Multiply both sides of the equations as written in step 1 by the inverse of
the original 2 by 2 matrix on the left hand side

s =G
g S0 S0

X
( J (factor out -3 to get unit matrix )

1 (-4 1) (-11 1 (44-32 (12 1 (—4
RHS = = = = =-3—
-5 2/(-32 =\ 55-64 -2 -9 =3

( factor out -3 )
Since LHS = RHS

{4

I 0)(x -4 e
= ( property of multiplication
0 1)\y 3

by unit matrix )
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b))

Therefore, x =—4 and y =3 is a solution.

Activity 5.7
Now use the skills you learned in the above examples to solve the following

equations.

Activity Use a matrix method to solve the following simultaneous equations.

a) By Trmid
Bxt Ermd

b) dw - Iy mld

fnmymd
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C) Frmidmy

an o gy mid

d) rwmir=3

f=pm§

Mathematics 12
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€) rmdr=ij
e lnsd
f) pwix

&gy wmid

Mathematics 12
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Model Answers
Activity 5.7
a) BxtTrm3

Syt Byrm o

Step 1
Write equations in matrix form

-0

Step 2

Find the determinant of the 2 by 2 matrix f\g ;1

dee(y 1)m@xm =728

m % =21
=4
Then, the new matrix
3 =¥
R I

Find inverse matrix of the 2 by 2 matrix

the inverse = #wa wratria

leg =m
=3l %)

Step 3

Mathematics 12

Multiply equations in matrix form (step 1) by inverse matrix (step 2)
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on the left hand side on both sides.

f;';_gg -;.T ';g ;..T 'LfT -#Q-EB ':x,Tl;i‘,T ( row by column )

£7 23 =21 3B =33 Ay _afli-29 o
Et\-ia.hlg _2“,25”,]}_-]-3';_9*.2:]] ( simplify )

;%} ﬂ‘l 11':[ = 3]1--].]1..3] ( factor out 4 on left side )
é 11 U\ i, é 1_1$\
L l]f\p-‘] o 11

% ?‘Ilf\';'l - Ef\-l]‘f‘l (‘unit matrix multiplication )

() md (=18

W Salad

Therefore, x = — and ;= =% is a solution.

b) s D m I

Empmi

Step 1
Write equations in matrix form
LT
by Solbeml)
Step 2

[ ]
_—

Find the determinant of the matrix f\% -1/
> ! I? § '3 R i n
deefd Zlmx-1-@2x

o
m =10
Then, the new matrix

fml =E

AT

Find inverse matrix

. _ A . "
the inverse = == (1w matrix]

Mathematics 12
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bl
-'1[! =5 4
Step 3

Multiply equations in matrix form (step 1) by inverse matrix (step 2)

on the left hand side on both sides.

_+ :é -f‘]f,:g _EL ‘]lf,:':?]- _:—ﬁ:é -f‘],il;‘] ( row by column )

Nt ot A Bt AL T N ity

rraL T R S AV Ryt ST, R LY. ( simplify )

t‘-'].U -'.I."Jt\ {‘"UT ( factor out -10 on both sides )

-10 Q% ETQ'PT--'LQ—QET

IT\TJ ?'Ilf\";] = f\g] (unit matrix multiplication )

WHH

Therefore, * = 7 and » = 3 is a solution.

c) Ir=dmy

o G mZd

Step 1

Write equations in matrix form
]l Y i

ba T M) =izs)

Step 2

Find the determinant of the 2 by 2 matrix f\g

der(3 TP m it = (=2 x2)

mgsll
=16

Then, the new matrix
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S 14
Find inverse matrix
the inverse = ﬂ;ﬁﬁh wratri]
B %i-ﬁz {\I
Step 3

Multiply equations in matrix form (step 1) by inverse matrix (step 2)

on the left hand side on both sides.
r'_f.'l;._ﬁz 1 -a\T(‘) |- ﬁ_';_ P (=% ( row by column)

L0810 =04 90 (-2 % 100 o
—242 WMTC\) o =3+¢'-1~T (simplify )

==n|

r" TI;‘:L | ms I;E"I ( factor out 16 on both sides )
1o(3 (5] - 10(]
1'\]:| ?]1'\';1 = ILE] (‘unit matrix multiplication )
e -.a\
iﬁ-'] =)

Therefore, x = & and v = 2 is a solution.

d) rmiy=§
B =em 3
Step 1

Write equations in matrix form

.
(2 J=5)

Step 2

Mathematics 12
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Find the determinant of the 2 by 2 matrix I;-ﬁ &T

det(~8 1w (-gx1) - 1x-1)
-—3al

= -7

Then, the new matrix

1 -
Sl =i

Find inverse matrix

. _ . . n
the inverse = ==(new watrix)

L1 =1
'-}';1 3
Step 3

Multiply equations in matrix form (step 1) by inverse matrix (step 2)
on the left hand side on both sides.

_'—';,Il :%';:3 iTQfT-:—I:‘,Il :%TQ-HET ( row by column )

HZ52s 123G =2l

E=3
: R T

3 o1 ( simplify )

_'—f"l:lz -QET (jT = _'—I;:EBT ( factor out -2 on both sides )

~2& (3 TI{T] m=2£ (2] (divide by -2 on both sides )
1'\]:I E‘llt;W = 1;$‘| (‘unit matrix multiplication )
e 1-.\
{j-"-l - 1:19‘-'

Therefore, x =1 and » m & is a solution.

€) rmdy=i
wwmIpsd
Step 1
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Write equations in matrix form

Ny

Step 2

Find the determinant of the 2 by 2 matrix I;-g 11
det (T8 Mm(man 1) - @x-2)

m -l

- _7

The new matrix

£l -L'T
52 i

Find inverse matrix

the inverse = ﬁ'{ﬁﬂi watria]

Erl:ﬁl -E

Step 3
Multiply equations in matrix form (step 1) by inverse matrix (step 2)

on the left hand side on both sides.

_'—I;E -1 i-d’ 1TQ'PT- I; 'TTI:';\] ( row by column )

E—
U LB Ll o
=343 2= Tl[‘-)-‘]--: ll‘,_ﬂ_gr_]] ('simplify )

: 2 Q ol QO o = -:08.51 (factor out -2 on both sides )

gl TI;}‘]--

o 1 T ( divide by -2 on both sides )

I:'vlﬁ

f\% ?'If\"; - f\l&é‘l (‘unit matrix multiplication )

a rd
() =iy3)

Therefore, x = 4 and » m 1% is a solution.
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f) ypwix

T H}: m7?
Step 1

Write equations in matrix form

'[Hg -Er' ] '[HfT - ';-zgz\'r

Step 2
Find the determinant of the 2 by 2 matrix f\g -Ell
get(f THm@Exg-=1x2)
=g
=11

Then, the new matrix

£3 1
fmd B

Find inverse matrix

the inverse = ==( new taivrix)

gap
Lz 1
'1'1 - &
Step 3

Multiply equations in matrix form (step 1) by inverse matrix (step 2)

on the left hand side on both sides.

f'_f.lz..ﬁg %T';E -EIJ'T(;T-'—,'QEE ]E:TQC'EIET ( row by column )

LFPET =BGy A 22 o
::I;-g'r.f.g 24y 1(\)1' '3+-E"’.'f1 ( simplify )
ﬁ!:lwl 117 QTT - f,'“ 1 ( factor out 11 on both sides )

— o £ £y . :
11 Eﬁ% g Tﬁ}T =] EI;ET divide by 11 on both sides )

o

1'\1] ?'Il'\";'l = {§1 (‘unit matrix multiplication )
E e
{jf] =iy

73



Mathematics 12

Therefore, x = 2 and » m & is a solution.

You have now completed the sub-unit which looked at solving linear equations
using the matrix method. Congratulations, we have almost finished with this
topic. Before attempting the next sub-unit, do a quick review of the content of
this sub-unit

D. The Graph Method

In mathematics, objects are represented by points. If you can look at an apple
fruit falling off from a tree to the ground and try to represent its path from the
height of the branch to the ground after every second of its fall you will
appreciate this statement. What path do you get?

In this section we are going to learn how to solve equations in two unknown by
graph method.

At the end of this sub-sub-unit on solving simultaneous equations by graph
method you should be able to:

e Solve simultaneous equations with two unknowns by graph method.

There are five pages in this sub-sub-unit.

This is the last of the methods we will look at on this module. This method of
graph is considered the most inaccurate of the four, just approximate answers are
obtained. This is largely caused by the reading skill of the graph, the scale used
to draw the graph. Also the method takes much time to reach to the solution as
compared to the other algebraic methods considered. How does the method
work?

Basically you need to:

1. find the coordinates, this is achieved by making a table of values for the
equations to be plotted.

choose a scale to use on the two axes (x and y).
plot the points using table of values.
join the points.

read the coordinates of the point of intersection of the two graphs.

S

the solution is the x and y value of the point of intersection.

Learning Guidance (e.g. worked examples)

Examples
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1.

a) Draw the graphs for the following equations

Mathematics 12

Ix+EBrmll
3x — 5y =15
T
EI-
5-
-
3-
2-
1-
b -5 -4 -3 -2 : 1 2 23 4k 5
-E-
-3-
-|+-
-5-
-EI-
L
b) Mark the point of intersection.
¢) Write down the coordinates of the point of intersection.
d) Write down the value for x and y at the point of intersection. x = andy
Solution
[ ]
a)
Table of values for Hx =53 m 15
X 0 3 5
Y 3 1.2 0
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Table of values for 3% —3¥ =15

Mathematics 12

X 0

Y -3

-1.2

b)

<)
look at b) above
d)

the coordinates of point of intersection (5,0)

e)

Solution is # m & Gud ¥ m

2.

b) Solve the following simultaneous equations by graph method

b irwmld

=iy m(
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AT

I:rl-
1
l-ﬂ-
1
:-
1
l.-u\_.l-
1
NI-
1
—r
—r
m-
l.-u\_.l-
:-
|-|-|-

b) Find the table of values, at least three points are needed (the x- intercept, y-
intercept and any other point).

¢) Using the coordinates from the table of values plot and draw the lines using
the provided grid.

d) Read the coordinates of the point of intersection

e) The coordinates of point of intersection give the solution that satisfy both
equations.

Now compare your answers with the ones given below.

Solution

a)
Gy w ]

Ifx=0:7m17 e »m# (y—intercept)

Mathematics 12

e
S
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Ify=0; dx m 12wy md (x-intercept)

Ifx=2;f&ym1?®ymfiweymj

Table of values

Mathematics 12

X

Y

= 2rmi

Ifx=0;mZymlmeymi
[fx=2; 8=y =0 ==y ==f=y=3

fx=4ll=lrmiw=rm=12w mid

Table of values

X

Y

b)
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<)

look at b) above

d)

Coordinates of point of intersection (2,3)

e)

solution is -+ m 2 and i M3

Now you should have realised that at the point of intersection the x and the y
coordinate values on one line are the same as the x and y coordinate values on
the other line.

12
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Activity

Activity 5.8

Mathematics 12

You can now use the skills you learned from the examples above to solve the

following equations.

1. Solve the following equations:

a) On the same diagram, draw the graphs of the equations 2 m 2% = 1and

% = 23 =2 for values of x from =F g 3.

al

_.-
-
o
-
L
"
*

b) Use you graph to solve the simultaneous % m 2%« 1 andx = 23 m 2.
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2.a) Draw the graphs of the equations % = @ = & and % = & == & on the same

diagram, for values of x from =2 g ¥

m-
LN
1
+
1
l--l-ll-
1
r“-ll-
1
—
—
r“-ll-
l--'h.l-
+
I-ﬂ-
b
-
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b) Use you graph to solve the simultaneous ¥ m 3% = H andy = x + 5.

Check whether you have correctly drawn your graphs below. It has been a long
way up to here so once again congratulations for the effort you are applying.

Answers
1.a)
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look at a) above

<)
look at a) above

d)

2.a)

i

e 7 8B 8 10 11

You have now completed the method of solving linear equations by graph, do a
quick review of the content of this method of solving linear equations and then
continue.

You have now completed the last sub-unit on Linear Equations. Do a quick
review of the entire content of this unit and then continue onto the unit summary.
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Unit Summary

7

Summary

In this unit you learned that
Solving linear equations can be achieved by using a number of methods.

Whatever method you are using remember to do the same thing
(operation) on both sides of the equation.

e One step equations (where there is one operation) are solved by
any of the following depending on the operation in the equation:

o Addition

o Subtraction

o Multiplication

o Division
If the equation shows that addition has been done, to solve you
will use subtraction. If the equation shows subtraction has been
done you will solve by using addition. Similarly, if the equation
shows multiplication has been done, you will solve by using
division. Whereas, if the equation shows division you will use

multiplication to solve for the variable. The pairs of operations
are inverse of each other.

e More than one operation in an equation means you will need a
combination of operations to solve the equation. However, you
have to look which operation is in the equation to choose the
appropriate inverse operation to use in solving for the variable.

e To solve linear equations with numerical denominators use the
Lowest Common Multiple (LCM) of the denominators to clear
the fraction(s), then solve by using the inverse operations of the
operations in the equation.

e To solve linear equations with algebraic denominators use the
Lowest Common Multiple (LCM) of the algebraic denominators
to clear the fraction(s) as in numerical denominators, then solve
the resulting equation (with no fractions) using the inverse
operations of the operations in the equation.

e To solve linear equations with two unknowns; the four methods
dealt with here were

o Elimination
o Substitution
o Matrix

o Graph
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e FElimination method

One variable is removed from the equation by addition,
or subtraction, when the variable has equal coefficients.
However, when the variable coefficients are not equal
you need to multiply the equations by suitable factors to
result in equal coefficients for the two equations then
use either addition or subtraction to eliminate the
variable. Once one variable is removed (eliminated) you
solve for the remaining variable. Then, use the value of
the variable you found in any of the original equations
to find the value of the second variable.

e Substitution method

This method uses the same idea of eliminating one
variable, but the variable is eliminated by expressing
one variable in terms of the other variable (make one
variable a subject in one of the equation and substitute
into the other equation). Once, you substitute one
variable only one variable will remain in the resulting
equation. Solve for the remaining variable. Then, use
the found value of the variable to find the other variable
by using one of the original equations.

Matrix method

The main idea being used in this method is the fact that
the multiplication of a matrix by its inverse matrix result
in an identity matrix.

The steps of the method are:

Step 1

Write the equations in a matrix form
Step 2

Find the inverse matrix, if it exist (the determinant must
not be zero; if it is zero there is no specific solution)

Step 3

Multiply the equation in matrix form (in step 1) by
inverse on the left hand side and solve for the unknown
variables by comparing corresponding elements after
working out each of the sides of the equation. Note that
the left hand side will be equal to identity matrix
multiplied by the variables matrix which leaves variables
matrix by property of identity multiplication, so after
simplifying the right hand side you then compare
corresponding elements on both sides to get the solution.

Graph method
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In this method the solution is given by the coordinates of
the intersection of the two graphs.

Steps of the method:
Step 1

Find the table of values (coordinates of points to plot) at
least two points are needed to draw a straight line, but
use three,

Step 2

Choose the scale for both axes based on the values in you
table of values. Then, plot the points from the table of
values. Join the plotted points to form a straight line,

Step 3

Read the coordinates of the intersection of the two lines.
The solution is the x value and the y value of this
coordinates.

I hope you found the material presented to you useful and enjoyable to work
through, but above all that it helped you to prepare for examinations and life. I
hope your knowledge in solving linear equations is strengthened and your
confidence in solving linear equations has increased.

In particular, you have gained confidence in solving:

1.

2
3
4.
5

linear equations involving both numerical and algebraic fractions.
simultaneous equations with two unknowns using elimination method.
simultaneous equations with two unknowns using substitution method.
simultaneous equations with two unknowns using matrix method

simultaneous equations with two unknowns using graph method.

You have completed the material for this unit on Linear Equations. You should
spend some time reviewing the content in detail. Once you are confident that
you can successfully write an examination on the concepts, try assignment 5.
Check your answers with those provided and clarify any misunderstandings.
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Assignment

Assignment

Assignment 5

Mathematics 12

You should be able to complete this assignment on Linear Equations in

90 minutes.

[Total marks: 50 ]

1. Solve for ¢

s imld

2. Solve for x

P Bpm il

3. Solve for w

==
1
J==

[
L]

4. Solve for v

d; m I

3)

)

3)

@
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5. Solve for x

dip ZrmE = Gide =7 “

6. Solve for p

l=fipellmp=(lp=1 “

7. Solve for b

Tie =10 =21 )

8. Solve for a

=T mi=20F=q) 4

9. Solve for r
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IIJ

-t 3)

10. Solve for x

ok g )

11. Solve for z

Luy 3)

12. Solve the following simultaneous equations by the elimination method.
Foo= 2y mid

dip = F m 27 3)

13. Solve the following simultaneous equations by the substitution method.

K2y mg
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14. Solve the following simultaneous equations by the matrix method.
Il >
Em+y-ﬁ

A=y om 4)

15. Solve the following simultaneous equations by the graph method.
rmyed

rmZpa] “4)
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Answers to Assignment 5

at | ¢ wm P

st i=imll=]

2tm]2
t=on
Tl m 32
=y =iy mEl =7
o m 20
3
W g
1.1><“, wa
1t : B 1
ek T
oF moy
4.
d; m I
8 2
4 &
=8
5.

dg e Ixm G- Gldy =7

Mathematics 12
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dip b Jym G 12w 4 50

s P a e -7 17 s R

L] g

Il
I

1=3pelmp=(2p=1)
l=fy=img=Ip=l
l=fpeip=imp=Ipeivel
l=imipsl

2=lmpsl=1

=-%m Iy
Swi
T

Th=11mil
Tg=7mil

Te=FeFm2ler

=
b=4

Bg =0 mR =307 =-qa)
fo=Imig=Fcln
fn=la=Ilm¢=0+Ia=Ia

G=Tmy

FEEE kR RN

LN

o=

Mathematics 12
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10.

11.

12.

fmag _ jimG

— g —
& -
125 ik m i 12
S = 2) m 2(x =)
fr=GmIy=¢
=y =0m Iyl =g
Kol
A=t

. o
A = u

Lui

ixEEmgng

a=om D
e i=mim lf=f

F

Elimination Method
=B md2 )
d = F mIT 2)

Multiply equation 1 by 3 and equation 2 by 5 to get
af =13y wm 138 3)
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13.

2= 13w 153 4)

Subtract equation 4 from equation 3 to get
fn= 13y w13
) - > W

" =l (y has been eliminated)

Now, solve for x

FrwmZl

Then, use = = 3 in any of the original equation to find value of y, here
we will use equation 1

Plg) = Brm B2
27 =y m B2

S F =y m il=IT

T
=3 =3
jr:ﬁ

The solutionis x = 2and = 3.

Substitution Method
Afdy mg (1)
wm E.J." = F 2

Substitute y in equation 1 by the expression equal to y from equation 2
to get
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( note that y has been eliminated)

aa2lizan)mg

Solve for x

_.-l y
astlzase)me
aeiaslimg

Lie13=13mE=13

Now, put = = —& into equation 1 to find value of y

=i elymi
~falalymiad
ay m ld

_1].':'}'

Solutionis = —% and ¥ =7.

14. Matrix Method

=g my

1
}--hge.'- =1

Note that the equations need to be re-arranged.

LI
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Now, re-write in matrix form

O T
i% 1_){;]'1-31]

‘=1 17
Find the determinant of matrix ]i i 1 :l

m-1x10-0xh

Find a new matrix by re-arranging elements of matrix ]I i 1 ] by

Mathematics 12

interchange positions of -1 and 1 diagonal and change the sign of 1 and

é diagonal

The new matrix is ]Ii :i ‘:I

Find the inverse

[l
-

= (e matrin) (det is short for determinant)
ml

Hz LG 0T L)W

Now, let us work out LHS and RHS separately
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sm '1'](';' )

= .y
( ix=lelxd 1xlelxd )w
- — ll'jll

iy ateatnd Zutaatxd

- .’-1;: U iy
'Tf., 0 -1%)%"'I

-3 4

'_';-*”x% Ey(& (factor out =)

G 90

mesn(z 1303

I1x8alx=]
'_(—ﬁ-h-lx-l]

e
- T]I E] (' multiply out to simplify)

Now, we have seen above that LHS = RHS
So,

(@ n”ﬁ} ( )

-
t,j?T m ( __) ( property of unit matrix)

By comparing corresponding elements on both sides we have
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= and l‘f--T"

Solutionis x = _Tp , ¥m
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Assessment
You should be able to complete this assessment on Linear Equations in
60 minutes.
Assessment

[ Total marks: 30]

1. Solve the equations

a) armg
(2)

b) Sphdmi=2{p=13)
(@)

2. Solve the equations

a) 5-203x-1)=2x+1
(2
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o
SN
ﬂIlﬁ
|
1= Bia

=

2

3. Solve the simultaneous equations by the elimination method.

By =2vm 15
2y =3rm 13

A3)

4. Solve the equations.

a) HptOwmfp=10

3)
o g @

100
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5. Solve the simultaneous equations by the substitution method.

2x=Frm 1l
By m “)

6. Solve the following simultaneous equations by the matrix method

2y =1rmlE
Bx o2y w17 4

101
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7. Solve the following simultaneous equations by the graph method.

Bo 20 m 12
S =2ym0

Answers to Assessment 5

1.
a)
2y m{
Vomal
b)

T4 mE=20p=5)
b imE=2p6

“4)

102



Mathematics 12

IptlptdimEG=20p+Ipt G
Ephd=gmly=d

By m1Q

o

a)
E=2{3x=1lmiv+l
E=mgihlmixtl
GmGxm iyl
ey Ormivtintl
f=1lmBx+1=-1
Em gy

2
E-J“

b)

=1 Bwa

A

[ 3] :‘Il:\u

5
afr % alr

E [ |
g wm lED
g
12 12
&

i

Elimination Method

By =2vwm 1d (1)
x=3yrm il 2
Multiply equation 1 by 3 and equation 2 by 2 to get
100 =Ly =il 3)
dy =Gy m 20 4)

Now subtract equation 4 from equation 3 to get

1lxy w22 (v has been eliminated)

Solve for x
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Then, substitute ¥ = 2 into equation 2

2 =3ym 13
G=Frm 13
G= =5 m Ll =
=3 m @
ol

-3 -3

ym-3

Solutionis x =2 and  m =3 .

ipt+dmTp=-10
Ip=3p+&mTg=3z=10 (subtract 3p both sides)
6wy =10 (subtract 10 both sides)
1 m gy (divide by 4 both sides)
dmp

b)

-
—
B

[ =]

T b

155 mEnie
3(8x — 2) m Bx
£x — 6 m By
B = Bx =6 m By =5y
A=Gm
x=BrGm0+s

i — i
A =T
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5.

Substitution Method

y=3rm 1l (1
Sx+ym3 ()

Notice that, in equation 2 can be re-arranged so that it becomes

vom =Gy (make y the subject)

Substitute this expression for y into equation 1 to get

v =3(3=3x) ml3

Solve for x
2x =88y mlE (remove brackets)
Ly =%+ P mli+ ¢ (collect like terms)
llxywm 22 (add 9 both sides)
g = (divide by 11 both sides)
[TIRNET]
x=2

Now,use x =2 inequation 2 to find value of y

Solutionis x =2, ¥ m =3

Matrix Method
x=rmilf (1)
S hdywmly )
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Re-write in matrix form

(5 2)6) =)

Find the determinant

(24D ={=1x5)mil+3
=7

Find inverse
L (new matriad
= {new matria

(Remember new matrix is found by re-arranging the elements of
the original matrix)
So, inverse is

1 .
?(-23 é.)

Then multiply the equations in matrix form by the inverse both
sides to get

L, D6 HO-4G D
wswi( 5 25 36

Ti=b NG 2

1
--

-
i

(Cewe 3ee)6

=i 26)

= %-:.?} (i ?} (f} (factor out 7)

-G 26
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ws=3(3, ()

ki B +1T
Fhe=e@+ 3

=30(5)
- 73
-2/

Remember that these are two equal sides of an equation, so
LHS =RHS

Meaning that

i ?} Gf} - (_?2} (property of unit matrix)

Comparing corresponding elements on both sides gives

xmFandvm=2

Solutionis & m 7,2 m =3
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Unit 6

Changing The Subject of the Formula

Introduction

Formulas are written so that a single variable, the “unknown”, is on the
left hand side of the equation. The rest of the variables, the “known”
variables, are written on the right hand side of the equation.

The unknown is the subject of the formula.

We change the subject of the formula by choosing and carrying out a
series of operations on both sides of the equation so that the new subject
is left standing alone on the left hand side, and all the other variables and
constants are collected on the right hand side.

This unit consists of 25 pages. This is approximately 1% of the whole
course. Plan your time so that you can complete the whole course on
schedule. As reference, you will need to devote 15 hours to work on this
unit, 10 hours for formal study and 5 hours for self-study and completing
assessments/assignments.

When reading the following learning outcomes, think about them as a
guide to what you should focus on while studying this unit.

This Unit is Comprised of Four Lessons:

Outcomes

Lesson 1 Defining and Isolating The Subject of the
Formula

Lesson 2 Changing The Subject of the Formula Using
Factorisation

Lesson 3 Changing the Subject of the Formula with
Fractions

Lesson 4 Changing The Subject of the Formula With
Powers and Roots

Upon completion of this unit you will be able to:

= change the subject of the formula involving roots, powers, fractions and
factorisation to a specified variable.



Formula:

Roots:
Terminology

Powers:

Factor:

factorisation:

Online Resource

Mathematics 12

An equation expressing the relation between two
or more variables a formula cannot be solved, until
the variables are replaced with their values.
A number that, when multiplied by itself a
certain number of times, equals the number
that you have:

2 is the fourth root of 16.

A convenient way of writing multiplication of a
number by itself. They are sometimes called
indices or exponents.

Factors of numbers are numbers that divide into
another exactly.

Writing a number or an expression as a product of
its factors.

I’:§ http://www.hippocampus.org/ - D-BaXx |l

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for

mathematics and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Defining and Isolating The Subject of the Formula

Introduction

By the end of this subunit, you should be able to

= define the subject of the formula

Defining and Isolating the Subject of the Formula

In the formula for the area of a triangle,

A="bxh

the variable on the left, A, is called the subject of the formula. This
is the variable not known.



Mathematics 12

The rest of the variables, which are the “known” variables are written
on the right hand side of the equation. This is the rule that tells us
how to calculate the subject, the area, if we are given the base and the
height.

If the area and the base are already known, and we need to calculate
the height, then it would make more sense to have a formula of the
form

This says we are making h the subject of the formula. This is the
variable not known. We will have to isolate h, step by step.

A and b, which are the known variables are going to be written on the
right hand side of the equation.

We are changing the subject of the formula. We do this by choosing
and carrying out a series of operations on both sides of the equation so
that the new subject is left standing alone on the left hand side, and all
the other variables and constants, if there are any, are collected on the
right hand side.

We can use the balancing principle of equations to transform it to an
equivalent formula in which the unknown variable is the subject.

When we change the subject of the formula, we apply the same
rules as we have applied to solve normal equations:

Whatever you do to the left hand side, you must do to the
right hand side.

These are the things that we can do:

- add the same variable or constant to both sides

- subtract the same variable or constant from both sides
- multiply both sides by the same variable or constant

- divide both sides by the same variable or constant

- square both sides

- take the square root of both sides
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Reflection

Reflection

When we change the subject of the formula, we apply the same
rules as we have applied to solving normal equations.

Let us remind ourselves of how we solve equations.

Solve for x in this equation, 2x + 4 = 12

Solution

To solve the equation 2x + 4 = 12, we have to find the value of x, that
will make the statement true. To do this, we need to isolate a single x on

the left and end with the number on the right.

Remember whatever you do to the left hand side, you must
do to the right hand side.

2x+4=12
4 4 (subtracting 4 from both sides)
2X = 8
2x =38 (dividing both sides by 2)
2 2
X =4
Example 1

If P = R + ST, make S the new subject.
This means we have to isolate S, step by step, so that we end with S= ....
P=R+ST

Subtracting R from both sides

P=R+ST
-R __-R
P-R =S8T

Now divide by 7. Here we make an assumption that 7'# 0, to avoid
division by 0.

P-R =8T
T T
P-R =S
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As a matter of convention, the subject of the formula is written on the left
hand side.

Example 2

If I = Prt, make r the new subject.

We have to isolate r, step by step . This says P and ¢ have to be removed
from the right hand side.

We do not need to do the division in two separate steps, we can just do it
in one step.

We divide both sides by P and 7. Again here we make an assumption that
Pt # 0, to avoid division by 0.

1 =Prt
Pt P,



Activity 1
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Transform these formulae to make the letter in brackets the new

subject

1.

A=2rrh

p=a-+bt,

y=2x+1

p=-3q+6

ax+b=0

x =2a+d(n-1)

(h)

®

(x)

(@

(x)

(n)

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,

review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on defining and isolating the

subject of the formula are:

It is a matter of convention that formulas are written such that the

6



subject of the formula is on the left hand side.
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- The subject of the formula can be changed by doing to the right

hand side whatever you do to the left hand side.

In the next sub unit, we are going to look at changing the subject of the

formula using factorisation

Answers:

1. A=2rxrh
i=27ﬂ”h
27 27

A _

27

2. p=a+bt
-a_ -a
p-a=bt

p-a=Dbt

bbb

p-a=t

b b

p—a —t
b

=24
b

3. y=2x+1
y=2x+1
-1 -1
y—-1=2x
y-l
2
y—1

x= 2 —
2
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4. p=-3q+6
p-6=-3q

p=6=¢
-3

5. ax+b=0

ax =-b

>
Il

6. x=2a+d(n-1)

x =2a+d(n-1)
-2a -2a
x—2a= +d(n-1)

x—2a= +d(n-1)
d d

X—2a= +n-1

2a +1= +n

x—2a +1

Lesson 2 Changing The Subject of the Formula Using Factorisation
By the end of this subunit, you should be able to

= change the subject of the formula using factorisation

Changing the Subject of the Formula With the New Subject in Two
Terms

Factorisation becomes useful when changing the subject of the formula
with the new subject in two terms.
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Example 1
If § = P + Prt, make P the new subject.

We have P in two terms. It is a common factor in these two terms. We
isolate it with the help of factorisation.

S=P+ Prt
Factorising the right hand side;
S=P(+nr)

We now divide both sides by / + rz. Again, we make an assumption that
1 + rt# 0, to avoid division by 0.

S = P +r1)
1+t I+t
s = P
1+rt

P =38
1 +rt
Example 2

If 25 - 3= st + 6, make s the new subject.

We have two terms that contain s, the new subject.

Let us put them on one side

2s —st=6+3

25 —st =9

s is now a common factor in the two terms on the LHS. We isolate it
with the help of factorisation.

s(2-t)=9

Factorising the right hand side;
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We now divide both sides by 2 - «.
Again, we make an assumption that 2 - £ # 0, to avoid division by 0.

10
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Activity 2

Transform these formulae to make the letter in brackets the new
subject

1. p=at+bt, (t)
2. v=au+bu (u)
3. m=pq-—pr (p)

Compare your answers with those at the end of this subunit. Be
sure that you understand each answer before continuing. If you
have any misunderstandings, review this content and work through the
activity again.

Key Points to Remember

The key point to remember in this subunit on changing the subject of the
formula using factorisation are:

- Ifthe two terms containing the new subject are on different sides

of the equation, put them on one side. Continue with
factorisation.

Answers:

v=u(a+b)
%
=u
a+b
%
u=
a+b

11
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m = p(q - 1)
m =
q-—r
m
p:
q-—r

Lesson 3 Changing the Subject of the Formula with Fractions

Introduction

By the end of this subunit, you should be able to

= change the subject of a formula with fractions

Changing the Subject of the Formula with Fractions

When in a formula there are fractions, clear the fractions by multiplying
throughout by the Least Common Denominator (LCM).

Example 1
If r = 2ml
Bmn+1) make m the new subject

First remove the fraction. Do this by multiplying both sides of the
equation by the LCM. The LCM of B(n+ 1) and 1 is B(n+ 1)

Bn+1)xr = 2ml x Bm+1)
Bm+1)
Bn+1)xr = 2ml

We divide both sides by 2. (21 #0)

B+ 1)xr = 2ml

2

12
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21 21
Bn+1)xr = m
21
m= Bn+1)Xxr
21
m= Br(nt+1)
21
Example 2

Change the formula to give the new subject

w
E= to W
W +x
174 Each of the terms is multiplied
(W+x) xE= *(W+x) by the LCM of 1 and W +x

W+x which is W + x

(W+x) xE= W

W+x) xE= W Removing the brackets on the
LHS
WE+Ex = W
WE + Ex = W Put “W” terms on the LHS
WE - W =-Ex
W(E - 1)=-Ex Factorising the LHS
WE-1)= -Ex Divide both sides by E - 1
E-1 E-1
(E—1#0)
W= -Ex

E-1

13
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Transform these formulae to make the letter in brackets the new

subject
1. y=8-5x
Activity 3 X ()
1 1 1
2. —= — +— (u)
f u v
3x—1
3.y= X
Y= (x)
4o 2ta )
t+b
5.G=5r- % )
g

Check your performance against the given solutions at the end of this
subunit. Continue if you are satisfied with your ability to answer the
questions. If not, review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on changing the subject of the
formula with fractions are:

- if the equation contains fractions, we simplify the equation by
clearing the fractions first

Answers:

I. y=8-5x

X
xy =8 — 5x
Xy +5x =8
x(y+5)=8
x=8
y+5

14
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1
f ou v
fuv.lzfuv.l-l-fuv.l
u v

uv =fv + fu
uv - fu=fv

uv-f)=1v
u=fv

-9

3x—1
2x

y=

3x-1
2x

2x .y =2x.

2xy =3x -1
2xy —3x=-1
x(2y -3)=-1
X = -1

2y -3

2t+a
t+b

T(t+b)=2t+a
Tt+Tb=2t+a
Tt—2t=a-Tb
t(T-2)=a-Tb
a—Tb
T-2

Gg+r—s=5r

15
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r-5r=s-Gg
r(l1-5)=s-Gg
r(-4)=s-Gg
“4r=s-Gg

s—Gg
-4

Lesson 4 Changing The Subject of the Formula With Powers and Roots

Introduction

By the end of this subunit, you should be able to

= change the subject of a formula with powers and roots

Changing the Subject of the Formula with Powers and Roots

When in a formula there are powers, we clear powers with corresponding
roots.

We clear power 2 by taking the square root of both sides.

We clear power 3 by taking the cube root of both sides, and so on.
When in a formula there are roots, we clear roots with corresponding
powers.

We clear square root by raising both sides to power 2.

We clear cube root by raising both sides to power 3, and so on.
Example 1

If A = 7%, make  the new subject.

We start off by dividing both sides by .

A=rr
VA
A=1
T

16
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In this case we will clear power 2 by taking the square root of both sides.

A=r
V4
| 4 [
—_— }"2
V4
A
— =7
T
A
r = —
V4
Example 2

Ify=3 \/Z , make A the new subject.

y=3\/z

divide both sides by 3
y =3vh
3 3

y=+h

3
Squaring both sides
2
Y
3 =Wh

17
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W < W <
[\S) N %}
Il
Il =
=

8]

=h

|

2
he 2
9
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Transform these formulae to make the letter in brackets the new

subject

5. vV =u*+2as

(c)
(y)

x)
V)
(u)

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,

review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on changing the subject of the

formula with powers and roots are:

- When in a formula there are powers, we clear powers with

corresponding roots.

- When in a formula there are roots, we clear roots with

corresponding powers.

18



You have now completed work on this unit on algebraic manipulation.
Do a quick review of the entire content of this unit and then continue on
to the unit summary.

Answers

1. N=+e
JN=c
c=+/N

2. X+y'=7
y2=zz-x2
W= N
y=27-X

3 x—3 =A

2
( x—3) =A’
x—3=A’
x=A’+3

4. E =kmv’

E_ = kmV
km km
E =V
km

E

km =V

E
Vo Nkm

Mathematics 12
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5. v =1u®+2as

vi-2as =12

Vvi =2as =u

u= v?-2as

Unit Summary

7

Summary

In this unit you learned that when changing the subject of the formula:

= you choose and carry out a series of operations on both sides of
the equation so that the new subject is left standing alone on the
left hand side, and all the other variables and constants, if there
are any, are collected on the right hand side;

= using factorisation, if the two terms containing the new subject
are on different sides of the equation, put them on one side, then
factorise;

= clear the fractions by multiplying throughout by the Least
Common Denominator (LCM);

= when, there are powers, we clear powers with corresponding
roots;

= when there are roots, we clear roots with corresponding powers;

You have completed the material for this unit on algebraic manipulation.
You should now spend some time reviewing the content in detail. Once
you are confident that you can successfully write an exam on the
concepts, try the assignment. Check your answers with those provided
and clarify any misunderstandings that you have. Your last step is to
complete the assessment. Once you have completed the assessment,
proceed to the next unit.

20
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Assignment

1. Answer All Questions.

2. Show all the necessary working.
Assignment Total marks = 12 Time: 15 minutes

Transform these formulae to make the letter in brackets the new

subject.
1. p=8q-1 (@ [2]
2. mx-my=z (m) [2]
3. T=—2 ® 3]
X+ y
4. m=54t ® 2]
, 1
5. R=20+ — ® 3]

Compare your answers to those provided below. Pay particular attention
to any mistakes that you made and clarify those misunderstandings.

21



Answers

p=28q-1
pt1=28q

pH1_
2 q
p+1

q:T

T=

x+y
Tx+y)=x
Tx+Ty=x
Tx-x=-Ty
x(T - 1)=-Ty

3

Mathematics 12

22
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_m
25
, 1
5. R=2t"+ —
u
Ru=2ut’+1
Ru - 1= 2ut?
Ru—-1
2u
Ru -1
=t
2u
Ru—1
t:
2u

Based on your results and the recommendation that you should aim for at
least 80% to ensure your overall success in this course and any
subsequent math course you take, determine how much you should study
the overall unit before you attempt the assessment.

23
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Assessment

O

Assessment

1. Answer All Questions.

2. Show all the necessary working.

Total marks = 14 Time: 20 minutes

Transform these formulae to make the letter in brackets the new
subject

I. P=am+b (m) [2]
2. y=%x-Y% x) [3]
3. A=zr*+2zxrh (h) [3]
2 2
Vb -4, ¢
4 s=b—a @ 3]
2a
2 _
5. g= L1 @ [3]
5
Answers
) m:P—b
a
2.
3.
4.
5.

24
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Unit 7

Matrices

Introduction

Matrices can be used as a store of information.

Liteboho is a driver in a soft drink company. His work is to deliver some
cases of one-litre bottles of various soft drinks to customers. Before he
goes home he prepares orders for the next day. The orders can be
represented as follows:

Fanta Coca-cola Sprite Stoney
Matau 1 2 0 1
Shoaepane 2 4 1 5
Liako 0 3 2 3

a) How many rows are there?

b) How many columns are there?

¢) Shoaepane’s drinks are in row

d) Liako does not order Fanta. We know this because of what is written in
row and column

e) How many cases should Liteboho deliver altogether?

Compare your answers with those given below.
Model Answers
a) 3 rows b) 4columns c) row 2

d) row 3, column 1 e) 24 cases

I hope you got all the answers correct. This idea will be covered in detail
below
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If Liteboho can remember the headings, the information in the table
above can be written as follows:

12 ¢ 1
(251«'].5
g 5 1 3

We have represented the information in matrix form.

In the Junior Secondary Certificate Mathematics course you learned
addition, subtraction and multiplication of matrices. We will review those
skills in this unit. You are also going to learn how to find the determinant
and the inverse of a matrix.

This unit consists of 44 pages. This is 2% of the whole course, so plan
your time accordingly. As reference, you will need to devote 20 hours to
work on this unit, 15 hours for formal study and 5 hours for self-study
and completing assessments/assignments.

This Unit is Comprised of Five Lessons:

Outcomes

Terminology

Lesson 1 Addition and Subtraction of Matrices
Lesson 2 Multiplication of Matrices

Lesson 3 The Determinant of a Matrix

Lesson 4 Identity Matrix

Lesson 5 Inverse of a Matrix

Upon completion of this unit you will be able to:

e add matrices of any order;

e subtract matrices of any order;

e multiply matrices of any order;

e find the determinant of 2 by 2 matrices;

e findthe inverse of 2 by 2 matrices.

Null or Zero matrix; A matrix whose entries are all zeros.

A_f0 0
Zero matrix O i 0 Uj
Determinant of a The product of the numbers in the leading diagonal
matrix: minus the product of the numbers in the other
diagonal.
Order of a matrix: The number of rows followed by the number of
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columns. If matrix A = {'é : %}, then the order

of a matrix is 2 = 3.

Unit or Identity A 2 3 2 matrix that does not change the entries of

matrix: L S
the matrix it is multiplying.
. o fl 0
Identity matrix I 4_ 0 _13
Scalar: A number multiplying each element of the matrix.

Lesson 1 Addition and Subtraction of Matrices

X

Activity

In Arithmetic, there are rules for addition, and subtraction. Can these
rules be applied to matrices?

In unit 5 on Linear Equations you learnt about solving linear equations
using the matrix method. Do you still remember the order of a matrix? In
this Unit you will use the order of a matrix to determine whether the rules
of addition and subtraction can be applied.

In this section you are going to remind yourself about addition and
subtraction of matrices.

At the end of this sub-unit you should be able to:
e add matrices of any order.
e  Subtract matrices of any order.

There are six pages in this sub-unit.

Activity 7.1
In this activity you are going to learn how to add matrices.

The tables below shows the amounts of bread, sugar, and milk used by
Rono and Kati families over a period of two weeks:

¥ Week Rono Kati

Bread (loaves) 7 9
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Sugar (kg) 4 5
Milk (litres) 12 8
2" Week Rono Kati
Bread (loaves) 6 7
Sugar (kg) 5 3
Milk (litres) 10 6

a) Represent the above information in the matrix form. Let A be the
matrix for the information for the 1* week, and B be the matrix for the
information for the 2™ week.

b) How many kilograms of sugar were used by the Rono family in two
weeks?

¢) How many litres of milk were used by the Rono family in two weeks?

d) The Kati family used litres of milk in two weeks.

¢) How many loaves of bread were used by the Kati family in two weeks?

) Based on your answers for questions b) through e), how much bread,
sugar and milk were used by the two families in two weeks? Represent
your answer in matrix form.

Compare your answers with those given below.
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X

Activity

Model Answers

Activity 7.1
a)

7 9 6 7
A=y & B B={% &
13 10

b)  9kg

c) 22 litres
d) 14 litres

e) 14 loaves

13 19
(%)
2

In the above activity, you added values for the same items in the two
tables. You also added corresponding entries in the two matrices to get
entries for the matrix required in (f). It is important to note that matrices
can only be added if they are of the same order. That is both matrices
have the same number of rows and columns.

Activity 7.2
In this activity you are going to learn about the subtraction of matrices.

Consider the following case.

‘Malebohang owns a book store, which stocks some books with come in
two types — those with hard covers and those with soft covers. She wants
to find out which type her customers prefer for three different titles:
books A, B and C. The following table shows the sales of the three books
over a period of two months.

Month 1

Book A Book B Book C
Hard cover type 13 7 6
Soft cover type 28 19 42
Month 2
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Book A Book B Book C
Hard cover type 10 5 2
Soft cover type 34 19 55

a) How many copies of Book A, soft cover type, were bought during the
first month?

b) How many copies of Book C, hard cover type, were sold during the
second month?

¢) Represent the information in the two tables in matrices.

d) What is the order of each matrix?

e) What is the total number of copies of each type of book sold over the
two months? Use matrices to work out your answer.

f) Find the difference in the total sales of the three Books over the two-
month period. Support your answer with calculations using matrices.

g) Which cover type is preferred by the store’s customers? Support your
answer with some explanation:

Now compare your answers with those given below.
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£

Note it!

X

Activity

Answers

a) 13 b) 2

oMonth 1: {22 T 21 Month2: (3 0 )
d)2by3 (52 16 o)

-3 - 4
(s o 13}
g) The soft cover type is favoured by customers. More copies of the soft

cover type were sold for each book in this study.

Did you get all the answers correct? If so well done! If not then you
should go through the activity again.

When adding or subtracting matrices, we operate on corresponding
entries.

Matrices can only be added or subtracted if they are of the same
order, that is they have the same number of rows and columns.

Activity 7.3
Work out the following;

-

by s+ G
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o7 L 3G % 70

E -2 8 a1
2.Let;f!.-£_ll 2 3 (? ] '13) (‘J i)
12 1 < 3
E 7 =1
736 ( )
Jm andfm|= 3 0
{.'J. a Ef) 1 3 2
Work out the following

a)A+D
b)B-E
¢c)A+B

dD-C



Model Answers
Activity 7.3

P
1.a) ('l)
3

10 7
iy o)

2004+D = (fa

-3

=i =2
b)f=Lm) 13
11 =1

Mathematics 12

¢) Addition cannot be done because the matrices do not have the same

order.

d) Subtraction cannot be done because the matrix D and matrix C do not

have the same order.

The key points to remember on addition and subtraction of matrices are:

Addition,

1. two matrices can be added only when they have the same number
of rows and the same number of columns (same order). Can you
add if the number of rows are equal and the number of columns

are not equal?
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2. to add two matrices, you add the elements in corresponding
positions in each matrix.

Subtraction,

1. two matrices can be subtracted only when they have the same
number of rows and the same columns (same order). Can you
subtract if the number of rows are not equal but the number of
columns are equal?

2. to subtract two matrices, you subtract the elements in
corresponding positions in each matrix.

You have now completed the sub-unit on addition and subtraction of
matrices. Go back to the beginning of the sub-unit and briefly review the
content. When you think you have mastered the topic, move on to the
next sub-unit.

Lesson 2 Multiplication of Matrices

You have just learned that addition and subtraction of matrices is possible
only when the number of rows and columns of the two matrices are the
same. Do you think this also applies to multiplication of matrices?

Do you remember the steps of solving simultaneous equations by matrix
method? This you learned in unit 5 Linear equations;

Step 1

Write equations in matrix form
Step 2

Find the determinant

Find the inverse

Step 3

Multiply equations matrix form by inverse, then simplify both sides to a
stage where you can compare corresponding elements on both sides of
the equations for the values of the two unknowns.

Do you think these are related to multiplication of matrices? How?

In this sub-unit you are going to learn how to multiply a matrix by a
scalar and another matrix.

At the end of this sub-unit you should be able to:
e define the term ‘scalar’ and explain how they are used;
e multiply a matrix by a scalar;

e  multiply matrices of any order.

10



Mathematics 12

X

Activity

There are nine pages in this sub-unit.

Multiplication of a Matrix by a Scalar

Activity 74
Consider the following case

Mr. Nku has two children in primary school. One is in Class 4 and the
other is in Class 6.

The following table shows the stationary required at school for their
respective classes each semester (session).

Class 4 Class 6
Pens 2 3
Pencils 2 1
Crayons 3 2
Erasers 1 2

a) Represent this information in a matrix form.

b) If Mr. Nku buys all the stationary for the whole year at the beginning
of the year, how many items will he buy for each child?

Now compare your answers with the ones below.

11




Model Answers

Activity 7.4
2 5
2 1

)\ 2)
1 2
4 6
4 2
6 4
2 4

b)

Mathematics 12

Did you get them all correct? If so, good! If not you should go

through the activity again.

But, look how matrix in b) is obtained from matrix in a); each
element of matrix in a) was multiplied by 2 (a year has two
semesters (or sessions)) to get the corresponding element in b).

The number 2 here is a multiplier. It multiplies all the elements of a

matrix. The 2 is called a scalar.

12
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Al

Note it

X

Activity

Now you should have found that:

e When multiplying a matrix by a scalar, we multiply all
entries of the matrix by the scalar.

Activity 7.5

Now work out the following
4
a)4| B
1
e 7
b2l -3 -g
1 2

23z ¢ 1)

e 2 €

Model Answers
Activity 7.5

13 12 14
S (G
d 2 4
off ¥ 3 O 1 4

When multiplying a matrix by a scalar, all elements of the matrix are
multiplied by the same number.

13
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X

Activity

Multiplying One Matrix by Another

Activity 7.6

In this activity you are going to learn how to multiply a matrix by another
matrix.

Lintle has a catering business. She serves two types of meat in every
meal. These are beef and chicken.

Beef cost M45 per kg.

Chicken cost M20 per kg

One day she bought 5kg of beef and 7kg of chicken for her business.
On another occasion she bought 6kg of beef and 2kg of chicken.

a) Complete the following tables representing the above information.

Beef Chicken

Occasion 1

Occasion 2

Price

Beef

Chicken

b) How much money did Lintle spend on occasion 1?

¢) How much money did Lintle spend on the second occasion?

d) Represent the information in the tables above in matrix form.

We can use matrix multiplication to work out how much money Lintle
spends on beef and chicken.

14
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You can check your answers for the above activity as you work through
the following example.

Example 1
We will use the information in the above activity.

We can represent the above data in two matrices.
5T L

(g 2) o (3

Money spent on beef on occasion 1 = 5xM45 = M225

Money spent on chicken on occasion 1 = 7x M20 = M140
Total money spent on occasion | for meat =M (225 + 140) = M365

This means that the first row of the 2by2 matrix is multiplied by the 2by1
matrix as follows

4>
¢ @i

Money spent on beef on occasion 2 = 6xM45 = M270

Money spent on chicken on occasion 2 = 2xM20 = M40
Total money spent on meat on occasion 2 =M (270 + 40) = M310

G @

We can show the money spent as occasion 1 M365

occasion 2 M310

or as a matrix @fg}

We can represent the calculation as a multiplication of matrices

G 2Go)-Gw)

Using this example we can formulate the rules for multiplying matrices.

15



Mathematics 12

il

Note it!

Rules for multiplying matrices

e  The number of columns of the first matrix must be equal to the
number of rows in the second matrix.

e  Multiply the elements of a row of the first matrix by the elements
of a column of the second matrix and add the products.

e The order of the product matrix is the number of rows of the first
matrix by the number of the columns in the second matrix. For
example, if the order of the second matrix is 3by2 and the order

of the second matrix is Zfy4& then the order of the product will
be 3by4. That is 3by2 and Zh¥d gives 3by4.

Now consider the following examples.

Example 2
Find the product of the following

@ 23

How does the order of the matrix help one to check the answer of the
matrix multiplication?

Write down the instruction for multiplying a matrix by another matrix to
explain how the multiplication is carried out.

Compare your answer with the sample answers given below. I hope you
are doing well up to now! If not go through the solution and compare it
with the two questions above. If you need more help go over the example
slowly and carefully again. Then read ‘Note it!” above.

Solution

Order of the first matrix =1by2
Order of the second matrix = 2by|
Order of the product matrix = 1by1

16
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Multiply the first element of the row in the first matrix by the element of
the column in the second matrix: 2 & m §

Multiply the second element of the row in the first matrix by the second
element of the column in the second matrix:® = % m 18 and add them up,

g+ 15=23

(2 5}@}::{2214-1-5:133:(23)

Example 3
Calculate {é g}i -: g}
Solution

The orders of the matrices are 2by2 and 2by2. Therefore the order of the
answer matrix is also 2by2.

t'i E}E—iﬁ E‘I._ L=+ X0 LXE4EXT
% &rE b WEH-TFEXNG FMELIXNE

6 T©
a 1%
Example 4
Calculate {g ,ﬁ} (g E -I{I::I
Solution

The orders of the matrices are 2by2 and 2by3. Therefore the order of the
product matrix is 2by3

¢ Byse 2 =2

6 JG 1 %)
:[4}€4+E}€$ GXRIEEXRL AX=US+EXE
FREGFLXE BXI+LXL BX=-24+1K0

_(flg+1ld B3 -$-1='.1:I
12+8 6+1 —-6+10

5D

17
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X

Activity

Example 5
-2 1
Calculate ( 1 -E) E E}
3 .
Solution

The order of the resulting matrix is 3by2.

(=2 0 g [mEXEE0XZ =2XQ40X1
|1 -» 2 1 -(1:-;5-15-3-;2 1%0£5x1
(ST L BxB+4x2 Bx0+dx1

-3 @
| o =
17 &

Identity Matrix for Multiplication

In previous units you learned about the zero matrix as an identity matrix
of addition. The identity matrix does not change other matrices it is
added to.

Let us now find out the identity matrix for multiplication.

Activity 7.7

1. Work out

9 (s =& 1)-

wE ¢ 9-
1 2

-3 &2 9)-

o[ 36 Y

2. a) What do you notice about your answers to question 1a), b) and c)
above?

18
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' a 10
b) Write down the answer to c ﬁj 0 .1)

In your own words can you say what happens when a

matrix is multiplied by the matrix {é ?'I :

Now compare your answers with the ones given below

Answers to activity 7.7

2. a) The matrix that is multiplied by {E" ?] has not changed in each

case. For example

5 vl oy {5 1
(.2 5).[] 147 A2 E!

v g U= 2

19
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@ In conclusion:
e  Multiplying any matrix by the matrix {3 E) does not change the
Note it! matrix.

1

e Therefore, the matrix 0 1

is called an identity matrix for

multiplication.

You have now completed the sub-unit on multiplication of matrices. Go
back to the beginning of the sub-unit and do a quick review of the content
of this sub-unit before going on to the next sub-unit on the determinant of
a matrix.

Lesson 3 The Determinant of a Matrix

You know what a matrix is. What about a determinant? The determinant
is a number which is a result of the product of the elements in the leading
diagonal of a matrix minus the product of the elements in the other
diagonal of the same matrix.

In the previous sub-unit, you have seen that there are some matrices
which will multiply together to give an identity matrix. How can one
know which matrices will do this multiplication and which ones will not?
This can be determined without trying the actual matrix multiplication by
finding the determinant of the matrix. If the determinant is a positive or
negative number then there will be a matrix which will multiply to give
the identity matrix. If the determinant is zero, there is no matrix to
multiply with to give the identity matrix.

At the end of this sub-unit you should be able to:
e define a term ‘determinant’,

e findthe determinant of 2 by 2 matrices.

There are three pages in this sub-unit.

o fe B
For the 2 by 2 matrix B = 1 ‘}},

the numbers (2 # &) =18 +1) = &,

The number 3 is called the determinant of the matrix.
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In matrix B above the numbers 2 and 4 lic on the leading diagonal of the
matrix, while the numbers 5 and 1 lie on the other diagonal (figure 7.1
below). Therefore the determinant of a matrix is found by subtracting the
product of the numbers in the other diagonal from the product of the numbers
in the leading diagonal.

(@ (k)

leading diagonal other diagonal
Figure 7.1
Example

Look at the matrix

o
1 :"T

To find a determinant,

e multiply elements in the leading diagonal; in this case 1 and
5 are in the leading diagonal so

ER
e multiply elements in the other diagonal; in this case 2 and 2
are in the other diagonal so

PO
EOLL o
'ﬂrl 'lllrl L

e then, subtract the product of the other diagonal from the
product of the leading diagonal, that is,

fmimi

a 5

e the determinant of matrix 1'\% é] is 3.

Note that a determinant of a matrix is a number.

Example 1

Look how the determinants of the following matrices are found.

"G 5
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product of leading diagonal elements — product of other diagonal
elements

con e P
gl

I‘lLrI I'la:l -l 'lz:l L a - 'i- L L

b 3)

product of leading diagonal elements — product of other diagonal
elements

A -l mi3=Gm?

You can now compare your answers with those given below. For each
answer remember that you subtract the product of the elements in the
other diagonal from the product of the elements in the leading diagonal.

You should realise that determinant can be a positive or a negative
number. Some matrices have a determinant equal to zero.

A positive or negative determinant means the matrix will have an inverse
matrix. However, a zero determinant means the matrix has no inverse
matrix. Why? The answer will be found when finding the inverse.

Therefore, a determinant can be used to determine whether you can find
the inverse or you can not.
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Activity

Activity 7.8

Now answer the following question.

L% )
2 33
S

N

(5 F)

5. The determinant of the matrix {E g} =0.

Find b

Mathematics 12
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@ For the matrix M = {‘; il then the determinant of M = ad—bc

Note it The determinant is denoted by det (M) or ||

Thus det M) = [ad = b

Solutions to Activity 7.8
Remember that to find a determinant

product of leading diagonal elements — product of other diagonal
elements

—

(=Ex 8 - i=dxg)=—3

2. (Bx3)-(dxd)=-5

3. (IxE) =(4xd)mp

4. (BB =(=2x=2)m0

5 2i=%hmg (collect like terms)
=2 m

blmdl =0 (divide both sides by -3)

You have now completed the sub-unit on the determinant of a matrix, do
a quick review of the content of this sub-unit on determinant of a matrix
and then continue on to inverse of a matrix. However, try to remember
how you find the determinant because determinant will be used in the
next sub-unit.
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Lesson 4 Identity Matrix

In unit 5 Linear equations, you solved many of the equations by doing the
same operation on both sides. When doing these operations, the numbers
are chosen in such a way that in addition the result is zero, while in
multiplication the result is one.

Zero is the identity element in addition while one is identity element in
multiplication.

What is the identity element in matrices? This is what you are going to
study in this sub unit at the end of which you should be able to:

e define identity matrix.

e identify a 2 by 2 identity matrix.

There are seven pages in this sub-unit.
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Example

In these examples you are going see how some matrix multiplication
gives identity matrix and how identity matrix works in multiplication.

1. Find the determinants for the following matrices

-

det(; ) =@ - (DE =16-15=1

3 4
b) [5 i
wiff Ha@e) @au 0=

2. Work out

o 2 )=

2HBEB X =T 2X =B
=l Xgrexg Ix-3

++

§%2)
gx2/

(1 b=l =G
- Q&n ST, | w]

-0

(? —=1ﬂi

:
Ofs s )

_{ﬁx?-lnw-ﬂ B mibndhd B
FxTwmTrmd §xmdel i

2l =20 =12 412
-tﬂﬁ-ﬁ -2I:|-|~21-T

-3 Ii"‘]

¢) What do you notice about the answers to 2 a) and b)?

The answers are identity matrix.
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d) Multiply the answers you got in 2a) and b) by the determinants found
in la) and b) respectively.

9= Y

G 9nG Y

Identity matrix multiplied by 1 (identity for multiplication) answer is
identity matrix.

The matrix 11% ?] is called the identity (or unit) matrix, it is an identity
in matrix multiplication just like one is identity in number multiplication.

The identity matrix is the matrix which gives the same answer as the
matrix with the one it is being multiplied with.

Now, proceed to the activity to use the skills you have seen in the above
examples.

27



Activity 7.9
1. Find the determinants for the following matrices.

Activity a)[i é}

{7 )

2 1
21l 2

2. Work out the following

o DG =

Mathematics 12
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b) (iaa EJ (—23 I§]=

¢) What do you notice about the answers to a) and b)?

Now compare your answers with those that are given below. Did you
work all the problems out correctly? If so, good! Otherwise, do the
activity carefully. Remember, to find a determinant you subtract the
product of the elements on the other diagonal from the product of the
elements on the leading diagonal.

To multiply two matrices;

e multiply row 1 by column 1 to get element of row 1, column 1 of
the answer matrix

e multiply row 1 by column 2 to get element of row 1 column 2 of
the answer matrix

e multiply row 2 by column 1 to get element of row 2 column 1 of
the answer matrix

e multiply row 2 column 2 to get element of row 2 column 2 of the
answer matrix

Some matrices multiplication can result in identity matrix.
But, what kind of matrices will result in an identity matrix?

Answers to Activity 7.9
1.

a) determinant m 2 X 5 =1 ¥ & m 2

b) determinant m 1§ %2 =7 x GmE
c)determinant m Ll M2 =10 M I m
d) determinant m & ¥ L = =2 % =5 m =3

¢) determinant m ¢ & =2 % 10 wm
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2.2) 2 'J.}[E -'1}_@:13-%-'13-% dx=1k1lxwid
Tk RS hed 2 HEb TN md dx=ldd

- 2

b)['lﬁ ?}[2 —?}_ SREAFTR=F WBR-T+TxII
3 2/ t=R 18 Ex242H=E Ax=FHIxI1]

5 0
'ﬂE.}

¢) The answer for a) gives 2 » I = 2{3 2

0

and for b) the answer gives S x =5 0 1

In the first activity matrix multiplication resulted into an identity matrix.
Therefore we say one of the matrices in those pairs is an inverse of the
other. For example

g ?H_?s -';}'{.3 2)

Therefore, the matrix [_?5 -;'}is an inverse of the matrix{g ?j

In the second activity matrix multiplication resulted into 2 x I and 5 x I
respectively.

If we divide the product matrices by the determinants 2 and 5
respectively we will get an identity matrix.

For example

Mo =G D

LT ER
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The key points to remember are:

1. the identity matrix is the matrix that will give the same matrix as
the one it is multiplied with.

2. the identity matrix for matrices multiplication is the matrix
10y
|:JJ 1

3. identity matrix 11% ?1 results when a matrix is multiplied by its

inverse matrix.

You can now proceed to the next sub-unit on inverse of a matrix as they
are very much related.

Lesson 5 Inverse of a Matrix

You have seen that there are matrices multiply other matrices to give a
unit matrix. Which matrices will do this and which will not do this?

Are these matrices and inverses related? How are they related? By the
way what is an inverse matrix, and how do you get this inverse matrix?

Before attempting to find answers to these questions, let us start by
recollecting the previous knowledge which will help us to answer these
questions. You have used inverse for addition and inverse for
multiplication in arithmetic. A number and its inverse gives an identity.
What is the identity for addition? What is the identity for multiplication?

You already have seen that an identity does not change other elements.
Also, from the previous unit the matrix and other matrix give the identity
matrix, what is the name of this other matrix?

In this sub unit you are going to learn about the inverse of a matrix. At
the end of this sub-unit you should be able to:

e define an inverse of a matrix.
e findthe inverse of 2 by 2 matrices.

An inverse matrix is a matrix that will multiply with another matrix to
give an identity matrix. How do you find the inverse matrix? Look at the
following example.
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Example

Now the following example will help you to learn how to find an
inverse of a 2by2 matrix. Study each step as you will apply the steps in
the following exercise.

To find the inverse of the following matrix

=5 5

Solution

Find the determinant of a matrix
det 4 m =ZL + I8 ((B X =T)=(8x=E8))
=4

Exchange the elements in the leading diagonal

" )

Change the signs of elements in the other diagonal
7 =k
G %)
Divide each entry by the determinant or multiply each entry by i

o Lf=F =B
iy T

Note that 4" {z angéher way of wiiting the fverse of matrin A,
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Activity

Activity 7.10

1. Find the inverses of the following matrices.

o(; %)

9(Z5 3

o(73 2

2. a) The matrix M satisfies the equation
5 =1y
M+e(; J=n

Find M, expressing it in the form {1‘2 EJ

Mathematics 12
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Solutions to Activity 7.10
Remember to find an inverse
1. Find the determinant.

2. Form a matrix from the matrix you are looking for its inverse by
interchanging the positions of the elements in the leading
diagonal and changing the signs of the elements in the other
diagonal.

3. Multiply by the reciprocal of the determinant (or divide by
determinant).

la) demidxdl = (Il %1/ ml2=11m]
_ 3 =11
Inverse (__l & :}
b)dgt mi=2x P = (=dx 3 m =120 md

inverse = %(FE _‘?”2:1

C) detmimdx 3lail x=Blm=llsllm=2

inverse = - %(z :J

d)det m(=2x 8= (~3x -4} m13-12m¢
: _i1(=% 3
mverse 3 ‘; & _z;I

=4 2y
20)M=l_q ol
You have now completed the sub-unit on inverse of a matrix.

The key points to remember on this sub-unit are:
1. to find a determinant of a matrix:

a. subtract the product of the elements in the other diagonal
from the elements in the leading diagonal

2. steps in finding an inverse of a 2 by 2 matrix are:

a. form a new matrix from the matrix you are looking for its
inverse by:

i. interchanging the positions of the elements in the
leading diagonal and change the sign of the
elements in the other diagonal.

b. Multiply the reciprocal of the determinant by the new
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matrix you formed in 2. (a) above.

3. do a quick review of the content of this sub-unit on inverse of a
matrix and then continue. Remember; find the determinant before
you find the inverse all the time.

You have now completed the last part of this unit on Matrices. Do a quick
review of the entire content of this unit and then continue onto the unit
summary.

Unit Summary

7

Summary

In this unit you learned that

When adding or subtracting matrices, we operate on
corresponding entries.

When multiplying a matrix by a scalar, we multiply all
entries of the matrix by the scalar.

Rules for multiplying a matrix by another matrix are:

1.

The number of columns of the first matrix must be equal
to the number of rows of the second matrix.

Multiply the elements of a row of the first matrix by the
elements of a column of the second matrix and add the
products.

The order of the product matrix is the number of rows of
the first matrix by the number of the columns in the
second matrix. For example, if the order of the first
matrix is 3by2 and the order of the second matrix is

284, then the order of the product will be 3by4. That is
3by2 and 2byd gives 3by4.

When multiplying any matrix by the matrix(-é ?J, it

does not change the matrix. Therefore the matrix é ?}

is called an identity matrix for multiplication.

a determinant

1.

A determinant is a number found by subtracting a
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product of the elements in the other diagonal from the
product of the elements in the leading diagonal of a
matrix. (See 2 below)

2. For the matrix M = {."'2 zj, then the determinant of M =
GE = G
The determinant can also be written as det (M) or |¥|

Thus det (M) = [ad &

3. If a determinant is positive or negative number then the
matrix will have another matrix which will multiply it to
give an identity matrix.

4. 1If the determinant is zero there will be no matrix to
multiply to give an identity matrix.

an inverse

1. aninverse of a matrix is a matrix which will multiply a
matrix to give an identity matrix,

2. To find an inverse matrix

1. Find a determinant, if it is zero no inverse, (stop,
there is no matrix), if not zero continue to ii.

it.  form a new matrix from the matrix you are
looking for its inverse by

1. interchanging the positions of the
elements in the leading diagonal and
change the sign of the elements in the
other diagonal.

iii.  Multiply the reciprocal of the determinant by the
new matrix you formed in 2. (i) above.

3. The inverse of matrix M is denoted by

M—1=;(d _b) for ad— bc = 0
ad—be iy @

where (ad — bc) is a determinant of the matrix.

You have completed the material for this unit on matrices. You should
spend some time reviewing the content in detail.

Once you are confident that you can successfully write an examination on
the concepts, try the assignment. Check your answers with those provided
and clarify any misunderstandings.
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Your last step is to complete the assessment 7. Once you have completed
the assessment 7, proceed to the next unit, which explores how
mathematics can be used for commercial purposes.
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Assignment

You should be able to complete this assignment on Matrices in 60
minutes.

The total marks available for this assignment is 34, and the marks
allotted to each question or part of a question are indicated in

Assignment (parentheses).

1. The table shows the results of matches for 4 football teams.

Mathematics 12

Win Draw Lose
Likhopo 3 2 1
Matlama 2 1 3
Lioli 2 3 1
Bantu 2 3
a) Write the information in matrix form. 3)
What is the order of the matrix? (1

2'If(25ﬂ ﬁ:;:1= g 1?2;]

Find the value of a and b. 4
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3. Given that ¥ = (E _4:.3).'? = (g :II::I and 2= (:E _34)

Find: a) X+Y b) 2XZ ) Z-Y d)YZ

®)

4.Giventhat(ﬁ;r 23'1'{5 ;J- g ij

Find the value of a, b, c and d 2)
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5. The table for the results of matches for 4 netball teams is as follows:

Win Draw Lose

Matlama 3 2 1
Arsenal 2 1 3
LMPS 1 2 3
LDF 2 3 1
The points given are Winning 3

Draw 1

Lose 0
a) Represent the information in matrix form. 3)

b) Find the total points for each of the four teams and put them in the

form of a matrix.

6.1t 4=(2 3,5=(

-1
&

)

Jee=(3 Pyaman=(3 3}

a) Find the determinants of A, B, C and D

“
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b) Write down the inverses of A, B, C and D. (®)

Model Answers to Assignment
1.

321
21 3

a) 23 1 b) &x§
12 3

2.

Compare corresponding elements on the LHS and on the RHS of the
equation.

damg

a=- (divide by 2 both sides)

[FR =

41
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Compare corresponding elements on the LHS and on the RHS of the
equation.

85 m 12
hm i (divide by 3 both sides)

L — 4
& =3

3.

2 &
W x+v=(] 5
QE '*THF gT.l;l _3'

b aze(16 8

'3 =2 =% B2 =4
2';-1. $T';-1 s]";-e E‘Hni 2

";'M =2 @x=l A=k @xi
SH =ik =l Xm]l IXmdb=bx

.(-2 )

2 =it

0Z-¥=(7] 3

(c 71-6 =% 39

9 (3
4

=1 bm=8 r=-1 dwmi

Compare corresponding elements on the LHS and on the RHS of
equation.

Ghdmd
i

a=1
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Matlama= 11points,
Arsenal = 7 points,
LMPS = 5 points,
LDF =9 points

6.

a)detdam B, det¥m =3, detCmE, detl m

et m (2x ) m 1 mY =y m?
et miml G =Dl =G m=F

et m (=l sl m(=ix g ma=]sfmi
detl m (=l 5 @ = (=l m=fagm]

wa=i(% 7

gt = -?l£—3+ —111)

= :(—13 —21:1

There is no inverse for matrix D

Mathematics 12
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Assessment

O

Assessment

You should be able to complete this assessment on Matrices in 90
minutes.

A total of 20 marks have been allotted for this assessment. The marks
available for each question or part of a question are shown in
(parentheses).

1. Given that

] I.l‘- i lw
- I-I..n'"' [ 5
i T S

amid T 3'{

Find
a. A6D 2
b. A=E ()

2. Given that 9-{% -;3 _]:',;,1 E-{E -ﬂ*’ -91‘]’

a. 2W=F )

4

Faiz I cm(3) wa]

= 3
Lea) S ]
ot D A

Find
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Q)

(M

()

@

3. Given that [, m (3 "?“)’ M- (? -4'2}

1 &

Find

a. The value of determinant of the

matrix L

2)
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b. The value of determinant of the
matrix M

2

4. Given that N'G g}

Find the inverse of the matrix N

“4)
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Model Answers to Assessment

va-rma(y P -G 7 7

o RTERALI iy

A =2 1
'(a G -ﬁ)
oy anid =5 D
boFpmiz 0 )
mi2Xdtln0 2x=3+1xF 2X0+1x=2)

-{g 0 =2)
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4 =5 4] o
o pimly -2)(5!

(X =23 XE=0x1)
0%=2+6x8+=-2x1

(LT
O30 =2

a. qletl m (Fx @) =f=dx 11\
L e
=22
b. detM mi{Sx4)=(=2x7)
w1l 14
m i
' Step 1
Find the determinant of matrix N
detlV m {1l xa)=(2 x5

-
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Step 2
Form a new matrix from matrix N by:

e Interchanging the positions of 1 and 4 on the
leading diagonal and changing the signs of 2
and 3 on the other diagonal, in this case the
signs are both positive, so they change to
negative for both 2 and 3 to become -2 and -
3.

Step 3

Multiply the new matrix by i to get the
inverse.

. 2
Inverse of matrix N w .—(_'*' "j

det =3 1

v b (% =2
Iwperse of miainie [ m _2(_5 1 :I
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Unit 8

Commercial Mathematics

Introduction

Welcome to another interesting unit in this course. This unit consists of
70 pages. This is approximately 3% of the whole course. Plan your time
so that you can complete the whole course on schedule. . As reference,
you will need to devote 25 hours to work on this unit, 15 hours for formal
study and 10 hours for self-study and completing
assessments/assignments.

This unit on commercial mathematics is one of many that helps learners
appreciate the study of mathematics. It touches on business concepts and
everyday life. We are going to deal with time, money, interest, discount,
profit and loss, tax, and budgeting.

All these topics are extensive, so we are not going to cover them in depth
in this course. If you wish to learn about some of them in greater depth,
you can try a related course, such as grade 12 accounting.

When working with money, you cannot help but be careful with place
value that is where to place the decimal point. For example, if you work
in a shop and are careless in writing up the price of an item that sells for
M 500, a customer may buy it for only M50. It is very important that you
revisit what you have already learned about place value, which is covered
in unit 3 of this course.

When reading the following learning outcomes, think about them as a
guide to what you should focus on while studying this unit.

This Unit is Comprised of Eight Lessons:

Lesson 1 Converting Times Between the 12-hour and
the 24-hour Clock

Lesson 2 Currency Conversion

Lesson 3 Simple Interest

Lesson 4 Compound Interest

Lesson 5 Discount

Lesson 6 Profit and Loss

Lesson 7 Tax

Lesson 8 Budgeting

Upon completion of this unit you will be able to:



Outcomes

Terminology
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= converttimes between the 12-hour and 24-hour clock;

= solve problems involving money and convert from one currency to

another;

= so/ve problems on personal and household finance involving earnings,
simple interest, compound interest, discount, profit and loss, tax and
budgeting using data;

= solve practical problems using information from charts and tables.

Currency:

Earnings:

Interest:

Principal:

Term of aloan:

Maturity value:

Discount:

Profit:

Loss:

Tax:

Budget:
Per annum:

The particular type of money in use in a country.
The currency in Lesotho is the Maloti.

Money that you get by working, regardless of
whether you run your own business, have a
salaried job or work in the informal sector.

An amount paid to borrow money or an amount
earned for lending money.
Money lent or borrowed.

The period the borrower takes to pay back a loan.

The money that results after addition of interest in
a given period is.

An amount that reduces a bill or a price of an item.

Money gained by a business.

A failure to make a profit; or the amount by which
the cost of an article is greater than the selling
price.

A sum of money paid in accordance with the law
to the government according to income, property,
goods bought, etc.

A plan of how to spend money

A calculation that occurs each year
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Online Resource

I’:ﬁ http://www.hippocampus.org/ - D-BaXx |I

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for
mathematics and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Converting Times Between the 12-hour and the 24-hour Clock

By the end of this subunit, you should be able to:

= explain the differences between the 12-hour and the 24-hour clock;

= converttimes between the 12-hour and 24-hour clock.
This subunit is about 4 pages in length.

It is about time that we talk about time!

Most people agree that time is money and they try doing things on time.
If you do not respect time you will definitely fall behind with your work.

Do you remember the last time you had an appointment with a friend and
he or she was late? You nearly lost your mind!

We can talk about time under the 12-hour clock and the 24-hour clock.
These are not separate instruments for measuring time, but different ways
of representing the hours in a day. Some digital clocks and watches use
the 24-hour system, but a traditional clock/watch has only twelve
numerals arranged in a circle.

Under the 12-hour clock, the day is split into two periods of 12 hours.

The first period runs from midnight to noon that is midday. These hours
are Ante Meridian (Latin for “before the sun passes through its highest
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point”, which occurs at noon). In their short form, we write this as A.M.
or a.m. or am.

The second period runs from noon to midnight. These are Post Meridian
(Latin for “after noon”) hours, written in short as P.M. or p.m. or pm.

Example 1

Jane has an appointment with her dentist at 8 in the morning. In the 12-
hour clock, this is written 8:00 a.m.

Example 2
Jane goes to bed at 8 at night.
In the 12-hour clock, this is written 8:00 p.m.

With the 24-hour clock system, the day is not split. Instead, it runs from
midnight to midnight. The day starts at 00:00, which is midnight and ends
at 23:59, a minute before midnight.

When we get to midday, that is 12:00 noon, we continue counting. 1:00
in the afternoon becomes 13:00; 2:00 in the afternoon is shown as 14:00,
and so forth till we get to midnight, when the clock resets to 00:00.

Example 3

Jane has an appointment with her dentist at 8 in the morning. In the 24-
hour clock, this is written 08:00 or 08H00 or 08h00

Example 4
Jane goes to bed at 8 at night.
In the 24-hour clock, this is written 20:00 or 20H00 or 20h00

Both systems are used in the world, but the 12-hour clock is still the one
that dominates. The 24-hour system of representing time is widely used
in the military and by airlines, where the possibility of confusion between
a.m. and p.m. could have disastrous consequences.
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Activity 8.1
Complete the table given below

Activity 12-Hour Clock 24-Hour Clock

12 midnight (the day begins) 00:00
01:00
02:00

3:00 a.m

4:00 a.m

5:00 a.m
06:00
07:00
08:00
09:00
10:00

11:00 a.m

12:00 noon

1:00 p.m

2:00 p.m

3:00 p.m

4:00 p.m
17:00
18:00
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19:00
20:00
9:00 p.m
10:00 p.m
11:00 p.m

12 midnight (the day ends)

24:00, when the clock resets to 00:00

Compare your answers to those given at the end of the subunit. Note that it is
important to understand this concept. If you do not understand it, review the above

content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on converting times between the 12 hour

and 24 — hour clock are:

- Under the 12- hour clock, the day is split into two periods of 12 hours each.

- AM. or a.m or am is used to indicate the period between midnight and

midday or the morning hours

- P.M. or p.m or pm. is used to indicate after midday till midnight, which are

the afternoon and evening hours

- Under the 24-hour clock, the day is not split, it runs from midnight to just
before midnight, which is the start of the following day.

Model Answers

Activity 8.1
12 — Hour Clock 24 — Hour Clock
12 midnight 00:00
(day begins)
1:00 a.m 01:00
2:00 a.m 02:00
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3:00 a.m

03:00
4:00 a.m 04:00
5:00 a.m 05:00
6:00 a.m 06:00
7:00 a.m 07:00
8:00 a.m 08:00
9:00 a.m 09:00
10:00 a.m 10:00
11:00 a.m 11:00
12:00 noon 12:00
1:00 p.m 13:00
2:00 p.m 14:00
3:00 p.m 15:00
4:00 p.m 16:00
5:00 p.m 17:00
6:00 p.m 18:00
7:00 p.m 19:00
8:00 p.m 20:00
9:00 p.m 21:00
10:00 p.m 22:00
11:00 p.m 23:00
ga;l(igigis%ht 24:00, but the new day begins

immediately afterwards at 00:00
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Lesson 2 Currency Conversion

By the end of this subunit, you should be able to

= solve problems involving money and convert from one currency to
another

This subunit is about 3 pages in length.

A group of tourists from England is in Lesotho for a visit. The money
used in England is called the pound sterling, commonly referred to
simply as “the pound” or “the British pound”. The pound is not used in
Lesotho, where the Maloti is the national currency.

What do these tourists need to do?

Yes, they will need to change their pounds into Maloti.

Everyday millions of people travel into countries other than their own.
They travel for various reasons; for business or just for pleasure. They
need money. Different countries use money with different names. We say
they use different currencies.

One therefore needs the currency of the country being visited. This
allows one to pay for everything without a problem.

The table below gives the currencies of some of the different countries of

the world.
Country Currency Symbol
Kingdom of Lesotho Maloti M
Republic of South Rands R
Africa
Republic of Botswana Pula P
Republic of Namibia Namibian Dollar N$
Seychelles Seychelles Rupee SCR, SR or SRe
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Canada Canadian Dollar C$

These currencies have both coins and notes, that is paper money.

The value of one currency as compared with another is called the
exchange rate.

Sometimes the exchange rate between two currencies is fixed. For
example, the Maloti can be exchanged with the South African Rand at a
fixed rate of Maloti 1.00 to ZARand 1.00. In this case, because the
currencies are equal to one another, we say they are at parity.

More frequently, the exchange rate between two currencies varies from
day to day. There are different exchange rates for buying and selling
currency. You can “buy” or “sell” foreign currency at a bank or bureau
de change. The rates change on a daily basis.

If for example you have Maloti and you want American dollars, you will
be assisted with the buying exchange rate. When you want your Maloti
back, the changer will use the selling exchange rate.

It is very important that you change just enough money to cover the
amount you expect to spend in the other country. The reason for
this is that every time you change money into another currency,
you lose some of it. Those helping you at the bank or bureau de
change take a commission on the transaction to cover their costs
and make a small profit.

Example

Mrs Forrester lives in USA and has decided to visit South Africa.
She has US$1 000 which she wants to change to South African
Rand. The current buying exchange rate is

US$ 1.00 = ZAR 7.05
The agent charges commission at the rate of 1% per transaction.

How much will she receive in Rands?

Solution
First, we need to subtract the commission the agent charges on the
transaction.

L USS$1 000 =USS10
100




Mathematics 12

This means Mrs Forrester has US$990 to exchange for Rand.

Let x equal the amount of money (in South African Rand) that Mrs
Forrester will receive for the dollars. Then:

X = Amount in US$ x the exchange rate (Rand/Dollars)
US$ 1.00 = ZAR 7.05

US$990x ZAR7.05
US$1

The units (US$) on both the top and the bottom of the division line cancel
each other out, leaving the answer in South African Rand.

X = ZAR 6979.50

10
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Activity 8.2

1. The currency conversion rates between three countries are shown.
Activity USS South African Rand Euro

1 6.99 0.73

Convert

(a) US$60 to Euros

(b) ZAR 575 to US$

11



(c) ZAR 2 690 to Euros

2. Siphiwe travels from Zambia to Namibia.
He needs to have 1 500 Namibian dollars (NAD).

(a) How many Zambian Kwacha (ZMK) does he need to
change?

(b) He is left with NAD 300 which he changes to US dollars.
How many US dollars will he get?

ZMK 1.00 =NAD 0.0014

USD 1.00 =NAD 7.15

Compare your answers with those at the end of this subunit. Be
sure that you understand each answer before continuing. If you

Mathematics 12
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have any misunderstandings, review this content and work through the
activity again.

Key Points to Remember

The key point to remember in this subunit on solving problems involving
money and converting from one currency to another are:

- Exchange rates can vary from day to day

- every time you change money into another currency, you lose
some of it as commission

Model Answers
Activity 8.2

1.

(a) USS$ 60 to Euros

USS$ 1.00 = €0.73
US$ 60.00= X

US$60 x €0.73 =X
US$1
€43.80= X

(b) ZARS575 to USS

1US$ =R6.99
=R575

R575x 1US$ =X
R6.99

13
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$82.26=X

(c¢) R2 690 to Euros

R6.99 = €0.73

Rl =XRI1x€0.73=0.10
R6.99

R1 =€0.10
R2 690 =X

R2 690 x € 0.10=X
R1

€269=X

1ZMK = 0.0014 NAD
X =1500NAD

1 500NAD X 1 ZMK =X
0.0014 NAD

1071 428.57ZMK =X

1USD = 7.15NAD
=300 NAD

300NAD x 1 US$ =X
7.15 NAD

14
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4196 NAD =X

Lesson 3 Simple Interest

In life we sometimes run short of cash and have to borrow money from
the bank, companies or people etc. When money is lent, the lender
charges the borrower an extra fee for the privilege of using his/her
money. The money lent is called the principal, and the extra fee,
interest. The money that results after addition of interest in a given
period is called a maturity value. The interest on the money borrowed is
paid in intervals after a fixed period of time, such as monthly, half-yearly;
annually, etc.

It is a good idea for you to know how much extra you will have to pay
back so that you can be prepared. This means that when the borrower
asks for their money back with interest, you’ll have enough to clear your
debt.

Interest is not only charged when you borrow moneys, it is also paid by
the bank when you make a deposit to a savings account. When you
deposit your money in a bank, you are essentially loaning it to them.

The money you deposited increases due to the interest that the bank puts
into your account at fixed intervals. The interest can be paid daily,
monthly, once a year, or at the end of the investment period. One of the
most common intervals is once a year, which is usually referred to with
the phrase per annum. These are Latin words that mean “for one year”.

There are several types of interest that can be charged on the money
borrowed or deposited. In this subunit we will look at the two types of
interest: (a) simple interest and (b) compound interest. We will look at
how the two types of interest differ and how to calculate each.

By the end of this subunit, you should be able to:

= discuss the differences between simple and compound interest;
= define the terms: principal, interest and maturity value;

= calculate rate given the principal and time;

= calculate time given the rate and the principal;

= solve problems on simple interest

15
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Simple Interest

Simple interest is the most basic type. It is expressed as a percentage of
the principal. It is proportional to the principal and to the time for which
the money is invested (in the case of a deposit in a bank) or before the
money needs to be repaid (in the case of a loan). This means that the
more money you borrow or lend, the more the interest. Similarly, the
longer the time the money is borrowed, the greater the interest will be.

Suppose you borrow M500.00 from the bank with the condition that the
money will be charged a simple interest of 5% per annum. This means
that at the end of the first year the total amount you have to repay — the
principal plus the interest - will increase by 5%.

Let us work out your actual interest:

Your interest at the end of the first year will be:

:ixMSOO = M25.00
100

You will owe the bank AM500.00+ A725.00 = M525.00

Let us say that you borrowed the M500.00 for two years. The simple
interest charged for the second year will still be charged on the principal
(i.e. M 500, which was the original amount you borrowed). So in two
years the interest will be M500.00 or 10%. Every year M25.00 will be
added to your loan if the principal amount of M500.00 has not been
reduced by repayments.

NOTE: With simple interest, the amount of interest is calculated only on
the principal and not on the total amount you owe (principal plus
interest).

Normally when you borrow money, you will be expected to pay it back
at certain intervals. The 5% will be charged annually on the balance of
the principal that is left after taking into account any payments you made.

Calculating Simple Interest

Since we are calculating simple interest, the amount of extra money we
pay is the same every year.

If ] is the interest, the rate is denoted by R which is a percentage and the
loan or money borrowed is the principal P, then:

I =PxR

If the time before the loan is repaid (also known as the ‘term”) is more
than one year (e.g. 2 years)

16
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I =P x R x Number of Years

Two years is the time the money should be charged interest for. If T
represents that time/term, our formula for simple interest becomes

I =PxRxT

Remember the rate is a percentage. A percentage is a fraction whose
denominator is 100. So this means that the above formula can be written
as follows:

_PRT
T
o 1007
PT
1007
PR

We can change the subject of this formula to find either the time (T), the
rate (R) or the principal (P)

Example 1
Find the simple interest on M300 in 5 years at 4% per annum

PRT  M300.00x4x5

= = M60.00
100 100

Example 2

‘Mamukone goes to her husband’s cousin and asks to borrow M525 for a
period of three years. Her relative tells her the total amount she will have
to pay back is M588. If simple interest is being charged, what is the rate

of interest?

[ =A—P = M588.00 - M525.00 = M63.00
o 1007 _100x63 _4x63

= = =4%
PT  525x3  21x3

Example 3

A sum of money invested at 3% per annum simple interest amounts to
M280.00 after 4 years. Find the sum invested

The original amount in terms of a percentage is 100%

The 100% increases by 3% after an interest is added.

17
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X

Activity 3

This means that M280.00 which is the maturity value = 103%

103% = M280.00
100% = ?
100% x M 280.00

103%
M?271.84

Example 4

Thabo invested an amount of M600.00. The rate of simple interest was
5% per annum, yielding total interest of M180.00. For how long was the
money invested?

T 1007
PR
7 100/
PR
T 100 x M180.00 — 6years
M600x5
Activity 8.3

Answer all questions

1.

Lineo wants to invest M680.00 in a bank over 4 years at 5%
interest per annum. Calculate the interest the money will
accumulate after 4 years Find the simple interest on the

principal amount of M680.00 over a term of 4 years at 5% per
annum

18
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2. Thabiso borrowed M12 100 from the bank at 3% simple interest
per annum. Find the simple interest he will owe the bank after 5
years if he does not pay anything on the loan.

3. If Lineo pays M37.50 each year as simple interest on a loan of
M3500.00 for 3 years, what is the interest rate (in per cent) per
annum on this money?

4. Lerato borrowed M280 for a period of 4years. If the amount she
pays each year as simple interest is M39.20, find the annual
interest rate (in per cent).

19
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5. Sebeo put M220 in the Post Bank. If the simple interest he earns
on this money at 4% per annum is M44, find the term of the
investment.

6. A total sum of M720.50 has been invested at the simple interest
rate of 4%, yielding interest of M72.05 per annum. For how long
has the principal been invested?

Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above the solutions in the worked examples above. Note once
again, how changing the subject of the formula changes the way you need
to go about solving the problem. When you have spent some time

20
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reviewing the content of the subunit, try the activity again and see if you
can’t improve your score.

Key Points to Remember
The key points to remember in this subunit on simple interest are:

- The original sum of money borrowed or lent is called the
principal;

- The additional money charged on top of the principal is called
interest

- The types of interest dealt with in this unit are (a) simple interest
and (b) compound interest

- Simple interest is charged on the original amount borrowed or
lent

PR
- The formulae for calculating simple interest :T

Where:
P = principal
R = rate of interest, and

T = the term of the loan (the time before the money has to be
repaid)

- The total amount that must be repaid after the addition of interest
to the principal over a given period is called the maturity value of
the loan or investment.

Model Answers
Activity 8.3
1.

21
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I PRT
100
0,
I M680.00 x 5% x 4years  M136.00
100
2.
I PRT
100
o
I M121.00x3% x Syears — MI18.15
100
3.
R 100/
PT
R 100 x M37.50 _ 3750 _ 950
M500.00x3  1500.00
4.
R 1007
PT
_ 100 x M39.20 _ 3920 _ 350,
M?280.00x4 1120.00
5.
T 100/
PR
100 x M44.00 4400
= = = Syears
M?220.00x4 880
6.
T 100/
PR
100x M72.05 7205
= = = 2.5years

- M720.50x4 2880

22
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Lesson 4 Compound Interest

Compound interest is a type of interest that is paid on both the principal
and also on any interest accumulated from past years. It’s often used
when someone re-invests any interest they earn along with their original
investment. For example, if I got 5% interest on my M500.00 investment,
the first year and I re-invested the interest along with the original sum,
then in the second year I would get 5% interest on the principal of
M500.00 plus the interest of M25.00 that I reinvested. This yields
interest of M 26.25 in the second year. Over time, compound interest
will add up to much more money than simple interest.

By the end of this subunit, you should be able to:

= differentiate between simple and compound interest,
= calculate compound interest,

= solve problems using the formula for compound interest.

This subunit is about 3 pages in length.

To derive the formulae for calculating compound interest, let’s look at the
following example:

M?700.00 is invested at the bank at an interest rate of 4% compounded
annually. Over the term of the investment, we can work out the maturity
value of the investment for each year using the formula for simple
interest. The only difference is that the amount we insert in the formula
changes from year to year because we need to include the accumulated
interest. The maturity value is the total amount of the investment,
including the principal and accumulated interest over the term of the
investment.

Can you remember the formula for simple interest from the previous
subunit? If not, go back and have a look.

YEAR INTEREST MATURITY VALUE
s % « M700 = M28 M700+ M28 = M728
4
o | Tog < MT28=M20.12 | MT28+ M29.12 = MTST.12
A MT57.12 = M30.28
3¢ 100 A2 =M3029 31757 1 M30.28 = M787.28

A % < M78728 = M31.4q M787.28+ M31.49 = M8I18.77
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5th %XM818.77=M32.75 M818.28+ M32.75 = M851.03

If the rate of interest is 4% per annum, this means that the maturity value
at the end of any particular year is equal to 100% + 4% of the value at the
start of the year. So multiplying the money invested by the rate of interest
and adding the interest to the principal gives us the same amount as

multiplying that principal by % The equation looks like this:
A M700+ 1700 = 2% 41700
100 100

Another way to get the maturity value is to:

104
multiply the principal by —
ply p pal by 100

because the M700 represents 100% of the principal. Therefore:

M700x104%

Maturity value (A) = —— = M728.00
100
YEAR FORMULA FOR MATURITY VALUE MATURITY
VALUE
104 !
1 M700.00 x 1700.00%| 194 M728.00
100 100
104 104 _ ’
| 4£700.00 % M700.00x| 104 M757.12
100 100 100
104 104 104 ’
31 M700.00 x — = M700.00x| 104 M787.40
100100 100 100
104 104 104 104 ¢
4t M700.00 x i —x— = M700.00x| 104 MZg18.90
100100 100 100 100
104 104 104 104 104 .
50| A1700.00 % M700.00x| 104 MS51.66
100100 100 100 100 100
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If you look at the third column in the table above, a pattern begins
to emerge. As you know formulae are mathematical
representations of patterns. The pattern indicates that the original
sum of money invested (the Principal) can be multiplied by the

Mathematics 12

value (ﬁ] where 7 is the number of years that interest has been

accumulating.

Also note that this multiplying value can be as follows

(2 (53] i)
100 100 100 100 100

This shows that the maturity value after n years

A=px(l+%j =px(1+r)

Where:
A = the maturity value of the investment or loan after » years
p = principal (the sum of money originally invested)

n = the number of years the money is in the bank (if invested) or
repaid (if borrowed)

Let us now use the formula to work out some problems on
compound interest.

Example 1

Find the compound interest on M200 in 3 years at 4% per annum

A M200 = M8.00
100

A M208 = M8.32
100

A M21632 = M8.65
100

M8.65+ M216.32 = M224.97
[ =M22497 - M200 = M24.97
Or
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A:P[1+L]
100
3
A=200[1+ -2
100

A=200x(1.04)
A=200x1.125

A= M225

I =M225-M200= M25

Example 2

Find the compound interest onM360 in 4years at 3% per annum

3 4
A=360[1+——
( 100]

A =360(1.03)"*

A=360x1.1255

A=

405.18

[ = M405.18 — M360.00 = M45.18

Example 3

Find the compound interest on M300 in 3 years at 3% per annum

3
A=P 1+ij
[ 100

A=300x(1.03)
A= M327.82
I =M327.82— M300 = M27.82

Example 4

A father leaves a legacy of M500,000 to his son. The money
invested in the bank at 3% compound interest equals M
562,754.405 after a certain period. For how many years has the
money been invested?

Mathematics 12
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X

Activity

A=P 1+i
100

M562,754.405 = 500,000(1.03)"
M562,754.405
500,0000
1.1255=1.03"

changingtolog s
05135=.012837xn

n =4years

=1.03"

Activity 8.4

Answer all questions

1. Find the compound interest on M370.50 in 3 year at 4% per
annum.

2. Elias invests M600 on January 1% at compound interest of
4% per annum. Calculate the total amount he has in the
bank at the end of 3 years.
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3. ‘Machobane opens a savings account at her local bank. The
account yields compound interest at the rate of 4% per annum. At
the end of 5 years, the interest due on her account amounts to
M120. How much principal did she put in her savings account at
the beginning of the period?

4. A savings certificate costing M1.50 is worth M2.05 at the end of
two years. What is the annual percentage rate of compound interest
on the certificate?

5.The M100 invested in the bank at 4% interest amounts to M219.00
after a certain period. For how long was the money invested in the
bank.
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Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on compound interest are:

- Compound interest is an interest that is paid on both the principal
and any interest from past years.

- The formulae for calculating compound interest is

A =P(1+Lj
100

Where,

A- maturity value,

P - principal, r-rate of interest and

n - number of years the money is invested
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Model Answers

Activity 8.4
1.
;= PRT
100
0,
I M680.00 x 5% x 4years — M136.00
100
2.
_ PRT
100
o
I M121.00x3% x Syears — MI18.15
100
3.
R 1007
PT
R- 100 x M37.50 _ 3750 — 950
M500.00x3  1500.00
4.
R- 1007
PT
_ 100 x M39.20 _ 3920 _ 1350
M?280.00x4 1120.00
5.
T 1007
PR
100 x M44.00 4400
= = = Syears

© M220.00x4 880
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Lesson 5 Discount

100z
PR
_100x M72.05 _ 7205
M72050x4 2880

=2.5years

By the end of this subunit, you should be able to
= solve problems on discount

This subunit is about 3 pages in length.

In the previous subunit we talked about earning and paying interest. The
interest earned is ours to spend! We can spend it on clothes, but there are
times when you wish you could pay less than the marked price? When
you were out shopping last weekend, didn’t you see that nice jacket you
so badly wanted but you didn’t have enough money to buy?

Yes! I thought so!

Sometimes you can bargain or negotiate with the sales person to reduce
the asking price. However, in some shops, you don’t need to bargain
because they are offering a discount.

A discount is a reduction of the selling price to boost sales or to get rid of
stock that is no longer needed. When a discount is given, customers save

money on specific products or services.

A discount is usually expressed as a percentage.
Example 1

A blanket is sold for M550. A customer is offered 5% discount. How
much does the customer actually pay?

Solution
. 5
Discount = ——x 550
100
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=M27.50

Amount paid = Original Price — Discount
= M550 — M27.50
=M522.50

The customer actually pays M522.50

Example 2

1. A car was sold for M28 000. If the discount on the car was 20%,
how much was the discount in Maloti?

Solution

Before the discount, the car is said to be at 100 %. After the discount of
20%, the car will be at 100% - 20% = 80%

Let x be the value of the car before the discount. In order to find x, we
can use the equation:

M 28,000 =80%

x =100%
~ M28,000x100%
- 80%

x = M35,000

The original price was M35 000

Discount (D) = Original Price (OP) — Selling Price (SP)
=M35 000 — M28 000
=M7 000

x Activity 8.5
Answer all questions
Activity

1. Complete this table
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Item Original | Discount | New Price
Price
Dress £99.50 50%
Laptop 48% €3 120
Coffee table M3 600 M3 240

2. Palesa passed by a store that is having a sale and saw
(accepted)a M200 pair of shoes for M150.
Find the discount amount and the discount percentage.

3. A dress is reduced from M650 to M450.

(a) Find the discount amount and the discount percentage.

(b) If it is reduced by a further 25%, how much can you
expect to pay for this dress? (all accepted)
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Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on discount are:

- discount is a reduction of the selling price.

Model Answers
Activity 8.5
1. Complete this table

Item Original Price Discount New Price

dress £99.50 50% £49.75

laptop Mé6 500 48% €3120
Coffee table M3 600 10% M3 240

Discount = & x£99.50
100
=£49.75

Amount paid = Original Price — Discount
=£99.50- £49.75
=£49.75

€3120 -48%
X  -100%
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X =€3120% 100%

80%
X =M6 500
Discount = Original Price — Selling Price
M360 =M3 600 — M3 240

M360 %100 =10%
M3 600

2. M200 - M150 = M50 (discount amount)

discount percentage: _MS50 x 100 =25%
M200

3. A dress is reduced from M650 - M455 = M195

discount percentage: _M195 =100 =30%
M650

It is to be reduced further by 25%. How much can one
expect to pay for this dress?

25 xM455 =MI113.75
100

M455 - M113.75 = M341.25

Lesson 6 Profit and Loss
By the end of this subunit, you should be able to

= solve problems on profit and loss

This subunit is about 4 pages in length.

Mathematics 12
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In the subunits on interest, we talked about how you can calculate the
interest you will earn if you invest money. That is one way of making
more money, but there are others. Another way is to go into business.
Everybody who goes into business aims for a profit. Some people will
say profit is the measure of how well a business is doing.

In your junior secondary certificate mathematics course you did some
work on profit and loss. The simplest definition of profit is the amount a
seller receives when the selling price is more than the cost price. The cost
price is the price at which goods are bought and the selling price is the
price for which the goods are sold. This relationship can be expressed in
the following equation:

Profit = Selling Price (SP) — Cost Price (CP)

The percentage profit you earn is usually calculated on the cost price, as
shown in the following formula:

Profit
Cost Price

Percentage profit = x 100

Example 1

Tefo buys a bag of oranges for M16. He sells them one by one to
passersby on the street. After selling them, he finds that he has collected
a total of M20. What profit did he make?

Solution

M16 is the cost price and M20 is the selling price.

Profit = Selling Price (SP) — Cost Price (CP)
=M20-M16
= M4

Pr ofit
Percent profit = Lﬁ x 100

Cost Price
4
Percent profit = — x 100
16
=25%
Example 2
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A man wants to make 15% profit on the sale of his cellphone. If he
bought it for M750, how much would he sell it for?

Solution

1
50 x M750 =M112.50

The cellphone will be sold for M750 + M112.50 = M862.50

Unfortunately, you cannot make a profit all the time; sometimes you have
to sell goods at a loss. A loss is made if the selling price is less than the
cost price.

You can use the same formulae as we used for profit to calculate both the
total amount of the loss and the percentage loss. Try this with the
following example:

Example 3

Sarah bought a used car for $4 000. After a few months, she discovered
that maintaining the care was very expensive, so she decided to buy a
motor scooter instead. In order to raise money for this, she sold the car to
her friend for $2 500. How much money did she lose on the transaction,
and what was the percentage loss?

Solution A
If we insert these figures into the formula for Profit, what happens?

Profit = Selling Price (SP) — Cost Price (CP)
Profit =§ 2500 -84 000
Profit =$-1500

In this case, the profit is a negative number, which indicates a loss. By
inserting this figure in the formula for percent profit, we get the
following:

Profit
Percent profit = i %100

CostPrice
$-1500
= ———x100

$4000
= $-37.5%

Again, this approach results in a negative percentage, which shows that a
loss was made.

An alternative way of calculating a loss is to reverse the two expressions
in the formula as shown below:

Loss = Cost Price (CP) — Selling Price (SP)
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Since this approach is intended to calculate Loss, the resulting answer is a
positive number.

As with the profit percentage, the percentage of a loss is usually
calculated on the cost price.

Loss
Percentage loss = ——————x 100
Cost Price

Solution B
If we adopt this alternative approach to solving the example above, the
calculations look like this:

Loss = Cost Price (SP) — Selling Price (CP)
$1 500 = $4 000 - $2 500

1500

Percent loss = 1 x 100

000

=37.5%

Example 4

(a) Lebohang bought a car for M150 000. When she sold it, she
made a loss of 21%. How much did Lebohang sell the car for?

(b) A salesperson had made a profit of 20% when he sold the car to
Lebohang for M150 000. How much did the salesperson pay for
the car?

Solution

21
(a) The loss is E x M150 000 =M31, 500

M150 000 - M31, 500 = M118, 500
Lebohang sold the car for M118, 500

(b) The salesperson bought the car at what we can call the original
price, which is the cost price. Let us call it Y.

Profit = Selling Price — Cost Price
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Profit =M150, 000 -Y
20 .
We also know that profit = ﬁ x Cost price (Y)

Therefore
20 .
M150, 000 — Y = —— x cost price (Y)
100

Solving for the cost price,
MI15, 000 000 — 100Y =20 % cost price (Y)

M15, 000 000 =20 x cost price (Y) + 100Y
M15,000 000 =120Y
Y =M125 000

OR

We can let the cost price be at 100%.

In order to get the selling price, the percentage profit is added to the
100%.

So the selling price of M150 000 is at 120%

M150 000 - 120%
X - 100%

X =M150 000 x 100%
120%

X=M125 000

The original price is M125 000

We can check the answer this way:

Profit = selling price — cost price
25000 = 150 000 — 125 000

Profit
Cost Price

Percent profit = x 100

39



25000 « 100

5000
=20%

Percent profit =

Example 5

Mathematics 12

Morena pays M40 for a box of pears and M30 for a box of bananas.

When all the bananas and the pears have been sold, he finds that he has

made M50 from the pears and M39 from the bananas.

He wants to know which product was more profitable so that he can buy

more of one that is more profitable the next day.

Solution
Profit from pears = M50 — M40
=MI10

10
Percent profit = — x 100
40
=25%

Profit from bananas = M39 — M30
=M9

9
Percent profit = — x 100
30

=30%

Buying more bananas would be a better option for the following day, as
he is making 30% profit on sales of bananas. Pears are not as profitable,

as his profit margin is only25%.

40



Mathematics 12

X

Activity

Activity 8.6

Answer all Questions

1. Anitem bought for M30 is sold at M36. Calculate the
percentage profit.

2. A shopkeeper buys an article for M800. He wishes to make
a profit of 25%. What should his selling price be?
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3. A book bought for M75 is sold for M60. What is the percentage
loss?

4. Atabookshop a pen is sold for M14 thereby making a profit of
40%. Calculate the cost of a pen.

5. A chemist buys a batch of 200 bottles for M3 000. When they
arrive at his shop, he finds that a quarter of the bottles are broken.
The rest are sold at M22.00 each.

Calculate the profit or loss.
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Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Key Points to Remember
The key points to remember in this subunit on profit and loss are:
- There is a profit when the selling price is more than the cost

price.

- Profit = Selling Price (SP) — Cost Price (CP).

P 1
_Profit oo

- Percentage profit = -
Cost Price

- There is a loss if the selling price is less than the cost price.

- Loss = Cost Price (SP) — Selling Price (CP)

L
- Percentage loss = Ls. % 100
CostPrice

Model Answers
Activity 8.6
1.
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M30 is the cost price and M36 is the selling price.

Profit = Selling Price (SP) — Cost Price (CP)
=M36 - M30
=M6

p
_Profit 100

Percent profit = -
Cost Price

6
Percent profit = — % 100
30

=20%

2.
The cost price which is M800 is at 100%.

The selling price, X, is at 120%

M2800 - 100%
X - 120%

X =M800 x 120%
100%
X =M960
The original price is M960

3.

Loss = Cost Price (SP) — Selling Price (CP)
M15 =M75 - M60

Percent loss = E x 100
75

=20%

The selling price of M14 is at 140%
The cost price is at 100%.

Mathematics 12
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M14 - 140%
X -100%

X=M14 x 100%
140%
X=MI10

The cost price is M10

25
0 x 200 = 50 broken bottles

200 — 50 = 150 bottles that are not broken

150 bottles x M22 = M3 300

M3 300 — M3 000 =M 300 profit
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Lesson 7 Tax

By the end of this subunit, you should be able to

= Explain the difference between VAT and PAYE

= solve problems on tax

This subunit is about 4 pages in length.

Tax is money collected by governments based on individual incomes, the
profits from business, the valuation of properties, or the sale of goods and
services. Tax is used to support public services. These services include
education, health, public roads, bridges, etc.

There are different types of taxes, but in this subunit we will only deal
with Income Tax and Value Added Tax.

Income Tax

It is normal for a person to look forward to his or her first pay slip after
starting a new job. However, many people are disappointed when they
discover that they are getting less than they expected. Generally, they
forget about the tax that is deducted from their pay before they receive it -
income tax to be specific!

Income Tax, also known as Pay As You Earn (PAYE), is the tax paid by
all persons earning an income from salaried employment. Anyone who is
employed by another person or company, as well as those who are self-
employed, must pay tax on their salaries. PAYE is also paid by people
who make their money by other means, for example business men and
business women, but only if that income comes from a salary or wages.

Not all of the income is taxed. Income tax is calculated only on your
taxable income. The allowances that reduce the amount of money to be
taxed vary from country to country. Examples of some of these
allowances are children’s allowance and disability allowance. Normally,
tax payers are allowed to deduct a specified amount from their gross
income before the percentage tax is applied to the net income.

Some countries use a system of tax credits instead of deductions. The
percentage tax is applied to the gross income, but some of that tax is
‘given back’ as a tax credit. Taxpayers are allowed to reduce the total
amount of tax they owe by subtracting the tax credit.
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When the tax has been calculated, it is subtracted from the gross salary to
give the net salary, sometimes called take-home pay.

Different countries have different policies on how to calculate income
tax, but most countries use a progressive income tax system. This means
that people who earn higher incomes pay a higher rate of tax compared to
their counterparts who earn lower incomes.

Income Tax is normally calculated on a yearly or per annum basis.

Given below is the income tax structure in Lesotho:

Where chargeable income per Tax Rate

annum is:

e less than M 22 727 No tax is due

e between M 22 727 and M40 368 | 22% on income in this band
e greater than M 40 368 35% on the excess

In addition, anyone who pays tax is allowed a tax credit of M5 000.
Example 1

Mr Mosito earns M1 600 per month. How much tax does he pay
per month if he lives in Lesotho?

Solution
We calculate Mr Mosito’s annual income
M1,600 x 12 = M14,400

Because his gross income is below M 22 727 per annum, Mr Mosito does
not pay tax.

Example 2

Mrs Mafa earns M8 500 per month. How much tax does she pay
per month if she lives in Lesotho?

Solution
We calculate Mrs Mafa’s annual income

M8 500 x 12 =M102 000
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First, we need to calculate the tax she must pay at the lower rate of
22%

22 M40 368 = M8 880.96
100

Any income over M40 368 is referred to as ‘excess’ and is taxed at the
higher rate of 35%.

M102 000 - M40 368 = M61 632

33 M61 632 = M21 571.20
100

Total tax = M8 880.96 + M21 571.20
=M30452.16

If there was no tax credit of M5 000, Mrs Mafa would be liable for
a total tax bill of M30 452.16.

Now because of the tax credit, she will pay
M30452.16 — M5 000 = M25 452.16
Mrs Mafa will pay total tax of M25 452.16 per annum

To calculate how much tax is deducted from Mrs Mafa’s salary
each month, you divide the total amount of tax by 12 months:

M25452.16 + 12 = M2 121.01 per month

Example 3

Robert earns M2 500 per month. How much tax does he pay per
annum if the tax rate is 27% on his gross income?

Solution
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We calculate Robert’s annual income
M2 500 x 12 months = M30 000
Annual tax calculated at a rate of 27% is

2—7>< M30 000 =MS 100
100

OR
We could calculate Robert’s monthly tax
Tax calculated at a rate of 27% is

27
——X M2 500 = M675
100

M675 X 12 months = M8 100

Example 4

Mathematics 12

Chippo earns M5 300 per month. She has a child with disability. In
her country, this reduces the amount of money that has to be taxed
by M2 880. How much tax does she pay per annum if the tax rate

is 32%?

Solution

Chippo’s annual income = M5 300 x 12 months = M63 600

Chippo is taxed on M63 600 — M2 880 = M60 720

Annual tax calculated at a rate of 32% is

32
—— X M60 720= M19 430.40
100
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Value Added Tax (VAT)

Value Added Tax (VAT) is a tax on goods and services supplied to
customers. It is normally already included in the price of the item.
It allows one to say “the price you see is the price you pay.”

A registered business is charged with the responsibility for
collecting VAT when supplies are made to customers. Registered
businesses are also responsible for declaring and paying VAT on
supplies made. In return, they can claim a credit for any VAT they
pay on goods and services bought for their business. So, a factory
manufacturing clothing must declare and pay VAT on all the
finished garments they supply to customers. However, they can
claim a credit for the VAT they pay on supplies of raw materials,
machinery and other inputs required to keep the business running.

VAT rates are set by the governments in different countries and can
change from time to time. At the time of writing, VAT in Lesotho
is 14%on all goods and services with the exception of basic
foodstuffs, such as milk and maize meal.

Example 1

You are about to buy goods to the value of £350 excluding VAT.
Find the total amount you are going to pay if VAT is 10%

Solution

The VAT is 10% of £350

& X £350 =£35
100

Total amount = £350 + £35 = £385

Example 2

When buying a new lounge suite, Molemo paid M8 050. The price
included VAT at 15%.

Calculate the original price of the lounge suite excluding VAT.

Solution

We can let the original price of the lounge suite be at 100%.
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So the price of the lounge suite at M8 050 is at 115%

M3B8,050 =115%

x=100%
_ M8,050x100%
- 115%

x = M7,000

The original price of the lounge suite is M7 000, excluding
VAT.

x Activity 8.7

Answer All Questions
Activity

1. A woman buys a dress which is priced at M650 plus VAT
at 15%. How much does she actually pay for the dress?

2. Anitem is priced at $60 inclusive of VAT at 20%. What is
its price exclusive of VAT?
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3. Complete this table

Mathematics 12

Gross Salary
Per Year

Income Tax
Calculations

Net Salary
Per Year

M75 000

15%

M180 000

M24 000 is tax
free and the
taxable income is
taxed at 50%

M125 000

Gross salary up to
M40 000 taxed at
the lower rate of
25% and excess
taxed at the upper
rate of 35%

and the tax credit
is M5 000

M38 400

taxed at 23%

Child allowance of
M180 per month
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Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Key Points to Remember
The key points to remember in this subunit on tax are:

- taxes are one of the most common ways for governments to raise
money needed for public services.

- income tax, also known as Pay As You Earn (PAYE) is the tax
charged on the income of individuals working in salaried
employment.

- different countries have different policies on how to calculate
income tax.

- Value Added Tax (VAT) is a form of tax levied on goods and
services supplied inside a country.

- VAT rates differ from country to country.
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Model Answers

1. The VAT is 15% of M650

15 M650 = M97.50
100

Total amount = M650 + M97.50= M747.50

2. The price excluding VAT is at 100%.

The price including VAT is at 120%.

$60 -120%
X -100%

X =$60x 100%

120%

X =850

The price exclusive of VAT is $50

Mathematics 12

3.
Gross Salary Income Tax Net Salary
Per Year Calculations Per Year
M75 000 15% 15

—x M75 000=M11
100
250
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M75 000 - M11 250 =
M63 750

M180 000 M24 000 is tax M180 000 — M24 000
free and the =M156 000
taxable income is
0
taxed at 50% EXM156000=
100
M78 000
M180 000 — M78 000
=M102 000
M125 000 Gross salary 25 B
between MO and 100 x M40 000= M10
M40 000 taxed at | ggo
the lower rate of
25% and excess | M125 000 — M40 000
taxed at the upper | = M85 000
rate of 35%
35
and the tax credit 100 x M85 000= M29
1s M5 000 750
M10 000 + M29 750 =
M39 750
M39 750 - M5 000
(tax credit) = M34
750
M125 000 — M34
750(tax paid)= M92
250
M38 400 taxed at 23% Child allowance of

Child allowance of
M180 per month

M180 x 12 months =
M2 160

M38 400 — M2

160(child allowance)=
M36 240

ﬁ x M36 240=
100
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M8 335.20

Lesson 7 Budgeting

By the end of this subunit, you should be able to:
= 5olve problems on budgeting.

This subunit is about 4 pages in length.

A budget is a plan that estimates income and expenditure. Individuals,
families, organisations, businesses and governments all draw up budget to
show how much money they expect to take in and spend, normally over a
period of one or more years. A budget helps to analyse exactly where
money earned goes and how funds can best be allocated.

In this subunit, we will focus on budgeting for household purposes. For
individuals and households, a budget is about control, it is not at all
meant to restrict you. It simply helps one to avoid overspending.

The starting point is to put down all your earnings.

Then list all your outgoings, that is all the money you spend to maintain
the household and meet the expenses of family members. It will help if
you can categorise your expenses. These are some of the categories that
you can use and some of the expenses that should be included under each.

1. Investment and savings

2. Home
For people who are renting they will have rent here, whilst some
may have mortgages or bonds on their houses.

3. Food
This is a must for all! This category includes all the groceries and
other foodstuffs that we buy to prepare at home. It also includes
money spent on take-away food or eating out.

4. Debt Payments
In this category we may have loans, credit cards, instalments one
has to pay for furniture or clothes bought on credit
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Utilities
We have electricity, water, telephone (landline and cell)

School Expenses
Fees, books, stationery, school trips, examination fees, etc. are
included under this heading.

Transportation
Petrol, vehicle services, car wash, and bus or taxi fares for
children when travelling to and from school.

Other Expenses
Here you can include all expenses that do not come under any of
the other categories.

Example 1

The table below gives Mr and Mrs Matsoso’s monthly budget for the
month of January, 2011

Actual Amount Sub-Totals
Income
Salary: Mr Matsoso M 8900
Mrs Matsoso M10350
Rental Income (from the letting of M 2000
property they own but do not live in)
Total M21 250
Expenses
Investment and savings
M2 000
M 500
M 430
Food
Groceries M2 500
Debt Payments
Instalment for Furniture Store M 2 330
Installment for Clothes Store M 980
Utilities
Electricity M 550
Telephone : Land line M 150
Cell: Mr Matsoso M 600
Mrs Matsoso M 450
School Expenses
School fees M6 000
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Transportation
Petrol M 600
Bus fare for Children M 270
Car Wash M 150
Others
Gardener M 550
Housemaid M 890
Total M 18 950
Difference M 2400

Mr and Mrs Matsoso have a surplus of M2 400 because their income is
more than their outgoings. If their expenses were more than their income,

they would have a shortage or deficit.

Example 2

The table below gives Mr and Mrs Matsoso’s monthly budget for the

month of February, 2011

Actual Amount Sub-Totals
Income
Salary: Mr Matsoso M 8900
Mrs Matsoso M10 350
Rental Income M 2 000
Total M21 250
Expenses
Investment and savings
M 2 000
M 500
M 430
Food
Groceries M 2 500
Debt Payments
Instalment for Furniture Store M 2330
Installment for Clothes Store M 980
Utilities
Electricity M 550
Telephone : Land line M 150
Cell: Mr Matsoso M 600
Mrs Matsoso M 450
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School Expenses

Transportation
Petrol M 600
Bus fare for Children M 270
Car Wash M 150
Vehicle Service M 1560
Others
Gardener M 550
Housemaid M 890
House maintenance M 7 040
Total M 21 550
Difference M 300

This time around there is a shortage of M300. Mr and Mrs Matsoso have

overspent. This calls for cutting down on certain items. We could suggest
that they cut down back on the use of their cell phones and on some items
in their grocery list or buy store brand items instead of brand-name labels.

Activity 8.8

1. Lineo has total earnings amounting to M3 500. Her expenses for
this month are M5 320. Does she have a shortage or a surplus?

2. Tefo spends 20% of his earnings on groceries. If he earns M2 500
a month, how much does he spend on groceries?
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Compare your answers to those given at the end of the subunit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.

Key Points to Remember
The key points to remember in this subunit on budgeting are:
- A budget is a plan for earning or spending money.
You have now completed work on this unit on commercial mathematics.

Do a quick review of the entire content of this unit and then continue on
to the unit summary.
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Model Answers
Activity 8.8

1. There is a shortage of M1 820 as earnings are less than expenses.

2. 2% x M2 500 = M500
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Unit Summary

7

Summary

In this unit you learned that:

When using the 12- hour clock system to express time, the day is
split into two periods each of 12 hours.

A.M. or a.m. or am is used to indicate the morning hours,
between midnight and midday.

P.M. or p.m. or pm is used to indicate the afternoon and evening
hours, between midday and midnight.

With the 24-hour clock system, the day is not split. Instead it
runs from midnight to midnight of the following day.

The term exchange rate is the amount of currency in one country
that is required to obtain a single unit of currency in another
country. The exchange rate can be fixed or it can vary from day
to day.

Every time you change money into another currency, you lose
some of its value as commission.

The original sum of money borrowed or lent is called the
principal.

The amount charged on money that is borrowed or loaned is
called interest.

The types of interest dealt with in this unit are (a) simple interest
and (b) compound interest.

Simple interest is charged on the principal (the original amount
borrowed or lent) at the same rate over the term of the loan.

PRT
The formulae for calculating simple interest :W

Where P-principal, R-rate of interest and T- the time the money is

lent or borrowed.

The amount that results after interest is added to the principal
over a given period is called the maturity value of the loan.

Compound interest is interest that is paid on both the principal
and any interest accumulated over past years.

62



Mathematics 12

The formulae for calculating compound interest is:

A= P 1+
100

Where,

B- maturity value,
P - principal, r-rate of interest and

n - number of years the money is invested

A discount is any reduction in the selling price of goods or
services.

There is a profit when the selling price is more than the cost
price.

Profit = Selling Price (SP) — Cost Price (CP)

Profit
Cost Price

Percentage profit = x 100

There is a loss if the selling price is less than the cost price

Loss = Cost Price (CP) — Selling Price (SP)

Loss
Percentage loss = —— % 100

Cost Price
Taxes are one of the most common ways for governments to raise
money needed for public services.

Income Tax, also known as Pay As You Earn (PAYE), is the tax
charged on the income of individuals in salaried employment.

Different countries have different policies on how to calculate

income tax.

Value Added Tax (VAT) is a form of tax levied on goods and
services supplied to customers.

VAT rates differ from country to country and may also vary
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depending on the type of goods and services sold.

- A budget is a plan for earning or spending money.

You have completed the material for this unit on Commercial
Mathematics. You should now spend some time reviewing the content in
detail.

Once you are confident that you can successfully write an exam on the
concepts, try the assignment. Check your answers with those provided

and clarify any misunderstandings that you have.

Your last step is to complete the assessment. Once you have completed
the assessment, proceed to the next unit.
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Assignment

1. Answer All Questions.

2. Show all of the work you do to arrive at an answer.

Total marks = 30 Time: 30 mins

1. Letlotlo pays 15% of his salary as income tax. His salary is M2,
300 per month.

(a) How much income tax does he pay in
(i) a month?
(i1) a year?
(b) How much does Letlotlo take home at the end of the month?
[3]

2. The cost price of a dress is M450. It is then sold for M540.
(a) Calculate the profit made on the dress.
(b) Express the profit as a percentage of the cost price.

[5]
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3. A telephone bill including VAT at 14% is M934.80. How much
was the bill before VAT was added?

[4]

4. Anitem is sold for M 635 at a loss of 20%. What was the cost
price?

[4]

5. Lintle lives in South Africa. She wants to visit Botswana.
IfP1.00=R1.04
How many Pula will she get for R7 000

66



Mathematics 12

6. A man invested M9 500 in a bank.

(a) Calculate simple interest if the money is invested for 3 years
at a rate of 10% per annum.

(b) What is the total money the man will have after 3 years?

(6]

7. A discount of $7.00 is offered on an item costing $28.00. What is
the percentage discount?

(2]
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Compare your answers to those provided below. Pay particular
attention to any mistakes that you made and clarify those
misunderstandings.

Sample Answers to the Assignment

15

1. i
(a) (i) 100

x M2,300 = M345

(ii) M345 x 12 months = M4,140

(b) M2,300 — M345 = M1,955

2. (a) Profit = Selling Price — Cost Price

M90 =M540 - MA450
(b) 90 100 =20%
450

M934.80 - 114%
X - 100%

X =M934.80 x 100%
114%

X =MS820

The bill before VAT is M820

Mathematics 12
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4. M635=80%

=100%
100% x 635 = 63 500 = M793.75
80% 80%
5.
1 xR7000 = M6 730.77
1.04
6.
SI=PRT
9500 x10x3 = M2 850
100
M9 500 + M2 850 = M12 350
7.

l x 100 =25%
28

Based on your results and the recommendation that you should aim for at
least 80% to ensure your overall success in this course and any
subsequent math course you take, determine how much you should study
the overall unit before you attempt the assessment.
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Assessment

@ 1. Answer All Questions.
2. Show all the necessary working.
Assessment

Total marks = 30 Time: 30 mins

1.Lerato buys a scientific calculator at M150 plus VAT at 14%.
Work out the price that is actually paid.

(4]

2. Mrs Mohapi was retrenched from her job, and received a lump-
sum payout of M 150 000. She has two options for investing this
amount. The first option offers her simple interest at the rate of
25% per year. The second option would attract compound interest
at the rate of 20% per year.

(a) Which option will give her more interest if she wants to
invest her money for two years?

(b) Which option will give her more interest if she wants to
invest her money for four years?

[7]
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3. Ina clearance sale, a machine was sold for M15 600. If the
discount on the machine was 35% during the sale, find its
original price.

4. A man is paid M65 per hour for a 40 hour week.
(a) Calculate his gross weekly pay.

(b) He pays M390 per week in income tax. Find his take home
pay for the week.

[3]
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5. A businessman bought 90 buckets for M16.95 each. What price
must he sell each bucket for in order to make a profit of 25%?

(4]

6. Teko bought a car for M62 000. He sold it to TSepo at a loss of
9%. After a few months, TSepo sold the car on to Flora at a loss
of 8%. How much did Flora pay for it?

(4]

7. If an item costing $150 is ordered from America by someone
who lives in England. How much will it cost in pounds if the
exchange rate is $1.00 = £0.62

(4]
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Sample Answers to Assessment

1. (a) Simple Interest = M75,000

Compound Interest =M66,000

The simple interest option will give her more interest.

(b) Simple Interest = M150,000

Compound Interest =M161,040

The compound interest option will give her more interest.

N

The original price is M24 000

Total amount = M171
(a) M2 600 (b) M2 210
M1,906.88

MS53 047.20

£93

N LW
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Unit 9

Linear Inequalities

Introduction

This unit consists of 79 pages. This unit is approximately 3% of the
whole course. Plan your time so that you can complete the whole course
on schedule. The number of pages may feel overwhelming. However,
note that a large part of the unit consists of graphs so there is less content
than you might think. As reference, you will need to devote 30 hours to
work on this unit, 20 hours for formal study and 10 hours for self-study
and completing assessments/assignments.

In equations, one side is equal to the other side. This is indicated by the
presence of an equal sign. In an inequality (inequation,) one side is
greater than (or greater than or equal to) or less than (or less than or equal
to ) the other side. This is indicated by the signs >, >, <, and <
respectively.

In your Junior Mathematics you learned about solving inequalities with
one variable. To solve an inequality, you used the same methods as you
did when solving equations. When is there a difference?

Consider the inequality 6 < 15

Multiply both sides by -1 and note what happens.
-6 >-15

The inequality is no longer true.

When we multiply or divide by a negative number, the direction of
the inequality changes.

In this unit you are going to learn more about solving inequalities with
two variables. Are you ready?

Spend a few moments reading the following learning outcomes. They are
a guide to what you should focus on while studying this unit.

This Unit is Comprised of Two Lessons:

Lesson 1 Solving Linear Inequalities With Two
Variables

Lesson 2 Writing the Linear Inequality Given the
Drawing of the Inequality

Upon completion of this unit you will be able to:
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= drawthe graph of a given linear inequality

= write the linear inequality given the drawing of the inequality

Outcomes
Inequality:
Terminology
Expression:
Term:
Equation:

Online Resource

A mathematical sentence in which the value of the
expression on the left hand side is not equal to that
on the right hand side. Symbols used with
inequalities are <, >, <, and >

An expression is formed when terms are combined
by either addition or subtraction

It is either a single number or variable, or the
product of several numbers and/or variables
separated from another term by a + or — sign.

A mathematical statement connecting two
expressions with an equal sign. a mathematical
sentence in which the value of the expression on
the left hand side is equal to that on the right hand
side.

I’:S http://www.hippocampus.org, - P-BaX |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for

mathematics and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Solving Linear Inequalities With Two Variables
By the end of this subunit, you should be able to

- solve linear inequalities with two variables
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Reflection

In a linear inequality the exponents of the variables are “1” or “0” (no
variable).

Here are examples of linear inequalities:
x>1

2x-5>9
These are inequalities with one variable, x.

S5x—6y<7
This is an inequality with two variables, x and y.
Let us take you back to the solution of inequalities with one variable.

2x -5 >3
+5>+5

2x >

2x=>8
2 2

X >4

Values of x can be 4, 4.0000000000001, 4.0001, 5, 5.5, 6, 6.1357, 7, or
any other positive number, or any fraction in between. In other words,
there are infinite solutions for an inequality.

The solution set can be represented this way on a number line:

o R

The solution can also be represented on graphs using shading
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This unshaded region contains all the points whose x coordinate is greater
or equal to 4, i.e x =4, 4.0000000000001, 4.0001, 5, 5.5, 6, 6.1357,7, or
any other positive number, or any fraction in between. In other words,
there are unlimited number of points.

The line is solid because of the inequality sign “>".

In some countries you maybe asked to shade the side of the line that

Note it! contains the solution set.



Mathematics 12

Solution of linear inequalities with two variables is best done graphically.
It is done in the same way as graphing of linear equations.

These are the steps to be followed.

Step 1

Change the inequality to an equation.

Step 2

Step 3

Pick the x — values that you will use. Pick whatever values you
like, but it's often best to "space them out" a bit. For instance,
pick x = -3, =2, -1, 0, 1, 2, 3. That's not a rule, but it's often a
helpful method. Sometimes it is easier to choose y values and
compute the corresponding x values. For example, it would be
easier in an equation such as x =2y + 2.

Compute the corresponding y — values.

Plot the points.

Step 4

Step 5

Then join the points with a solid or a dashed straight line. If the
inequality you are working with has “<” or “>”, join the points
with a dashed line, or if the inequality is “<” or ‘“>”, join the
points with a solid line.

The line divides the plane into three parts; the line itself and an
area on each side of the line. The two areas are called regions.

The straight line is the set of points defined by an equation.
The regions are a set of points defined by inequalities.

Label the line drawn.
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To identify the region that has the coordinates that satisfies the
inequality, that is, the solution:

= pick one pair of coordinates above the line.
Substitute them in the inequality.

=  Pick another pair of coordinates below the line.
Substitute them in the inequality.

= The pair that satisfies the inequality falls in the
region that has all the pairs that satisfy the
inequality. There are still many other
solutions for an inequality.

The region that will be shaded is the unwanted region, because this is a

clearer way to identify the wanted region. Nothing will obscure the
region, where our interest is.

Example 1

By shading the unwanted region, show the region that represents the
inequality x +y > 5

Step 1

We start off by changing the inequality to an equation.

xty=5

Step 2

We have picked x =-3,-2,-1, 0, 1, 2, 3.

The corresponding y — values are in the table below:

x y
-3 8
) 7
-1 6

0 5

1 4

2 3
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Step 3

We plot the points.



Step 4
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The inequality in our example is “>". We join the points with a
dashed line.

Please note that the graph below has included some of the points
that are not in the table of values. This confirms that a line is
made up of numerous points.

Step 5

Our inequality isx +y > 5
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One of the many pairs of coordinates above the line is (3,6). When we
substitute the pair. in the inequality we get:

x+ty>5
3+6>5
9>5

The coordinates (3,6) fall in the region that has all the coordinates that
satisfy the inequality, for 9 is greater than 5.

One of the many pairs of coordinates below the line is (0,0). Substituting
it in the inequality;

x+ty>S5
0+0>5
0>5

The coordinates (0,0) fall in the region that has all the coordinates that do
not satisfy the inequality, for 0 is less than 5.

Therefore the region shaded is the one below the line.

10
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The line is dashed because of the symbol “>". This means all points on it
are not part of the required region. Let us test by using one point on the
line.
('2, 7)
x+ty>5
24+7>5

5>5

We know that 5 is equal to 5! (-2, 7) is one of the many points on the
boundary line that do not satisfy the inequality.

11
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Example 2

Graph the inequality y >x -3

Step 1

Change the inequality to an equation.

Compare your answer with the following:

y=x-3

Step 2

Normally, you can pick any x values that you like and calculate
the corresponding y values. For this exercise, the values of x will
be -3,-2,-1,0, 1,2, and 3.

Compute the corresponding y values:

Compare your answers with the following:

12
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x y
-3 -6
2 -5
-1 -4
0 -3
1 2
2 -1
3 0

Given that this is not the first time that you are drawing graphs, you can
do steps 3, 4 and 5 in one diagram. Example 1 should have reminded you.

Step 3

Plot the points.

Step 4

Determine whether the line should be solid or dashed. Draw the line.

Note that the line is solid because the inequality sign is “>”. In other
words, the points in the line are included in the solution set.

Step 5

Determine which side of the line should be shaded. Shade that
side of the line. To do this:

= Pick one pair of coordinates above the line. Substitute them
in the inequality.

13
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Pick another pair of coordinates below the line. Substitute them in the
inequality.

= The pair that satisfies the inequality falls in the region that
has all the pairs that satisfy the inequality. Remember there
are unlimited number of points that satisfy the inequality.
= Shade the appropriate side of the line in your graph below.

14



Compare your calculations and graph with the following:

You may have used different “test points” from the ones we have used.
That should not in any way affect the result. Actually it is an advantage
for that allows confirmation with a number of points.

15
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Our inequality isy >x — 3

One pair of coordinates above the line is (3,1). Substitute them in the
inequality.

y>x-3
1>3-3
1>0

The coordinates (3,2) fall in the region that has all the coordinates that
satisfy the inequality, for 1 is greater than 0.

One pair of coordinates below the line is (-2, -7). Substitute them in the
inequality.

y>x-3

The coordinates (-2, -7) fall in the region that has all the coordinates that
do not satisfy the inequality, for -7 is less than -5.

Therefore the region that will be shaded will be the one below the line.

16
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The line is solid because of the symbol “>". This means all points on it
are part of the required region. Let us test by using one point on the line,
(3,0).

We know that 0 is equal to 0!

Example 3

Graph the inequality y <x
17
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Step 1

Change the inequality to an equation.

Compare your equation with the one below.

The resultis y = x

Step 2

Pick any x values that you like and calculate the corresponding y
values.

Once again we have picked x=-3,-2,-1,0, 1, 2, 3.

Compare your calculations with those below.

18
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-3 -3
) )
-1 -1
0 0
1 1
2 2
3 3

You may have decided to choose the same x — values as ours. Their
corresponding y — values will be the same as the one in the table above. If
not, do not worry, they are still some of the many coordinates of the line

y=X.

Again, given that this is not the first time that you are drawing graphs,
you can do steps 3, 4 and 5 in one diagram.

Step 3

Plot the points.

Step 4

Determine whether the line should be solid or dashed. Draw the line.

Step 5

Determine which side of the line should be shaded. Shade that side of the
line

19
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Compare your calculations and graph with the following:
Our inequality is y <x

One pair of coordinates above the line is (-2, 2). Substitute them in the
inequality.

y <X
2<-2

The coordinates (-2,2) fall in the region that has all the coordinates that
do not satisfy the inequality, for -2 is less than 2.

Another pair of coordinates below the line is (3, -2). Substitute them in
the inequality.

y<Xx
-2<3

The coordinates (3, -2) fall in the region that has all the coordinates that
satisfy the inequality, for -2 is less than 3.

Therefore the region that will be shaded will be the one above the line.

20



The line is dashed because of the symbol “ <. This means all points on
it are not part of the required region. Let us test by using one point on the
line, (1,1).

y<x

1<1

21
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Activity 1

We know that | is equal to 1!

By shading the unwanted areas, indicate on graphs the regions
defined by the following inequalities:

. xty<2

22
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2. y +2x>4

24



3.

x+y <8

Mathematics 12
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4, x+ty>1

26



Check your performance against the given solutions at the end of this
subunit. Continue if you are satisfied with your ability to answer the
questions. If not, review the above content and try the activity again.

Key Points to Remember

The key points to remember in this subunit on solving linear inequalities

27
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with two variables are:

Change the inequality to an equation.

Pick the x — values that you will use.
Compute the corresponding y — values.

Plot the points.

Then join the points with a solid or a dashed straight line. If the
inequality you are working with has “<” or “>”, join the points
with a dashed line, or if the inequality is “<” or “>”, join the
points with a solid line.

Label the line drawn.

identify the region that has the coordinates that satisfy the
inequality. The pair that satisfies the inequality falls in the region
that has all the pairs that satisfy the inequality. There are still
many other solutions for an inequality.

The region that will be shaded is the unwanted region,

Answers

1.

28
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Lesson 2 Writing the Linear Inequality Given the Drawing of the
Inequality

By the end of this subunit, you should be able to:
- write the linear inequality given the drawing of the inequality.

This subunit is about 4 pages in length.

In the first part of this unit, we looked at the solution of
inequalities. This was done graphically. This allowed us to indicate
regions where the solution set is. We can be given regions where
the solution set is. We can work from the graph to determine the
inequality. These are the steps to follow:

Step 1

Pick any two points on the line. The most preferred are the
coordinates of the x and y intercepts.

The x — coordinate has coordinates (x,0) and the y — coordinate has
coordinates (0,y).

The use of intercepts is just a preference.

Step 2

Use the points in step 1 to find the gradient. This can be done in a
number of ways:

33
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Reflection

One way of finding the gradient, “m”, between two points, given by
coordinates (X, y1) and (X, y2), we use the formula:

m= yx-yi
X2 - X1

X2 #X1

When can X, = X;?

This will be when the line is vertical.

For example:
find the slope of a line with coordinates (3, -3) and (-2, 7)

m=  y2-Vyi
X2 - X1
m= 7--3
2-3
m= 10
-5
m=-2

NB: It makes no difference which of the two points is called (X, y;) or
(X2, ¥2), the ratio will still be the same.

The other way of finding the gradient is by calculating the ratio of the
vertical distance moved to the horizontal distance. This is also
referred to as change iny

change in x
which is sometimes also described as

rise

run

34



The following figure shows the graph of the linear equation y = x - 2,
including the coordinates of seven specific points.

From the diagram you will see that the y — value increases 1 unit each time
that the x — value increases by 1 unit. The ratio of this change in'y
compared to the corresponding change inxis 1 =1

Using any coordinates on the line, say (0, -2) and (-2, -4)

35
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m= -4 --2
2-0
m= -2
-2
m=1

We still get our gradient as 1!

Step 3

Write down the general equation of a straight line and substitute the
gradient and the y-intercept into the general equation of a straight
line. The general equation of a straight line is y = mx + ¢ ; where

“m” is the gradient of the graph

“x” and “y” are the coordinates of any point on the graph

TIPS L]

¢” is the y — intercept i.e. the point where the graph crosses the y —
axis

To specify a straight line, we need to have the values of “m” and

9

c.

Step 4

ce__9

To write down the inequality, change the sign in the equation

to:
“<” or > if the line is dotted.

“<” or “>" if the line is solid.

36
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Check whether the symbol you chose is correct with “test points”
from the two regions. One region has the solution set and the other
does not. These are on each side of the line. These test points serve to
confirm the region that we are looking for.

Let us look at the following examples to help us understand this
process.

Example 1

Give the inequality that determines the unshaded region below:

R B O

\

AP T\‘\f

.

N

Step 1

The x — intercept has coordinates (-1,0) and the y — intercept has
coordinates (0,1)

37
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Step 2
Calculate the gradient.
Gradient=1-0

0 (-1)

Step 3
The general equation of a straight lineisy =mx + ¢

The gradient from step 2 is 1, and the y-intercept is 1

Substituting them in the equation

y=1x+1
y=x+1
Step 4

Ce__9

To write down the inequality, change the sign in the equation.
The “=" sign must be changed to a “<” or “ > ”’sign because the
line is solid.

The “test point” from above the line is (3,6) .

y=x+1

6=3+1

38
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64

6 is greater than 4! This point is in the region that does not
satisfy the inequality. This is the unwanted region. This is
the reason why it is shaded.

The “test point” from below is (5,2)

y=x+1
2=5+1
2#6

2 is less than 6. This point is in the region that satisfies the
inequality. This is the wanted region. This is the reason why
it is not shaded.

Therefore the inequality isy < x + 1

Example 2

Give the inequality that determines the unshaded region below:

39



Step 1

The x — coordinate has coordinates (2,0) and the y — coordinate has

coordinates (0,2)

Step 2

Calculate the gradient.

Gradient=2-0

0-2

40
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Step 3
Write down the general equation of a straight line.

y=mx-+c

Step 4

Substitute the gradient and the y — intercept.

y=mxtc

y=-1x+2

y=-x+2

Step 5

To write down the inequality, change the “=" sign in the equation
to:

y=-x+2

The line is solid. We replace the “=" with a “<” or “ > "’sign
because the line is solid.

The “test point” from above the line is (4,1).

y=-x+2

41
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1=-4+2

1 #-2

1 is not equal to -2, it is greater than -2!
This point is in the region that does not satisfy the

inequality. This is the unwanted region. This is the shaded
region.

The “test point” below is (-3 ,-2)
y=-x+2

1=-4+2

-2 is less than 5. This point is in the region that satisfies the
inequality. This is the wanted region. This is the reason why
it is not shaded.

Therefore the inequality is y < -x + 2

Example 3

Give the inequality that determines the unshaded region below:

4



Step 1

Establish the coordinates of the x and y — intercepts.

43
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Compare your answers with the following:

The x — intercept has coordinates (2,0) and the y — intercept has

coordinates (0,1).

Step 2

Calculate the gradient.

Compare your answer with the following:

Gradient=0—1

Step 3

Write down the general equation of a straight line and substitute the

gradient and the y — intercept.

Again compare your answer with the following:

44



Mathematics 12

y=mx-+c
y=-x+1
Step 4

Determine which inequality sign will replace the “=" sign in the
equation.

Our results are as follows:

y=-Yx+1

The line is broken, we replace the “=" with “ <” or “ >"".

The “test point” from above the line is (2, 4).

y=-x+1
4=-%2)+1
4=-1+1
4+£0

4 is greater than 0! This point is in the region that satisfies
the inequality. This is the wanted region. This is the reason
why it is not shaded.

45



The “test point” from below is (0. -5)

y= -x+1
-5=-Y(0)+ 1
5=0+1
S#£1

-5 is less than 1. This point is in the region that does not
satisfy the inequality. This is the unwanted region. This is
the reason why it is shaded.

The inequality is y >-Y2x + 1

x Give the inequalities that determine the unshaded regions
below:

Activity 2

Mathematics 12
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Key Points to Remember

The key points to remember in this subunit on writing the linear
inequality given the drawing of the inequality are:

- Pick any two points on the line.

- Use these two points to find the gradient.

- Write down the general equation of a straight line and
substitute the gradient and the y-intercept into the general
equation of a straight line. The general equation of a straight
lineisy=mx+c;

- To write down the inequality, change the
equation to:

- “<”or“>” if the line is dotted.

- “<”or“>"1if the line is solid.

- Check whether the symbol you chose is correct with “test
points” from the two regions. One region has the solution
set.

%

sign in the

You have now completed the last subunit of this unit on solving linear
inequalities. Do a quick review of the entire content of this unit and then
continue on to the unit summary.

51
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Answers
1.

x — intercept (4,0)

y — intercept (0,2)

Gradient = ——

y=mx-+c

y=-Y%x+2

The line is broken, we replace the “=" with “ <” or *“ >".

The “test point” from above the line is (-2, 6)

y=-1ax +2
6=-Y% (-2) +2
6=1+2
63

6 is greater than 3! This point is in the region that satisfies

52
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the inequality. This is the wanted region. This is the reason

why it is not shaded.

The “test point” from below is (-2, -4)

y= -Yx+2
4=-52(-2)+2
4= 1+2

-4 #£3

-4 is less than 3. This point is in the region that does not
satisfy the inequality. This is the unwanted region. This is
the reason why it is shaded.

The inequality is y >-Y2x + 2

2.
x — intercept (3,0)

y — intercept (0,-1%2)

Gradient =-1%—0

0-3

y=mx-+c

53
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y =Yax -1%

The line is solid. We replace the “=" with a “<” or *“ > ’sign
because the line is solid.

The “test point” from above the line is (-7, 2).

y =Yax -1%
2="%(-7)-1%
2=-3% -1%

2#-5

2 is greater than -5!
This point is in the region that does not satisfy the

inequality. This is the unwanted region. This is the shaded
region.

The “test point” below is (0, -8)
y=%x-1%
-8=1%(0) -1%
-8 =-1%

8 #£-1%

-8 is less than -1%. This point is in the region that satisfies
the inequality. This is the wanted region. This is the reason
why it is not shaded.

Therefore the inequality is y < Y2x -1%

54



3.
x — intercept (2'4,0)

y — intercept (0,5)

Gradient=5-0

0-2"%
=3
-2V
=-2
y=mx-+c
y=-2x+5

Mathematics 12

The line is solid. We replace the “=" with a “<” or “ > "’sign because

the line is solid.

The “test point” from above the line is (0, 10).

y=-2x+5

10=-2(0) + 5
10=0+5

10 #5

55



10 is greater than 5!
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This point is in the region that satisfies the inequality. This

is the wanted region. This is the unshaded region.

The “test point” below is (0, -10)

y=-2x+5

10=-2(0) + 5
-10=0+5

-10 #£5

-10 is less than 5. This point is in the region that does not
satisfy the inequality. This is the unwanted region. This is
the reason why it is shaded.

Therefore the inequality isy > -2x + 5

4.
x — intercept (1,0)

y — intercept (0,-'5)

Gradient=-% -0
0-1
=-%
-1

=1

56
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y=mx-+c

y=Yx-%

__o

The line is solid. We replace the
the line is solid.

with a “<” or “ > ”’sign because

The “test point” from above the line is (6, 10).

y=Y%x-"%
10="(6) -
10=3-"%

10#£2"

10 is greater than 275!

This point is in the region that satisfies the inequality. This
is the wanted region. This is the unshaded region.

The “test point” below is (2, -8)

y=Yx-"%
8=%2)-%
8=1-%
-8# V2

-8 is less than . This point is in the region that does not
satisfy the inequality. This is the unwanted region. This is

57
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the shaded region.

Therefore the inequality isy > ¥2x - /4

S.
x — intercept (6,0)

y — intercept (0,4)

Gradient=4 -0

0-6
= 4
-6
=%
y=mx-+c
y=-%x+4

The line is broken, we replace the “=" with “ <” or “ >".

The “test point” from above the line is (-3,10)

y=-%x+4
10=-4(-3)+4
10=2+4

10£6

58
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10 is greater than 6! This point is in the region that does not
satisfy the inequality. This is the unwanted region. This is
the shaded region.

The “test point” from below is (6, -2)

y=%x+4
2=-2%(6) + 4
2=-4+4
240

-2 is less than 0. This point is in the region that satisfies the
inequality. This is the wanted region. This is the unshaded
region.

The inequality is y < -%3x + 4

59
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Unit Summary

57

Summary

In this unit you learned that

symbols for inequalities (inequations) are <, >, <, and >
solving inequalities is like solving equations

linear inequalities with two variables are represented by a region
in the Cartesian coordinate system

solving an inequality involves the following steps:
- change the inequality to an equation.

- pick the x — values that you will use. "Space them out" a bit.

- compute the corresponding y — values.

- plot the points.

- join the points with a solid or a dashed straight line.

- identify the region that has the coordinates that satisfy the
inequality, that is, the solution.

it is conventional to shade the region not containing the points
that satisfy the inequality.

the region containing the points that satisfy the inequality is also
called the wanted region or the region of possible solutions.

when writing the linear inequality given the drawing of the
inequality.

establish the coordinates of the x and y intercepts.

use these intercepts to calculate the gradient.

substitute the gradient and the y-intercept into the general
equation of a straight line, y = mx + ¢
to write down the inequality, change the
equation to “<”, “ >, “<”or“>"
check whether the symbol you chose is correct with “test
points

€9

sign in the

You have completed the material for this unit on solving linear
inequalities. You should now spend some time reviewing the content in
detail. Once you are confident that you can successfully write an exam on
the concepts, try the assignment. Check your answers with those provided

60



Mathematics 12

and clarify any misunderstandings that you have. Your last step is to
complete the assessment. Once you have completed the assessment,
proceed to the next unit. It covers indices.
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Assignment

Assignment

Answer All Questions.

Show all the necessary working.

Total marks = 50

A

Time: Thour 30 minutes

. Draw the graphs of the following inequalities

x+y>3

Draw all the graphs in the spaces provided.

Mathematics 12
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2. xt+ty=2
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3. y+2x<4
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B. Give the inequalities that determine the unshaded region
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Compare your answers to those provided below. Pay particular attention

ings.

derstand

misun

takes that you made and clarify those

mis

to any
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Answers
1.

x y
-3 6
-2 5
-1 4
0 3
1 2
2 1
3 0

gradient = -1

y — intercept has coordinates (0,3)

Equation of the lineisy =-x + 3

One pair of coordinates above the line is (1,6).

y:-x+3
6=-(1)+3
6+£2

One pair of coordinates below the line is (-1, -4).
y=-x+3
4=-(-1)+3
“4#£14+3

444
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y >-x+3

ST

Feey

-
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X y
-3 5
2 4
-1 3
0 2
1 1
2 0
3 1

gradient = -1
y — intercept has coordinates (0,2)

Equation of the line isy = -x + 2

One pair of coordinates above the line is (-3, 8).

y=-x+2
8=-(-3)+3
8£6

One pair of coordinates below the line is (3, -6).
y=-x+3
-6=-3)+3
-6#£-3+3
-6£0

y>-x+2
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3.
X y
-3 10
-2 8
-1 6
0 4
1 2
2 0
3 2

gradient = -2

y — intercept has coordinates (0,4)

Equation of the line isy = -2x + 4

One pair of coordinates above the line is (4, 11).

y=-2x+4
11=-24)+4
11#-4

One pair of coordinates below the line is (1, -4).
y=-2x+4
4=2()+4

442

y<-2x+4
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gradient = 1
y — intercept has coordinates (0,1)

Equation of the line isy =x + 1

One pair of coordinates above the line is (-2, 4).

y=x+1
4=-2+1
4#£-1

One pair of coordinates below the line is (-2, -2).
y=x+1
2=2+1

2+#-1

y< x+1
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y — intercept has coordinates (0,2)
using x and y — intercepts (-2, 0) and (0, 2) to calculate the
gradient

2-0
0-(-2)

gradient =

RN

=1
The equation of the liney =x + 2

check points

above: (2, 7) below : (0, -4)
y=x+2 y=x+2

7 # 2+2 4 #£0+2

7 >4 4<2

wanted region

The inequality isy > x +2

y — intercept has coordinates (0,0)
using any two points (2, 6) and (3, 9) to calculate the gradient

Ne)
|
@)

gradient =

w2
|
\®)

— | W

=3
The equation of the line y = 3x

check points

above: (-4, 8) below : (2, -5)
y =3x y =3x

8 # 3(-4) -5 #3(2)

8 >-12 -5<2

wanted region
The inequality is y < 3x

y — intercept has coordinates (0,3)
using any two points (2, -1) and (0, 3) to calculate the gradient

79



Mathematics 12

The equation of the liney = -2x + 3

check points

above: (-1, 1) below : (2, 5)
y=-2x+3 y=-2x+3

1 #-2(-1)+3 5#-212)+3

1 #2+3 5# -4+3
1<5 5>-1

wanted region
The inequality isy >-2x +3

Based on your results and the recommendation that you should aim for at
least 80% to ensure your overall success in this course and any
subsequent math course you take, determine how much you should study
the overall unit before you attempt the assessment.
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Assessment

Assessment

Answer All Questions.

Show all the necessary working.

Draw all the graphs in the spaces provided.
Total marks = 24

U

Time: 45 minutes

Give the inequalities that determine the unshaded region

1.

/ A HA

N
i |
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Answers
1. x — intercept (2,0)

y — intercept (0,3)

Gradient=3 -0

0-2

(6]
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y=mx+c

y=-1.5x+3

The line is dotted.

y >-1.5x+3

2. x — intercept (6,0)

y — intercept (0,-4)

Gradient=-4 -0

0-6
=4
-6
=%
y=mx-+c
y=7x-4

The line is solid.

The inequality isy >?%x —4

Mathematics 12
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3. x — intercept (-1%2,0)

y — intercept (0,3)

Gradient=3 -0
0—(-1%)
=3
1%

=2

y=mx+c

y=2x+3

The line is solid.

The inequality isy <2x + 3

4. x — intercept (4,0)
y — intercept (0,2)

Gradient=2-0

Mathematics 12

86



y=-Yx+2

The line is solid. The inequality is y > -Y5x + 2

5.x — intercept (-2%,0)
y — intercept (0,2)

Gradient=2-0

0—(-2%)
=2
2%
=%
y=mx-+c
y=%x+2

The line is dashed.

The inequality is y < ¥%x + 2

Mathematics 12
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Unit 10

Fractional Indices

Introduction

Indices play a vital role in mathematical calculations, e.g. some big
numbers are simplified by expressing them in index form and operations
are easily carried out in the form.

During your junior certificate course you expressed numbers in positive
and negative whole number index form. We also dealt with the zero index
form.

In this section we are going to express numbers in fractional index form
and perform operations of multiplication, division in numbers expressed
in fractional index form and having the same bases. We will also apply
the rules of operations on fractional index form in simplifying
expressions.

This unit consists of 22 pages. This is approximately 1% of the whole
course. Plan your time so that you can complete the whole course on
schedule. As reference, you will need to devote 15 hours to work on this
unit, 10 hours for formal study and 5 hours for self-study and completing
assessments/assignments.

This Unit is Comprised of Four Lessons:

Lesson 1 Expressing Numbers In Fractional Index
Form

Lesson 2 Multiplying and Dividing Fractional Index
Forms Having Same Base

Lesson 3 Simplifying Numbers Expressed in Fractional
Lesson 4 Applying Rules of Fractional Index Notation
in Simplifying Expressions

Spend a few moments reading the following learning outcomes. They are
a guide to what you should focus on while studying this unit.

Upon completion of this unit you will be able to:



Outcomes
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= Express numbers in fractional index form.

= Multiply and divide numbers that are expressed in fractional index
form and that have the same base.

= Simplify numbers expressed in fractional index form raised to

another index.

7R Index/power: The number to which another number is raised e.g.
m in5°, 3 is the index to which 5 is raised.
, indices: The plural of the word “index”.
Terminology
base: The number that is raised to a power. In "7%“, 7 is

Fractional index
Form:

Expression:

Root:

Square root:

the base.

An index form of a number whose index is a
fraction.

The sum or difference of two or more terms.

A number that multiplies itself to give another
number.

A number that multiplies itself two times to give a
another number.

Cube root: A number that multiplies itself three times to give
another number.

Square: The result when a number multiplies itself two
times.

Cube: The result when a number multiplies itself three

Online Resource

times.

I’:Sé http://www.hippocampus.org/ <

o-E>X|

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for

mathematics and the topics discussed in this unit. Here you will find:

Presentations
Simulations

Videos

Online Study Groups
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e Links to Even More Information
e Textbook Correlations
e Online Courses

Lesson 1 Expressing Numbers In Fractional Index Form

By the end of this subunit, you should be able to:
e Express numbers in fractional index form and vice-versa.

This subunit is about 4 pages in length.

Activity 1a

This activity is a reminder on expressing numbers in whole number
indices.

Complete the table below: (The first two rows have been worked out for
you as examples)

Number Repeating numbers Index form
25 5x5 52
64 2x2x2x2x2x2 20
(a) 256 . S P
(b) 81 D S T PPN
(c) 125 SXiviiiiiiiiiiiiiie

1
(d) 5
(e)1 6x6x6x6

6x6x6x6

Compare your answers with the ones at the end of the subunit. Proceed to
the next section when you have at least 80% of this activity correct. If
you score lower ensure that you go over this section to understand the
concepts treated.

The above activity reminds us that

e Some numbers can be written in index form if the numbers are
the products of "repeating numbers" e.g. (a) 4 = 2x2, (b) 27 =
3x3x3 etc
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1 - _
e A reciprocal of a number e.g. (a) 3—2= 37 (b) 6_5 =67 etc.

e Any number raised to the power of zero equals 1 e.g. (a) 5° =1,

(b)a %=1, because when a number is divided by itself the result
is one or that number raised to the index zero.

Roots of Numbers

Interpreting the Root Bracket

/25 represents the square root of 25 i.e. the number that multiplies
itself 2 times to give 25 and that is 5.

/27 represents the cube root of 27 i.e. the number that multiplies itself 3
times to give 27 and that is 3.

V256 represents the fourth root of 256 i.e. the number that multiplies
itself 4 times to give 256 and that number is 4.

The above examples show that the number outside the root bracket
indicates the root in question. If no number is there, a 2 is assumed.

Note the following:
2
325 =57 =52=5
3
327 =37 =33 =3
4
81 =43" =33

Note that if we are looking for a root of a number raised to a power we

Look at the following worked examples of finding roots of numbers.
2
(a) 3/25 = 3/5% =52=5. What root are we looking for here?

3
(b) 27 = 3\/3_3 =33 =3, What root are we looking for here?
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6

(c) /64 = 42° =24 . What root are we looking for here?
3

(d) Ug =4/2* =27 . What root are we looking for here?

Compare your answers with the ones below:

(a) square root , (b) cube root , (c) fourth root , (d) seventh root
It is also important to be able to reverse the process:

Example

Change the following into root bracket form:

1

@ 8 =48 =38
3

) 5° =35°

(©) be =4/b"

Activity 1b
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Activity 1

1. Express the following in fractional index form
(@) 3/5° ) V77 (©) V10° @ V9° (@ 4w’
2. Change the following into root bracket form
2
(a)6°
2
(b) 163
3
(c) 4°

3

() x7

a

(e) y*

Compare your answers with the ones at the end of the subunit. Proceed to
the next section when you have at least 80% of this activity correct. If
you score lower ensure that you go over this section to understand the
concepts treated.

Summary:

A fractional power means that you have to take a root of the number. For
1 1

example, 4? means take the square root of 4 = 2. Similarly, x* means
take the cube root of x.

We can express roots of numbers by fractional indices as illustrated e.g

9
cube root of 5°=(3/5”)=53 . The base is raised to a fractional index

where the numerator is the power of the index form inside the root
bracket and the denominator is the number that represents the root outside
the bracket.

Answers to Activity 1a

Number Repeating numbers Index form
(a) 256 2x2x2x2x2x2x |98
2x2
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(b) 81 3x3x3x3 34
(c) 125 5x5x5 53
1 1 o4
d) — -
@ 2° 2x2x2x2
(01 6x6x6x6 6°
6x6x6x6

Answers to Activity 1b

3

3
()95 (e)W*

w| oy
w | N
W

1.(a) 5 (b)7 () 10

2.
2

@ 65 =36>
2

(b) 163 =167
3

(c) 48 = 8\/4_3

3
d) x7 =Vx’

a

(@ y* =4y

Lesson 2 Multiplying and Dividing Fractional Index Forms Having Same
Base

In this section we will multiply numbers that have been expressed in
fractional index form that also have the same bases.

a c

Take a moment to recall how to work out this: X? x x¢
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Example 1
22 x23 — 22+3 — 25

Example 2

ab x ac — 2b+c

Example 3
2 4 2.4 10,12 22
53 x55 —53 5 — 515 15 _ §15

In all examples notice that the base is the same in both numbers that are
multiplied and the indices are added.

Example 4
23 +22=2%2-2
Example 5

Example 7

_ _ 1
(a) a?+a’=a’" =a’=—

(b) x* +x

Summary

When we multiply numbers in index form where their bases are the same
we still add the fractional indices as we do with whole number indices.

5 3 5+3 8
eg z'xz =27 =z

1 2 12 17

So b3 xb7 =b5 7 =%

When we divide numbers with the same base we still subtract the index
of the number that divides from the one that is divided.
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2 3 23 1

X5 = x8 = x5 8 = x40

Sometimes the index may be negative

: : Activity 2

Activity 2
1. Work out the following

(@) a’ ~a’

(©)11° x11°

(c) 8 =8’

© 5%x5°

(e) p''+p°
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® g

Compare your answers with the ones at the end of the subunit. Proceed to
the next section when you have at least 80% of this activity correct. If
you score lower ensure that you go over this section to understand the
concepts treated.

Key Points to Remember

The key points to remember in this subunit on multiplying and dividing fractional

index

forms having same base are:

When we multiply numbers in index form where their bases are
the same we still add the fractional indices as we do with whole
number indices.

When we divide numbers with the same base we still subtract the
index of the number that divides from the one that is divided.

Sometimes the index may be negative.

Answers to Activity 2

(a) a7 +aZ — a7—2 — aS

O 1P %11 =11
3
(c) 8 +8 =87 =8" =1(also, note that8’ — 8> = 2—3)

(d) 54 X56 _ 54+6 _ 5]0
11-6 5

() p'+p°=p"=p

(f) 7'711 +’/.2 — r71172 — 7'713 —_

10
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Lesson 3 Simplifying Numbers Expressed in Fractional Index Form
Raised to Another Index.
By the end of this subunit, you should be able to:

- simplify numbers expressed in fractional index form raised to
another index.

This subunit is about 2 pages in length.

Example 1

25\3 2 2 2 24242 6
(x7) =x"xx"xx"=x""=x

Note the repeated addition of the exponent 2. What is the shorter
process of adding the same number several times?

Compare your answer with the one below:
2x3=6

Example 2

(x*) =x" =x"
Example 3

(5x%)* =5x7° =5x°
Example 4

4x2 2.8

(xy4)2 =x1><2 Xy =x’y
Generally,

(xa)b — xuxb — xab

11
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Activity 3

Activity 3
Simplify the following by removing brackets
(@ (5%)°
(b) (a’)’
(a204)2
Compare your answers with the ones at the end of the subunit. Proceed to
the next section when you have at least 80% of this activity correct. If

you score lower ensure that you go over this section to understand the
concepts treated.

Key Points to Remember

The key points to remember in this subunit are:
e To simplify numbers expressed in fractional index form raised to
another index we multiply the indices

Multiplying out the indices is useful in the simplification of expressions
as ilustrated in the following subunit.

Answers to activity 3

() (52)4 — 524 _ &8
(b) (a3)3 —a® =4’

© (a204 2 02y o2 48

Lesson 4 Applying Rules of Fractional Index Notation in Simplifying
Expressions

Introduction
By the end of this subunit, you should be able to:
- Apply rules of fractional indices learned in the two subunits

above to simplify expressions.

This subunit is about 2 pages in length.

12
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The index rules you learned in this unit can be used to evaluate some

expressions:
Example 1
Simplify the following expression
2 1
(a) 7a®x7a*
2 ! 2.1 1
Tad xTa* =7""ad 4 = i

=a
() (-3x7'y?)

(—3x’ly2)2 :(—3xlxy2j= ~3y°
x x

Sometimes the rules can be used to evaluate some expressions. Look
at the example below
Example 2
!
Evaluate 64 3

1

64 3 = (26)% -2

6x—

| =

Example 3

2 -3
Evaluate (—j
3

(2)‘3 27 1 1 1 27 27

3

37 020 3 8 1 8

X

Activity 4

Activity 4
1. Simplify the following expression

(a) (3a4b3X2a3b)

(b) (— 2mn7p2 )5

13
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(c) (— Sx"ZyX— 2x‘3y2 )
bt

bc

(d)

2. Evaluate some expressions

%
(5%

3

(b) 162

3

(c) 814
2

(d) 1253

(e) (-8)3

Compare your answers with the ones at the end of the subunit. Proceed to
the next section when you have at least 80% of this activity correct. If
you score lower ensure that you go over this section to understand the
concepts treated.

Key Points to Remember

The key points to remember in this subunit are:
- Simplification of expression involves the application rules in
simplifying numbers.
- (a) with the same base
- (b) having root bracket

You have now completed the last subunit of this unit on Applying rules
of fractional index notation in simplifying expressions. Do a quick review
of the entire content of this unit and then continue on to the unit
summary.

Answers to activity 4

1. Simplify the following expression

(@) (3a*p* J2a’h)=3x2x a*" xb*" = 6a"b*
(b) (_ 2mn7p2)5 = 25 xm® xn™ x p*S = —32m°n* p"

14



5—3 4-1 2 3
xc" =bc

(d)

2. Evaluate some expressions

—5x" J’X 2x7y )——5><—2><x_2+"3

O

3 3 w3
@817 =) =37 =37 =
2 3,3 1
1257 =5 =57 =—=—
@ 5% 25
B! 1 1
€ (-8)3=—r=-==—
gy B2

Mathematics 12

Xy1+2 — 10x—5y3

15



Unit Summary

57

Summary

In this unit you learned

Properties of indices:

(@) 22 x2° =(2x2)(2x2x2)=2"  generally
(b)
2.0 o Xfx2x2x2):22
Zxpxd
Generally a” +a"=a""
(C) 54+54 :M:1=54_4=50
Sx5x5x%5
Generally
a’ =1
(d)
54 .56 _ S5x5x5x%x5 L:54—6:572

T 5x5x5x5x5x5 52

Generally,
b 1
a = b
a
(e)

Y25 =364 =4
6
V2t =25 =2 =4

Generally,

Mathematics 12

m n m+n
a xa =a

16
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¢y
(23)4 — 23 X23 X23 X23 — 23+3+3+3 — 23><4 — 212
Generally,

(xa)b — xaxb — xab

You have completed the material for this unit on fractional indices. You
should now spend some time reviewing the content in detail. Once you
are confident that you can successfully write an exam on the concepts, try
the assignment. Check your answers with those provided and clarify any
misunderstandings that you have. Your last step is to complete the
assessment. Once you have completed the assessment, proceed to the next
unit.

17
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Assignment

Assignment

Total Marks: 69 Time:1hr

1. Change the following into root bracket form:

1

(a) 16*

2]
12. Change the following into fractional index form
(@) 37
2]

(b) 4 53

2]
© V6"

2]

(d) 2 95

18
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2]
© 4"
2]
3.Work out the following
(a) 2*x2°
2]
(b) 37 +3°
2]
(c) a® +a°
2]
(d) x* xx’
2]
© 7=/
[3]
4. Simplify the following by removing brackets
@ (7°) 2]
®) (5%’ 2]

19
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© ('»")’ 2]
5. Evaluate the following expressions
1
@ (25°) [4]
1
13
(b) (642] [4]
3
L
(c)[4 2} [6]
6. Simplify the following expressions
(a) (2)6’4)/’3 X42x7y’2) [3]
!
(b) (4x ™) [4]
© (222 [4]
21
(d)V4a‘h* [5]
a’b®
(e) e [6]

20
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Compare your answers to those provided below. Pay particular attention
to any mistakes that you made and clarify those misunderstandings.

Answers to Assignment

1. Change the following into root bracket form:

1

(a) 16* =4/16
2

(b) 2° =322

© v =iy

2. Change the following into fractional index form
2 3 7

@332 =3 ) V5 =5 (V6 =6°
5 b

(b) 39" =97 () 4y" =y

3. Work out the following
(a) 2*x2°=2%"=2" =256

(b) 37 +3°=3"7"=3*=9
) a®+a’=a"°=a"=1

() W xx! = x3 = 10

© P+ =f =
4. Simplify the following by removing brackets.
(a) (73)2 — 73><2 — 76
(b) (54)3 :54><3 :512

(C) (x3y4)3 — x3><3 ><y4><3 _ x9y12

5. Evaluate the following expressions.

21



Mathematics 12

1

@(s') =[5 f - 57 s

(b) (64;}; _ (Vo4 = (8) = () =2

1 1 1
—? 1 1Y2 (12 1 1
162 = — = —7 =| — = —_— =
(C)[ J ‘ (ij (4] 12

162
6. Simplify the following expressions.

32x°

(@ (22 a2 x7y )= 3207y =

1

(b) (4xy ) =202y =2

23
Xy

(© (2x°27) =128x72

21 2.1 11 1

(d) 4aSh* = \/ZxagxE Xb;*g =2ah®
()\/azb6 \/a2b6 ab’ 1
e _

a®h*? Natbh? a*h? a’b

Based on your results and the recommendation that you should aim for at
least 80% to ensure your overall success in this course and any
subsequent math course you take, determine how much you should study
the overall unit before you attempt the assessment.

22
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Assessment

O

Assessment

Marks : 53 Time:30min
Answer all questions.

1. Evaluate the following expressions

(a) 3% x2° 2]

(b) 7°x7* +7? 3]

© Gj [4]

2. Change each of the following into fractional index form and evaluate

(@)v2* [3]

)3(64)2 [4]

3. Change the following into root bracket form

3

(a)x* 2]

(b)z* 2]

23
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4. Evaluate the following expressions

1

e
@|3) o
(b) 362 x3b? [4]
(c) 814 [4]
[1
(@ 12Z 3]
(e) (e)7a® xTa* =7*a" 2]
(e) 64° [4]
%) 1447 3]
(2) 3¢? x12¢3 3]
el
(h) (6 1} ’ [4]
4

24
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Compare your answers to those provided below. Pay particular attention
to any mistakes that you made and clarify those misunderstandings.

Solutions to the Assessment
1.

(a) 37 x2> =3x3x2x2x2=9x8=72
(b) 70 ><74 +72 :70+4*2 :72

ol g 42

2. Change each of the following into fractional index form and evaluate.

(a)\/2_4=(24)% —22 -4 [3]
(b)@ﬁ(zﬁ)é 2T () -2 [4]

3. Change the following into root bracket form.
3
(@) x4 =4x° 2]
a
(b) zb =%/z° 2]

4.

Evaluate the following expressions.

1
1 1 1 oL
o) () oo

(b) 362 x3b> =3 xp2 2 =32p6 = Qp6
3 3

3
(© 814 =(3*) =374 =3 =27
@ 2t 27 51
1 Vs 272
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(e)7a® xTa* =7%a" (g) 64° = (26)
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Unit 11

Standard Form

Introduction

Writing and reading a number like 23 000 000 000 000 000 or 0. 000 000 000
001 4 can be rather laborious, unnecessarily!

n

You will remember that in indices we wrote numbers in short hand form a”.
For instance 3x 3 x3x3x3 can be written as 3°.
Numbers like these often come up in scientific measurements and calculations.

For example, mass of an atom of hydrogen is approximately 1.67 x 10** grams
and mass of an electron is approximately 9.11 x 10" kilograms.

You should have already learned about writing numbers in powers of ten. For

example 1000 can be written as 10° .This form of writing numbers as powers
of ten is called standard form. It is conveniently used when working with very
small and very big numbers in calculations. A number in standard form is

written as a x 10 where, a is one or any number, in decimal form, between
one and ten; » is an integer.

This unit consists of 33 pages. This is approximately 2 % of the whole course.
As reference, you will need to devote 20 hours to work on this unit, 15 hours
for formal study and 5 hours for self-study and completing
assessments/assignments.

This Unit is Comprised of Four Lessons:

Lesson 1 Writing Numbers In Standard Form

Lesson 2 Multiplying Numbers In Standard Form

Lesson 3 Dividing Numbers In Standard Form

Lesson 4 Addition and Subtraction Of Numbers In Standard
Form

Upon completion of this unit you will be able to:

= wrife numbers in standard form.

= multiply numbers in standard form without using a calculator.

= (djvide numbers in standard form without using a calculator

Outcomes . . .
= add and subtract numbers in standard form without using a calculator.
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ABG
m Standard form: A way of writing a number as a x 10"
Terminology where, 1 < a <10 and # is an integer.

Integer: A whole number, negative whole number and zero.
Note that zero is neither positive nor negative.

Online Resource

I’:S http://www.hippocampus.org, - D~BaX |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for mathematics
and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Writing Numbers in Standard Form

Introduction
By the end of this subunit, you should be able to write numbers in standard
form. This subunit is about 5 pages in length.

Guidelines for writing numbers in standard form

Writing numbers in standard form involves multiplying and dividing a number
by 10" so that the number changes to: a x 10"

Remember ais 1 or lies between 1 and 10, and n is an integer.

This makes the digits in the number only change their place values.

Example 1: Write 12 334 in standard form.
What is 12 334 + 10 000?




Mathematics 12

Compare your answer to the following:
12334 +10 000 = 1.2334

This division by 10 000 actually moves the decimal point to the left four
times.

12334, - 10000=1.2,3134,=1.2334

Remember the decimal point in whole numbers is always to the right
of the unit digit. By convention, it is not written.

Notice that all the digits in 12 334 are still there in 1.2334
All that has happened is their place values have changed.

Also notice that 1.2334 is a number between 1 and 10. This makes it a in a
x 10",

In order to counterbalance the division by 10 000 you multiply 1.2334 by
10*. The 10*is 10" in a x 10" .

Therefore 12 334 in standard form is 1.2334 x 10*
Example 2: Write 2010 in standard form

By which number can we divide 2010 to become 2.010?

Compare your answer with:
1000, which is 10’

Notice that 2.010 is a number between 1 and 10. This makes itain a x 10".

In order to counterbalance the division by 1000 you multiply 2.010 by 1000,
which is10°. This 10*is 10" in a x 10"

Therefore 2010 in standard form is 2.010 x 10°

Note that 2.010 x 10° can also be written as 2.01 x 10> as 2.010 =2.01

Example 3: Write 0.000 231 in standard form.

What is 0.000 231 x 10 000?
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x (a) 124 000

Activity 1

Compare your answer with:
0.000 231 x 10 000 = 2.31

In what direction did the decimal point move?

The decimal point moved to the right.

How many times?

The decimal point moved four times.

0 000 231 x 10 000 =000)0 2,31 =2.31

The decimal point moved to the right because 0.000 231 is a proper decimal
fraction.

2.31 is a number between 1 and 10. This makes it ain a x 10".

In order to counterbalance the multiplication by 10 000 you multiply 2.31 by
10*. The 10* is 10" ina x 10" .

Itis 10* because the decimal point has been moved 4 places to the right to get
the number to be 2.31

Therefore 0.000 231 in standard form is 2.31 x 10™

So, when writing numbers in standard form, shifting the decimal point to the
right in a number results in index in the power of ten, which is equal to the
negative of the number of shifts made. Shifting the decimal point to the left
results in index in the power of ten, which is equal to the number of shifts
made.

Activity 1

Write the following numbers in standard form:

(b) 0.025
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(c) 50000 km

(d) 5000 000

(e) 0.04

Check your performance against the given solutions; and if you are satisfied
with it continue, or otherwise review writing numbers in standard form.

ACTIVITY 1:
a. 124000

124 000 + 100 000 = 1.24000

This actually moves the decimal point to the left five times.
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Notice that 1.24000 is a number between 1 and 10. This makes it a in a x 10".

In order to counterbalance the division by 100 000 you multiply 1.24000 by 10’
. The 10° is 10" in a x 10" .

Therefore 124 000 in standard form is 1.24 x 10°

b. 0.025

To getaina x 10" , shift the decimal point, in 0.025, 2 shifts to the right.

0.025 = 100 =01012,)5 = 2.5

Shifting the decimal point 2 shifts to the right means that » = -2 in the power of
ten, 10" .

So, 0.025 in standard form is 2.5x 107

c. 50000 km

To getaina x 10" ,shift the decimal point, in 50 000, 4 shifts to the left.

5000010 000=50000=>5

Shifting the decimal point 4 shifts to the left means that » = 4 in the power of
ten, 10" .

So, 50 000 km in standard formis 5 x 10* km

d. 5000000
Togetaina x 10" , shift the decimal point, in 5 000 000, 6 shifts to the left.

5 000 000~ 1 000 000 = 5 QYUNNYQ= 5

Shifting the decimal point 6 shifts to the left means that # = 6 in the power of
ten, 10" .

So, 5 000 000 in standard form is 5 x10°

e. 0.04

To getaina x 10" shift the decimal point, in 0.04, 2 shifts to the right.
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0.04 % 100 = 0. 014=4

Shifting the decimal point 2 shifts to the right means that #» = -2 in the power of
ten, 10" .

So, 0.04 in standard form is 4x 107

Remember:
@ When writing a number in standard form, write it as a x 10 ! where, a is
. one or any number, in decimal form, between one and ten; » is an integer.
Number Correct Standard Form Incorrect
6432 6-432 x 10° 64-32 x 107
10,500 1-05 x 10* 10-5 x 10°

Note that values in the rows are however numerically equal!

Lesson 2 Multiplying Numbers In Standard Form

Introduction

By the end of this subunit, you should be able to multiply any two numbers
which are written in standard form.

This subunit is about 5 pages in length.

Steps for multiplying numbers in standard form

Steps are followed when multiplying numbers in standard form; and these steps
are based on mathematical facts. It is true that when multiplying a x10 " by
bx10" .

(ax10")x (bx10™)
=(axb)x (10" x10™)

=ab x10™™.

Take, for example (4x10°)x (5x10%)
(4x10°)x (5x10%)

Multiply 4 and 5 in one pair of brackets; 10° and 10* in the other brackets:
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(4x10°)x (5%10%) =(20)x (10° x10%)

Work out the product in the first one pair of brackets:

(4x5)x(10° x10*)=(20)x (10° x10*)

Work out the product in the other brackets, using the rule of multiplication of
powers with the same base, 10* x 10¥ = 10*™:

(20)x (10° x10%) = (20) x (10°**)
Now, simplify (20) x (10°™).
(20)x (10°"*)=20x10°

Make 20 in 20 x 10° a number between one and ten by writing it in standard
form:

20 =2x10"

Therefore, 20x10° =2x10' x10°.

2x10' x10° =2x10"™ =2x10", when using the rule of multiplication of
powers with the same base, 10*x 10° = 10" ,on 10" x10°.

Let us work together on this next example:
(4x10°)x(5x107")

Write it as(axb)x (10" x10™)

Check your answer with:
(4x10°)x(5x107")
=(4x5)x(10° x10™)

Write itasab x10™™

Check your answer with:
(4x5)x(10° x107™)
=20x10>"*

=20x10'
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Make 20 in 20 x 10" a number between one and ten by writing it in standard
form:

Check your answer with:
20=2x10'
Therefore, 20x10"' =2x10"' x10".

2x10"'x10" =2x10"" =2x10?, when using the rule of multiplication of
powers with the same base, 10* x 10¥ = 10" ,on 10' x10".

Activity 2

Work out the following without using a calculator:

x (a) (4x10°)x(1x107)

Activity 2

(b) 3x10*)x(1.5x107)

(c) @xloS)x(sxlo"‘)
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(d) (2.4x107°)x(5x107")

(e) Find the area of a square of side 2cm in square metres, giving your answer in
standard form.

(f) Find the area of a rectangle of length 12em and width Sem in square metres,
giving your answer in standard form.

Check your performance against the given solutions; and if you are satisfied

with it continue, or otherwise review multiplying a x10" by bx10" .

ACTIVITY 2:
(a) (4x10%)x(1x107)

Write it as(ax b)x (10" x 10™) and simplify:

10



(4x10%)x(1x107)
=(4x1)x(10°x107)
= 4x10%7
=4x10"

(b) 3x10*)x(1.5x107)

Write it as(ax b)x (10" x 10™) and simplify:
(3x10%)x(1.5x107)

=(3x1.5)x(10% x107)

=4.5x10*

=4.5%x10""

(c) @xlOSJx(5x10‘4)

Write it as(axb) x (10" x10™) and simplify:
2 5 —4
(gxlo jx(leO )

2
—(gxij(IOS x107%)
=2x107*
=2x10'

(d) (2.4x107°)x(5x107")
Write it as(ax b)x (10" x10™) and simplify:
(2.4x107°)x (5x107%)

=(24x5)x(107° x107™*)
=12x107**
=12x10~°

form:

Mathematics 12

Make 12 in 12 x 10~? a number between one and ten by writing it in standard

11
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12=1.2x10'
Therefore, 12x107° =1.2x10' x107°.

1.2x10'x107° =1.2x10" ° =1.2x10"*, when using the rule of
multiplication of powers with the same base, 10*x 10° = 10" ,on 10" x107°.

(e) Find the area of a square of side 2cm in square metres, giving your
answer in standard form.

2em s equal to 0.02m =2x10"m
Area of square = 2em X 2¢cm
Therefore,

2emx 2cm

=(2x107”m)x (2x107m)

Write it as(ax b)x (10" x 10™) and simplify:
=(2x2)x(107x107)m”

=4x107"m’

=4%10*m?

(f) Find the area of a rectangle of length 12em and width Sem in square
metres, giving your answer in standard form.

12em is equal to 0.12m =1.2x10"'m and Sem is equal to
0.05m=5x10"m

Area of rectangle:

Lengthx Width = 12¢mx Scm

Therefore,

12cm x Scm

=(1.2x10""'m)x (5% 107> m)

Write itas(ax b)x (10" x10™) and simplify:
= (1.2x5)x (107" x107)m?

=6x107""?m?

12
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=6x10"m’
Key poins to remember:
g 1. (ax10")x(bx10™)
Note it —(axb)x (10" x10™)
=ab x10"™,

2. If abis greater than 10 or equal to 10, write ab in standard form
and then reduceab x10™™ to standard form:

For example, (8x107°)x(5x107*)
Write it as(ax b)x (10" x 10™) and simplify:
8x107°)x(5x107")
=(8x5)x (107 x107")
= 40x107*
=40x107"
Since 40 is greater than 10, write 40 in standard form:
40 =4x10'
Therefore, 40x10~° =4x10' x107°.

4%10"x107° =4x10"? =4x10"*, when using the rule of
multiplication of powers with the same base, 10* x 10¥ = 10*"¥ ,on
10' 107

Lesson 3 Dividing Numbers In Standard Form

Introduction

By the end of this subunit, you should be able to divide a number written in
standard form, by another number which is also written in standard form.

This subunit is about 5 pages in length.

How to divide numbers in standard form

Like in multiplying numbers in standard form, steps are followed when dividing
numbers in standard form. It is true that when dividing

ax10" by bx10™:

13
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(ax10™)+(bx10™)
= (a+b)x (10" +10™)

“Notice that there is still multiplication between the double brackets”.

Take, for example (4x10°)+(2x10%):
Write it as(a+b)x (10" +10™) and simplify:
(4x10°)+(2x10%)

Write 4 +2 in one double bracket, and multiply it by the other double bracket
with10° +10* inside:

(4+2)x(10° +10%)
Work out the quotient in the first double bracket:
2x(10° +10%)

Use the rule of division of powers with the same base, 10* +10° = 10*” in the
(10° =10*) and simplify:

=2x10""*
=2x10'

Let us work together on this next example:
(4x10%)+(5x107")

Write itas (a+b)x (10" +10™)

Check your answer with:
(4x10%)+(5x107")
=(4+5)x(10° =107

Work out the quotient in the first double bracket:

Check your answer with:

0.8x(10° =107")

14
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Use the rule of division of powers with the same base, 10* +10° = 10*” in the
(10° +107*) and simplify:

Check your answer with:
=0.8x10""*
=0.8x10*

Since 0.8 is less than 10, write 0.8 in standard form:

Check your answer with:

0.8=8x10"

Therefore, 0.8 x10* =8x107"' x10*.

Use the rule of multiplication of powers with the same base, 10* x 10° = 10*"
,on 107 x10*.

Check your answer with:

8x107'x10* =8x10 " * =8x10°.
Activity 3

Work out the following without using a calculator:

x (@) (4x10%)+(1x107)

Activity 3

(b) 3x10*)+(1.5x107)

15
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(c) @x105]+(5x10'4)

(d) (2.4x107°)+(5x107")

(e) Given that the speed of light in air is 3x10%m /s, calculate the time in hours,
that light takes to travel 3.6x 10"’ m .

Check your performance against the given solutions; and if you are satisfied

with it continue, or otherwise review dividing a x10 "bybx10" .

ACTIVITY 3:

16



(a) (4x10%)=(1x10")

Write it as(a+b)x (10" =10™) and simplify:
(4x10°)+(1x107)
=(4+1)x(10°+107)

_ij (10°7)

=4x10%"7
=4x107"

(b) 3x10*)+(1.5x107)
Write it as(a<+b)x (10" =10™) and simplify:
(3x10%)+(1.5x107)

=(3+1.5)x(10* +107)

3 P
_ (G) x (107 7)

=2x10°

(©) (§x105]+(5x10_4)

Write it as(a +b)x (10" +10™) and simplify:

(§x105)+(5x10_4)

=(§+5]x(105 +107)
2 54

= (2—5}((10 )

=0.08x10°

Since 0.08 is less than 10, write 0.08 in standard form:
0.08=8x107"

Mathematics 12
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Therefore, 0.08 x10° =8x 1072 x10°.

Use the rule of multiplication of powers with the same base, 10* x 10 = 10*"
,on 107 x10°.

8x1072x10° =8x10 > =8x10".

(d) (2.4x107°)+(5x107")
Write it as(a<+b)x (10" =10™) and simplify:
(2.4x107°)+(5x107")
=(2.4+5)x(107° +107)

NE I

=0.58x10""

Since 0.58 is less than 10, write 0.58 in standard form:

0.58=5.8x10"

Therefore, 0.58 x10™" =5.8x107' x107".

Use the rule of multiplication of powers with the same base, 10" x 10¥ = 10*™
,on 107" x107".

5.8x107'x107"' =5.8%x10 "' =5.8x107.

(e) Given that the speed of light in air is 3x10°m /s, calculate the time in
hours, that light takes to travel 3.6 x 10" m .

Time = (Dis tan ce) + (Speed)

Time = (3.6x10”m) +(3x10°m/s)

Write it as(a+b)x (10" +10™) and simplify:
Time = (3.6x10”m) + (3x10°m/s)
=(3.6+3)+(10"m=+10"m/s)

18
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Note it!

{ﬁ)x 10'* %
3

=1.2x10%

=1.2x10%sx

Mathematics 12

lhour

3600s

12000
=———xlhour
3600

=3+hours

Key points to remember:

1.

(ax10")+(bx10™)
=(a+b)x (10" =10™)
There is still multiplication between the double brackets:

For example, (4x107°)+(8x107™)

Write it as(a+b)x (10" +=10™) and simplify:
(4x107%)+(8x107")

=(4+8)x (107 +107)

= (g] x(1077%)

=0.5x107"
Since 0.5 is less than 10, write 0.5 in standard form:
0.5=5%10"

Therefore, 0.5x107' =5x107"' x107".

Use the rule of multiplication of powers with the same base,

10% 10*=10"",on 107" x107".

5107 %107 =5%x10 "1 =5x%x1072.

19
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Lesson 4 Addition and Subtraction Of Numbers In Standard Form

Introduction

By the end of this subunit, you should be able to add numbers in standard form,
and also subtract numbers written in standard form.

This subunit is also about 5 pages in length.

Steps for adding and subtracting numbers in standard form

Addition and subtraction of numbers in standard form can be done in the
following steps:

1. Rewrite the number with smaller power of ten so that the two numbers
have the same power of ten.

2. Factorise the power of ten from the terms.

3. Work out the sum or difference inside the brackets.

For example,

2.3x%10° +4.1x10"

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

2.3x%10° =0.23x10*

Now, substitute 0.23x10* for 2.3x10% in2.3x10° +4.1x10* and factorise
the power of ten:

2.3x10° +4.1x10*

=0.23x10* +4.1x10*
=(0.23+4.1)x10*

Work out the sum inside the brackets:

(0.23+4.1)x10*
=433%10*

Let us work together on this next example:
2.3x10" —=4.1x10*

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

20



Check your answer with:
4.1x10* = 0.0041x10’

Now, substitute 0.0041x 107 for 4.1x10* in2.3x10” —4.1x10* and
factorise the power of ten :

Check your answer with:
23x107 —4.1x10*
=2.3x10" =0.0041x10’
=(2.3-0.0041)x10’

Work out the difference inside the brackets:

Check your answer with:

(2.3-0.0041)x10’
=2.2959%10’

Activity 4

Work out the following without a calculator:

ﬂ (a) 4x10°+1x10’

Activity 4

(b) 3x10* —1.5x10™"

Mathematics 12
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(c) 24x107° +5%x107

(d) Mass of the Earth is 5.978 x10°*kg and that of Mercury is3.301x 107 kg .

Calculate, in standard form, the mass difference between the planets.

(e) The distance of the Earth from the sun is1.496x10"'m and that of Neptune

from the sun is4.498 x 10" m . What is the distance between Earth and Neptune
when both are in a straight line with the Sun. (Give the answer in standard
form).

Compare your answers with those at the end of the subunit. Be sure that you
understand each answer before continuing.

m Key points to remember:

22
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Note it! When adding or subtracting numbers in standard form:

1. Rewrite the number with smaller power of ten so that the two
numbers have the same power of ten.

2. Factorise the power of ten and work out the sum or difference
inside the brackets.

You have now completed the last subunit of this unit about standard form. Do a
quick review of the entire content of this unit and then continue on to the unit
summary.

ANSWERS TO ACTIVITY 4:
(a) 4x10°+1x10’

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

4%x10°=0.4x107

Now, substitute 0.4x 107 for4x10° in4x10° +1x107 and factorise the
power of ten:

4x10° +1x10’

=0.4x10" +1x10’
=(0.4+1)x10’

Work out the sum inside the brackets:

(0.4+1)x10’
=1.4x10’

(b) 3x10° =1.5x107"

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

1.5%107" = 0.0015x10?

Now, substitute 0.0015x10* for1.5x10™" in3x10* —=1.5x107" and
factorise the power of ten:

3x10* =1.5x107"
=3x10>=0.0015x10?

23
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=(3-0.0015) % 10°
Work out the difference inside the brackets:

(3-0.0015)x10°
~2.9985x 10>

(c) 24x107° +5%x107*

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

24%x107° =0.24%x107"

Now, substitute 0.24x107* for2.4x10™ in 2.4x107 +5x10*and
factorise the power of ten:

24x107° +5%x107

=0.24x107" +5%x107"
=(0.24+5)x10™"

Work out the sum inside the brackets:

(0.24+5)x10™*
=5.24x10""

(d) Mass of the Earth is 5.978 x10**kg and that of Mercury
is3.301x 107 kg.

Calculate, in standard form, the mass difference between the planets.

Mass of Earth minus mass of Mercury:
5.978x10*'kg —3.301x10" kg

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

3.301x10”kg = 0.3301x10* kg

Now, substitute 0.3301x10** kg for3.301x10* kg
in5.978x10**kg —3.301x 10" kg and factorise the power of ten :

5.978x10*kg—3.301x10" kg
=5.978x10*kg—0.3301x10* kg
=(5.978-0.3301)x10** kg

24
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Work out the difference inside the brackets:

(5.978—0.3301)x 10 kg
=5.6479x10* kg

(e) The distance of the Earth from the sun is1.496 x10"'m and that of

Neptune from the sun is 4.498 x 10> m . What is the distance between
Earth and Neptune when both are in a straight line with the Sun. (Give
the answer in standard form).

Distance of Neptune from the sun, minus distance of the Earth from the sun:

4.498x10”m—1.496x10"m

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

1.496x10"m = 0.1496x10"”m

Now, substitute 0.1496x10">m for1.496x10"'m
in4.498x10"m —1.496x 10" m and factorise the power of ten :

4.498x10”m—1.496x10"m

= 4.498x10”m —0.1496x10”m
=(4.498-0.1496)x 10" m

Work out the difference inside the brackets:

(4.498—0.1496)x 10" m
=4.3484x10"m

Unit Summary

@ In this unit you learned that very small and very big numbers can be

written in standard form: a x 10" where a is one or a number between
one and ten; n is an integer

Summary The important rule is that the number we are multiplying by a power of

ten must itself lie between one and ten or be one:

Number Correct Standard Form Incorrect
6432 6-432 x 10° 6432 x 10°
10,500 1-05 x 10* 10-5 x 10°
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Note that values in the rows are however numerically equal!

When multiplying a 10" by bx10™ |
It is true that :

(ax10")x (bx10™)

=(axb)x (10" x10™)

=ab x10"™.

When dividing ax 10" by bx10".

It is true that :
(ax10™)+(bx10™)
=(a+b)x (10" =10™).

Addition and subtraction of numbers in standard form can be done in the
following steps:

1. Rewrite the number with smaller power of ten so that the two
numbers have the same power of ten.

2. Factorise the power of ten from the terms.

3. Work out the sum or difference inside the brackets.

You have completed the material for this unit on Standard Form. You
should now spend some time reviewing the content. Once you are
confident that you can successfully write an exam on the concepts, try the
assignment. Check your answers with those provided and clarify any
misunderstandings that you have. Your last step is to complete the
assessment. Once you have completed the assessment, proceed to the next
unit.
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Assignment

When you work on this assignment, please observe the time allocated and
show your working or a reason for your answer.

TOTAL MARKS: 25
TIME: 30 minutes

Work out the following without using a calculator:

1. Write the numbers in standard form.

(a) 234.56 (2 marks)
Assignment

(b) 0.000 203 (2 marks)

179

(¢) —
100 (3 marks)

4

ONES (3 marks)

2. Work out, without using a calculator, and give the answer in standard
form.

(@) 2x10*)x(9%10°) (3 marks)
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(b) (2.5x10*)+(8x10%)

(3 marks)
(c) 3.25x10° —=3.25x10* (3 marks)
(d) 3.25%10° +3.25x 10’ (3 marks)
(e) 3.25x10° —=1.25x10° (3 marks)

Check your performance against the given solutions; and if you scored 80% or
more, then go on to the next unit; otherwise review_section(s) on which

unsatisfactory performance occurred.

ASSIGNMENT:

1. Write the numbers in standard form:
(a) 234.56
234.56 +100=12.3456

The division by 100 moves the decimal point to the left two times.

28



Mathematics 12

Notice that 2.345 6 is a number between 1 and 10. This makes it ain a x
10".

In order to counterbalance the division by 100 you multiply 2.345 6 by
100, which is 10*. The 10 is 10" in a x 10" .

Therefore 234.56 in standard form is 2.345 6 x 10?

(b) 0.000 203
0.000 203 x 10 000 = 2.03

This actually moves the decimal point to the right four times.
Notice that 2.03 is a number between 1 and 10. This makes it a in a x 10",

In order to counterbalance the multiplication by 10 000 you divide 2.03

by 10 000, which is the same as multiplication of 2.03 by10™ . The 10 is
10" inax 10" .

Therefore 0.000 203 in standard form is 2.03 x 107™*

179
(©) 100

=1.79

1.79 is a number, in decimal form, between one and ten; so multiply it by a
power of ten which is equal to 1; thatis 10°.

Therefore % in standard form is 1.79 x 10°

(d) 794
=79.16

79.16 =10 =7.916
Dividing by 10 moves the decimal point to the left once.

Notice that 2.345 6 is a number between 1 and 10. This makes it a in a x 10".
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In order to counterbalance the division by 10 you multiply 2.345 6 by 10.
Remember that 10 is equal to 10" . The 10" is 10" in a x 10" .

Therefore 79 in standard form is 7.916 x 10'

2. Work out, without using a calculator, and give the answer in standard form.
(a) (2x10%)x(9x10%)

Write itas(ax b)x (10" x 10™) and simplify:

(2x10%)x (9%10%)

=(2x9)x(10* x10°)

=18x10*"

=18x10’

Make 18 in 18 x 107 a number between one and ten by writing it in standard
form:

18=1.8x10'
Therefore, 18x10~° =1.8x10' x107.

1.8x10"' x107 =1.8x10"7 =1.8x10%, when using the rule of multiplication
of powers with the same base, 10*x 10¥ = 10" ,on 10' x107.

(b) (2.5x10*)+(8x10%)

Write it as(a+b)x (10" =10™) and simplify:
(2.5x10%)+ (8x10%)

=(2.5+8)x (10" +10%)

= (%)x 10*7)

=0.3125x10'
Since 0.3125 is less than 10, write 0.3125 in standard form:

0.3125=3.125x10"

Therefore, 0.3125x10' =3.125x107" x10".
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Use the rule of multiplication of powers with the same base, 10* x 10 = 10*"
on 107" x10".

3.125x107' x10' =3.125x10 "' =3.125%10°.

(c) 3.25x10° —=3.25x10*

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

3.25x10* =0.325%10°

Now, substitute 0.325x10° for3.25x10* in3.25x10° —=3.25x10* and
factorise the power of ten:

3.25x10° —=3.25x10*

=3.25x10° -0.325%10°
=(3.25-0.325)x10°

Work out the difference inside the brackets:

(3.25-0.325)x10°
=2.925%10°

(d) 3.25x10° +3.25%x10°

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

3.25x10° =0.0325%10°

Now, substitute 0.0325 x10° for3.25x10° in3.25x10° +3.25x10° and
factorise the power of ten:

3.25%x10° +3.25%10°
=3.25%10° +0.0325%10°
=(3.25+0.0325)x10°

Work out the sum inside the brackets:

(3.25+0.0325)x10°
=3.2825x10°

(e) 3.25x10° —=1.25x10°
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Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

1.25x10° = 0.0125%10°

Now, substitute 0.0125x10° for1.25x10* in3.25%10° —=1.25% 10> and
factorise the power of ten:

3.25%x10° —1.25x10°
=3.25%x10°=0.0125x10°
=(3.25-0.0125)x10°

Work out the difference inside the brackets:

(3.25-0.0125)x10°
=3.2375x10°
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Assessment
@ Attempt all the questions.
TOTAL MARKS: 35
Assessment TIME: 40 minutes
1) Write 234 800 in standard form. (2 marks)
2) Write 0.000 307 00 in standard form. (2 marks)
3)  Write 911.307 in standard form. (2 marks)

4) Work out(2.1x10*)x (1.1x10”), without using a calculator,
and give the answer in standard form. (3marks)

5) Work out(2x10%)x (7x10*), without using a calculator, and
give the answer in standard form. (3 marks)
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6) Work out(1.5x10*) +(2x10’), without using a calculator, and
give the answer in standard form. (3 marks)

7) Work out(1x10*) = (2.5x10%), without using a calculator, and
give the answer in standard form. (3 marks)

8) Work out7.2x10° +3.25x10°, without using a calculator, and
give the answer in standard form. (3 marks)

9) Work out4.21x10* —1.2x10*, without using a calculator, and
give the answer in standard form. (3 marks)
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10) Mass of Neptune is approximately 1.02 x10* kg and that of

Uranus is approximately 8.68 x 10> kg . Find the approximate
difference between the masses of the two planets. (5 marks)

11) If the volume of Jupiter is1.43x10"> km® and the volume of
Saturn is8.27 x 10" km’ , what is their total volume? (5 marks)

12) The density of a substance is found by dividing the mass of the
substance by its volume. If the mass of the sun is1.99x 10> kg

and its volume is1.4 x 10" km® , what is the density of the sun,
correct to 1 decimal place? (6 marks)
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Solutions to the assessment questions:
1) 234 800 in standard form.
234 800 + 100 000 = 2.348 00

The division by 100 000 moves the decimal point, five times to the left.
In order to counterbalance the division by 100 000 you multiply 2.348 00
by 100 000, which is 10°. This 10’ is 10" in a x 10" , where a =2.348 00 .
Therefore 234 800 in standard form is 2.348 00 x 10°=2.348 x 10°

2) 0.000 307 00 in standard form.
0.000 307 00 x 10 000 =3.070 0

The multiplication by 10 000 moves the decimal point, four times to the
right.

In order to counterbalance the multiplication by 10 000 you divide 3.070
0 by 10 000, which is 10*. The division by 10* is the same as multiplying
byl10™ . This 107 is 10" in a x 10" , and a=3.0700 .

Therefore 0.000 307 00 in standard form is 3.070 0 x 10™*
3) 911.307 in standard form.
911.307 ~ 100 =9.11307
The division by 100 moves the decimal point, two times to the left.
In order to counterbalance the division by 100 you multiply 9.11307 by

100, which is 10*. This 10% is 10" in a x 10" , and a=9.113 07.

Therefore 911.307 in standard form is 9.113 07 x 10°

4) (2.1x10%)x(1.1x10%)

Write it as(ax b)x (10" x 10™) and simplify:
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(2.1x10%)x (1.1x10%)

=(2.1x1.1)x(10* x10%)
=231x10*’
=2.31x10’

5) (2x10%)x(7x10%)

Write it as(ax b)x (10" x 10™) and simplify:
(2x10%)x (7x10%)

=(2x7)x(10° x10*)

=14x10"*
=14x10*

Make 14 in 14 x10* a number between one and ten by writing it in standard
form:

14 =1.4%10"

Therefore, 14x10* =1.4x10"' x10*.

1.4x10' x10* =1.4x10"* =1.4x10°, when using the rule of multiplication
of powers with the same base, 10*x 10¥ = 10" ,on 10' x10*.

6) (1.5x10*)+(2x10%)

Write itas(a<+b)x (10" =10™) and simplify:
(1.5x10%) = (2x10%)
=(1.5+2)x(10* +10%)

1.5 43
_( 5 JX(lO )

=0.75x10'
Since 0.75 is less than 10, write 0.75 in standard form:

0.75=7.5x10"

Therefore, 0.75x10' =7.5x10" x10".
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Use the rule of multiplication of powers with the same base, 10* x 10° = 10*"

,on 107" x10".
7.5%x107"' x10' =7.5x10 "' =7.5x10°

7y (1x10*)+(2.5x10°%)
Write it as (a +b)x (10" +10™) and simplify:
(I1x10*)+(2.5%10°)
=(1+2.5)x(10* =10°)

1 4
:(2—5j x(1077)

=0.4x10"

Since 0.4 is less than 10, write 0.4 in standard form:

04=4x10"

Therefore, 0.4x10"' =4x107"' x107".

Use the rule of multiplication of powers with the same base, 10* x 10 = 10*"

,on 107" x107".

4x107"'x107"' =4x10 "' =4x107?
8) 7.2x10° +3.25x10°

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

7.2x10° =0.72x10°

Now, substitute 0.72 x10°® for7.2x10° in7.2x10°> +3.25x10° and
factorise the power of ten:

7.2x10% +3.25x10°

=0.72x10° +3.25x10°
=(0.72+3.25)x10°

Work out the sum inside the brackets:

(0.72+3.25)x10°
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=3.97x10°

9) 4.21x10* -1.2x10°

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

1.2x10° =0.12x10*

Now, substitute 0.12x10%for1.2x10° in4.21x10* —=1.2x10° and factorise
the power of ten:

4.21x10* -1.2x10°

=421x10* -0.12x10*
=(4.21-0.12)x10*

Work out the difference inside the brackets:

(4.21-0.12)x10*
=4.09x10*

10) Difference between the masses of the two planets

= mass of Neptune — mass of Uranus
1.02x10* kg — 8.68x10” kg

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

8.68x10” kg = 0.868x10* kg

Now, substitute 0.868 x10°° kg for8.68x10* kg in
1.02x10%° kg — 8.68 x 10> kg and factorise the power of ten :

1.02x10* kg — 8.68x10% kg
=1.02x10* kg —0.868 x10* kg
=(1.02-0.868)x10* kg

Work out the difference inside the brackets:

(1.02-0.868)x10* kg
=0.152x10* kg

Since 0.152 is less than 10, write it in standard form:

0.152=1.52x10""
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Therefore, 0.152x10* kg =1.52x107" x10* kg

1.52x10""* kg =1.52x10" kg .

11) Total volume

= volume of Jupiter + volume of Saturn

1.43x10" km’ + 8.27 x10" km®

Rewrite the number with smaller power of ten so that the two numbers have the
same power of ten:

8.27x10" km® = 0.827 x10" km’

Now, substitute 0.827 x 10" km* for 8.27 x 10" km*
in1.43x10" km® + 8.27x 10" km® and factorise the power of ten :

1.43x10" km® +8.27x10" km®
=1.43x10" km’ +0.827 x10" km’
=(1.43+0.827)x10" km’

Work out the sum inside the brackets:

(1.43+0.827)x 10" km’
=2.257x10" km®

=2.26x10"km’ ,correct to two decimal places.

12) Density = mass + volume:

Density =1.99x10” kg +1.4x10" km’
Write it as(a+b)x (10" =10™) and simplify:
(1.99x10°°) =+ (1.4x10' kg / km’
=(1.99+1.4)x (10 +10" kg / km®

_ (%) x (10" kg / km®

=1.4x10" kg / km” to 1 decimal place.
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Unit 12

Sequences

Numbers can form interesting patterns.

Given the numbers 1, 2, 3, 4, 5, how can you say they are related?

- These are the first five counting numbers.

- To go from one term to the next, you add 1, every time.

You are also given the numbers 2, 4, 8, 16, 32, how can you say they are related?

- These are some of the positive numbers.

- To go from one term to the next, you multiply by 2, every time.

We say these numbers have formed patterns.

These patterns are called sequences.

A sequence may not go on forever. This is a finite sequence.

1, 2,3, 4,5 is a finite sequence.

A sequence may go on forever. This is an infinite sequence.

2,4, 8, 16, 32, is an infinite sequence.

In this unit we are going to do work on sequences.

This unit consists of 54 pages. This is 2% of the entire course, so plan your time
accordingly. As reference, you will need to devote 15 hours to work on this unit, 10
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hours for formal study and 5 hours for self-study and completing
assessments/assignments.

This Unit is Comprised of Three Lessons:

Lesson 1 Arithmetic Sequence
Lesson 2 Geometric Sequence
Lesson 3 Sigma Notation

Upon completion of this unit you should be able to:

= find the common difference for arithmetic sequences;
= find the common ratio for geometric sequences;

= find missing numbers in a sequence of number patterns;

Outcomes , . .
= determine the n™ term of an arithmetic sequence;
= determine the n™ term of a geometric sequence;
= solve practical problems involving number sequences;
= Interpret and apply the Sigma notation;
= find the sum to infinity of a geometric sequence using the formula.
FTCH Sequence: An ordered list of numbers which follow a certain
m rule.
_ Term: Each of the numbers in a list forming a sequence.
Terminology

Arithmetic sequence: A kind of a sequence in which the difference
between any two consecutive terms is a constant
value.

Geometric sequence: A kind of a sequence in which the relationship
between any two consecutive terms is a constant
ratio.

Online Resource

I’:S http://www.hippocampus.org, - LD~BaX |.

If you can get on the internet please utilize the resources at www.hippocampus.org. It is
an excellent source of information for mathematics and the topics discussed in this unit.
Here you will find:

e Presentations
e Simulations
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Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Arithmetic Sequence
At the end of this sub-unit you should be able to:
e find the common difference for the arithmetic sequences.
e find missing numbers in a sequence of number patterns.

e defermine the n-th term of an arithmetic sequence.

What special patterns do you notice in the following sequences of numbers?

2,4,6,8,10
4=2+2
6=4+2
8§=6+2
10=8+2

To go from one term to the next, we added 2 every time.

We can also relate these numbers this way:

4=2--2
6=4--2
8=6--2
10=8--2

To go from one term to the next, we subtracted -2 every time.
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-4,1,6,11,16
1=-4+5
6= 1+5
11=6+35
16=11+5

To go from one term to the next, we added 5 every time.

We can also relate these numbers this way:

1=-4--5
6= 1--5
11=6--5
16=11--5

To go from one term to the next, we subtracted -5 every time.

These are examples of arithmetic sequences. A sequence is said to be arithmetic if
going from one term to the next is by always adding or subtracting the same number.

Sequences follow a certain rule.

In the sequence 2, 4, 6, 8, 10, the rule is: start at 2 and continue to add 2.

In the sequence -4, 1, 6, 11, 16, the rule is: start at -4 and continue to add 5.



Mathematics 12

What is the rule for finding the next term in each of the following
sequences?

Activity 1

(@) 1,2,3,4,5..
(b)2,5,8, 11, 14...
(c)3,7, 11,15, 19...
(d) 6, 11, 16, 21, 26...
(e)17,13,9,5, 1...

(f) 34,29, 24,19, 14...

(h) 11,4, =3, —10, -17...

Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

Answers

(a) The rule is: start at 1 and continue to add 1 or continue to subtract -1
(b) The rule is: start at 2 and continue to add 3 or continue to subtract -3
(c) The rule is: start at 3 and continue to add 4 or continue to subtract -4
(d) The rule is: start at 6 and continue to add 5 or continue to subtract -5
() The rule is: start at 17 and continue to subtract 4 or continue to add -4
(f) The rule is: start at 34 and continue to subtract 5 or continue to add -5
(g) The rule is: start at 28 and continue to subtract 8 or continue to add -8

(h) The rule is: start at 11 and continue to subtract 7 or continue to add -7
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The set of counting numbers forms the simplest arithmetic sequence. 1,2,3,4,5,

1, the first term may be labelled ¢,

2, the second term may be labelled #,
3, the third term may be labelled #;
4, the fourth term may be labelled #,
5, the fifth term may be labelled 75

6, the sixth term may be labelled #4

Therefore, any two successive terms may be represented as

t,and f,4q (oras i,_4 and )

For example,

1 2 3 4

t 15} 13 1y
tr+1 141 1341

or

1 2 3 4

1 %) 13 14

1. 3.4 1y

Example 1

What is the common difference in the sequence 4, 9, 14, 19...7

Solution

gm a'g—a'lwherez"l- g m

- =i

— C
— J
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Activity 2

Example 2

a) What is the common difference in the sequence 8, 5, 2, —

Solution

oy =1y
m=-F

Find the common difference for the following sequences.
() 1,3,5,7,9,

(b)5,9,13,17,21....

(c) 12,23, 34, 45, 56...

(d) 4, 26, 48, 70, 92...

(e)17,13,9,5,1...

(f) 28, 22, 16, 10, 4...

(2)33,22,11,0, —ii...

Mathematics 12

4
1,...7
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Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

Answers
@) dm fop=fy
mE -1

m 3
(€) i m ba=1iy
mlE - 17
=—4
Hdmep n
m 15 =23

[=)

(g dmpy=1y
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m=11

(h) dmgg =1,
=T —
m=1%

In these arithmetic sequences, the common difference is found by
finding the difference between any two consecutive terms. Therefore,

Common difference (d) = 2" term - 1* term, or, 3" term — 2™ term, or
4™ term — 3" term and so on and so forth

dw =8, grdm tg =1t 0r,dwmt; =t soon and so forth.

Note it!

From the above, in general,
Common difference (d) =t,—t,,
or d=t,—t,

Note that d may be positive or negative depending on the
sequence.

Finding the n® term in an Arithmetic Sequence

It is not always easy to see what the next terms of a sequence are. In this section we are

going to develop a general form that makes it possible to find the %% term of any
arithmetic sequence.

Consider this example of an arithmetic sequence:

2 5 8 11 14 ..

If you were asked to find the 100" term (t100), how would you go about?
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Let us look at the possible ways of finding the solution to this task.

One way of doing it is to find the common difference, then adding it from the first term
up to the 100™ term.

However, adding 3 to each term up to the 100™ term is likely to be a very long and
tiring job.

Let us look at the other ways to find the 100™ term in this sequence.

Consider the same sequence written in a different way like this:

2 5 8 11 14
1* term 2™ term 3" term 4™ term 5" term n® term
2 2h1lnd | 24243 | 28X | 2+4KE

Notice that a pattern is formed here. 2 is always added to 3 times one less than the
number of the term.

That is,

The first term is 2: to get 2, add 2 to 3 times 1 minus 1,
2+3(1-1)=2+3(0)=2

The second term is 5: to get 5, add 2 to 3 times 2 minus 1,
2+32-1)=2+3(1)=5

The third term is 8: to get 8, add 2 to 3 times 3 minus 1, ...
2+3B3-1)=2+32)=8..

So the 100" term would be:

Add 2 to 3 times 100 minus 1

d+92xEwmd+ 297 m J90

Therefore for this sequence, the n™ term (t, ) is always

fem 2+ 3{n=-1)

Where, 2 is the first term (t;) in this sequence,
3 is the common difference (d) of the sequence

n is the position of the term.

10
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Note it!

The rule for finding the ™ term in an arithmetic sequence is

t,=t; +dn—1)

where t; is the first term and d is the common difference.

Mathematics 12

11
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X

Activity 3

1. Write the formula for the #™ term (t,) for the following arithmetic
sequences:

() 6,9, 12,15, ...

(b) 19, 15, 11, 7, ...

2. Find the indicated term in the following arithmetic sequences.

(a) 2,5,8,11, ¢

=

(b) 24, 19, 14, 9, £4y

(¢)3,—1,—5,—9, I3

12
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Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

Answers

1.
() cf m £ =t
= if-12
=3
tmE
Therefore, &, m 6 + B{x = 1)

(b) dm fy=1ty
mll=15
=—4

Fml®

Therefore, f, m 1% = &4 = 1)

(dmey smm, ;= 1

3'1 =

LA E S

Therefore, £y m E- L =12

fym 2 and 1p m 3i
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therefore,

by = 2+ B(EQ =13

m 148
b)dme; @3
m G- 1d

by = 3k and o = Z0

therefore,
Fgl:. m G- 5*?2'21 — '.}

=-71

t,mFandnmld

therefore,
fpgm B—d{13—=1)
m =f

The method of finding the ™ term using ¥, = £; + d{71 = 1) works for sequences of
the form y = mx + c. If the sequence is not of this linear form, this will not work.
Therefore, let us look at the method which can be used for other types of sequences.

This means when you put the values of a, b, and c in.



Up to now, you have been introduced to ways of finding the terms of an arithmetic

sequence.
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Writing a sequence given the 1* term and the common difference, d.

So far we have worked with given sequences. In this section, we are going to write a
sequence given the 1* term and the common difference.

Example 1

Write down the first five terms of a sequence with £; m 7 and & m §

Solution
1 term 2™ term 3" term 4" term 5™ term
7 7+5 12+5 17+5 2245
7 12 17 22 27

Therefore the first five terms in this sequence are 7, 12, 17, 22, 27...

Example 2

Write down the first six terms of a sequence with £; m 20 and g wm =4

Solution
1 term 2™ term 3" term 4" term 5™ term 6™ term
20 |20+-4 16 + -4 12+ -4 R + -4 4+-4
20 16 12 8 4 0

Therefore, the sequence is 20, 16, 12, 8,4, 0...
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Write the first five terms of an arithmetic sequence if:

X

Activity 4

Logy w13 g o m =

2. wmiggnddmi

Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

Answers
1.

1* term 2™ term 3" term 4™ term 5" term
13 13+-4 9+-4 5+-4 1+-4
13 9 5 1 -3
Therefore the first five terms of this sequence are 13,9, 5, 1 and -3
2.
I* term 2" term 3" term 4™ term 5" term
6 6+5 11+5 16 +5 21+5
6 11 16 21 26
Therefore, the sequenceis 6 11 16 21 26
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The Sum of the first » terms of an Arithmetic Sequence

Addition of terms in a finite sequence having, say, 6 terms may not be much work.
When many terms are to be added, say 2011 terms, a lot of time and effort will be
required to do that.

Fortunately there is a way of findings sums of n terms in an arithmetic sequence.

Let us look at the first three terms of the sequence,
710, 110, -490, ...

You should note the following: the second term 110 is the middle term. Why? First, it
occupies the middle place of the three terms. Second, it lies halfway between 710 and -
490. They are shown on the number line below:

7100 110 -440

Note that if you add

710+ 110 +-460 = (110 - 600) + 110 + (110 + 600)
=3x110
=330

Check if this is true for any arithmetic sequence.

In all arithmetic sequences, the sum of three successive terms is

3 x middle term.

In general, the common difference is denoted by d and the middle term is denoted by t,
he first term is t — d and the third term is t + d. Therefore, their sum can be written as,

(t—d)+t+(t+d)y=>3t

What is the relationship between the sum of the first term and the last term?

17
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£

Note it!

The sum of the first term and the last term in the odd sequence is two times bigger than
the middle term of the sequence. Therefore, the middle term is half the sum of the first
and the last term.

When this is translated into algebraic expressions, it becomes

t=2ia+1)
Where, a is the first term and / is the last of the three terms.
We have,

Sum of three terms ( S; ) = 3t

Now substituting for t you get
_ 1.,
S;=3x T 1T, li:»'

In general, the sum of any number » of the first terms of an Arithmetic sequence

S=3(e+1)

Remember, that the n™ term

t,2=a+dn-1).

Hence, | mg  df{n=17
Substituting / in S, to get

Sa =%¢:ﬂ g din=1))

=2(Za+din=1))

&

Sn =7 (24 +d(n - 1))

The formula 5, m ={2g + ¢{n = 1)} can be used to find the sum of any
arithmetic sequence for any number of terms.

18
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Where 7 is the number of terms whose sum is required
a is the first term

d is the common difference

1. Find the sum of the first 30 even numbers,

2,4,6, ..,

Activity 5

2. Use the general formula to find the sum of

1+2+3+...+50

3. The first three terms of the Arithmetic sequence are 6, 10, 14,

Find the common difference, the 20" term and the sum of the
first 32 terms.

Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

19
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Answers

L Su= SRR +2(30 = 1)
=15(4+2(29))
= 15(62)
= 930

2. Sso= (1) +180 =D
= 25(2+49)
=25(51)
=1275

3. Common difference = 4

tho= & = 20 =1} =82

Sy =2 (2(8) + 422 - 1))
= 16 (12 +4(31))

16 (12 + 124)

=16 (136)

=2176

4. The first three terms of the Arithmetic sequence are 6, 10, 14, ...

Find the common difference, the 20™ term and the sum of the first 32
terms.

Key Points to Remember

The key point to remember in this subunit on arithmetic sequence are:

20
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1. To get the next term you add or subtract the same number called a
common difference.

2. Common difference is found by finding the difference between any
two consecutive terms.

3. Finding the n term in an arithmetic sequence is done by using the
formula, &, = §; +d{n = 1),
where t; is the first term and d is the common difference

and 7 is the position of the term.

4. J;m g-::Eﬂ 4 @i = 1)) is used to find the sum of any arithmetic

sequence for any number of terms.
Where 7 is the number of terms whose sum is required, a

is the first term and d is the common difference.

You have now completed the sub-unit of arithmetic sequences, do a quick review of the
entire content of this sub-unit and then continue on to the next sub-unit of Geometric
sequence.
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Lesson 2 Geometric Sequence

At the end of this sub-unit you should be able to:
e find missing numbers in a sequence of number patterns;
e find the common ratio for geometric sequences;
e determine the n™ term of a geometric sequence;

e find the sum to infinity of a geometric sequence using the formula.

What special patterns do you notice in the following sequences of numbers?

1,2,4,8, ...

2=1x2
4=2x2
8=4x2

After the first term, each successive term can be obtained by multiplying the previous
term by 2.

We can also relate these numbers this way:

2=1+%
4=2+14%
8=4+ 1

After the first term, each successive term can be obtained by dividing the previous term
by 7.

22
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This is an example of a geometric sequence. A sequence is said to be geometric if
going from one term to the next is by always multiplying or dividing by the same
number.

Example 1

Write the missing number in the sequence 3, 6, 12, , 48,96, ...

Solution

1 term | 2"term | 3“term | 4% term | 5" term | 6" term

3 3x2 6x2 12 x2 24 x 2 48 x 2

Therefore the missing term is 24.
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X

Activity 6

1. Write the missing number in each of these sequences.

(a) 7,28, 112,

(b) 108, 36, 12,

(c) 250, 50, , 2.0

2. What is the rule for finding the next term in each case?

(2)

(b)

(c)

Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

Answers
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1. (a)448 (b) 4 (c) 10

(a) start at 7 and continue to multiply by 4

(b) start at 108 and continue to multiply by %

(c) start at 250 and continue to multiply by é

The ratio between any two successive terms is always constant as you have seen in the

above sequence. This is called a common ratio.

To find the common ratio (r) we say

1w Py P T @0, P Py
Where, t,, is the n™ term
r is the common ratio of the sequence

n is the position of the term.

25
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X

Activity 7

1. Find the common ratio for each of the sequences given below.
(a) 3,6, 12, 48, 96, ...

(b) 7,28,112,

(c) 108,36, 12,

(d) 250,50, ...

Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.

Answers

a) r=t, vty
:§-2

b) r===4

26



Finding the ﬂm‘ term in a geometric sequence

Let a; be the first term in a geometric series.

Let a, be the n™ term in a geometric series.

Mathematics 12

The common multiplier, which is also called the common ratio, is denoted r.

Here are the first six terms:

1¥term | 2"term | 3“term | 4" term | 5" term | 6" term
a; a az ay as ap
ay aqr Qr ar ar asr
(arr)r | (a r2) r | (a r3) r | (a r4) r
a P a = aj r aj r

You should notice the relationship between the position of the term and the exponent.

The exponent is one less than the position of the term.

This observation allows us to write the n™ term as follows:

a,_a; -1

where a; is the first term and r is the common ratio.

Example 2

Find the 10™ term for the geometric sequence below.

5,15, 45,135, 405,

Solution
r=15+5

31:5

a,_a; " — !

27
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10 1
djp=a1r —

a;p-5 X39

@ The rule for finding the n™ term of a geometric sequence is
t, = tyr™ L

Note it!
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X

Activity 8

1. Find the n™ terms for the following sequences.

(@) 1,4,16,64, ...

(b) 4,12, 36, 108, ...

(c) 500, 100, 20, 4, ...

2. Find the indicated term in the following sequences.

(a)3,6,12,24, ..., i14

(b) 2, =10, 50, =2EQ, ..., 15

(c) 256, 64, 16,4, ..., t,

Compare your answers to those provided at the end of this subunit. Pay particular
attention to any mistakes that you made and clarify those misunderstandings.
Answers

La)rmpa+iy
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#y = ] therefore,

w10 gl

b) rm fy + i

1y = i therefore,

o w31

C)'P‘-FE'FPE

P
W —
100

el e

ty w BQQ therefore,

b JEO0 % (E}H'l

2. a) fya m BO7Z
b) fpm b€ JbU

1

The sum to infinity of a geometric sequence using a formula

In the previous sections, you learned how to find the common ratio and how to
determine the #™ term of a geometric sequence. In this section you will use them to
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help you find the sum of a geometric sequence to infinity. This means going on and on
without ending.

The common ratio (r) is found by using

-—_—
inml

The #™ term is found by using

£, m fypni

Now, let us introduce the symbol S, to represent the sum of the geometric sequence.
So
S m @b ar dart 4 ard b gpiel (1)

Multiply (1) by r to get:

TS m @ ard b ard b art 4k ar® )

If you subtract (1) from (2) you get,

1S, mGr b are b ard fart e Lk ard

T m @b ar b art o grd dod gpiml

=3y —art=g
Equating LHS = RHS to get:

Which simplifies to:
Tefo= 1) mafrsl)
Dividing by (r — 1) to get:

ol plimg?

| |
T =—

If you subtract (2) from (1) you get:
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Note it!

Fm @t @ et o @rd et gl

15, m g b ars b @l bogrf b gt

S—H-rlﬂj—n :ﬂ-ﬂ?’ﬂ

Which simplifies to:

Fpfl=r) ma(l=1%)
Dividing both sides by (1 — 1) to get:

O el
$ m E']l i
i Lo

STl (typel)

]

This is used when the common ratio (r) is greater than 1 and positive.

5, m A2 (type 2)

Lo

This is used when the common ratio (r) is less than | or is negative.

One more thing to note in relation to type 2 equation is that when number of terms (7)
in a sequence is very great, we say that n approaches infinity(co).Under these

circumstances , the term #* will result in a value which is very near zero (we say the

value of ™ approaches zero).

These expressions are written as n— o and #™ — 0.

This means that:

S . m @id=i

Lo

T W —

Which is the type 3 equation.
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To find the sum 5, to infinity you use the Type 3 equation.
When you use the Type 3 equation, you need to have any two of the following three:
the first term of the sequence q,

the common ratio r or

the sum of the sequence ...

As you did when changing the subject of the formula, you can find any of the three ( a,
ror S,) if you know the other two.

Let us go to the example below and see how this works.

Example 3

Find the sum to infinity of this geometric sequence.

|I.'|

il | o
|l
13
1
-
r
|£|"l

Solution

Remember, the sum to infinity is found by using the Type 3 equation:

[
Sﬁ - L

g
a. Value for first term =
4 .
_Goayi_1
Valueforr—-:ﬁ—ﬁ?';E—.5

Substituting into equation type 3

i s e
Sﬁ-?i-:--i--EK,E-
g

&

i
i
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Find the sum to infinity of these geometric sequences.

1 -1
Activity 9 @ 5,-1,z.5,
(©) 9,-6,4,—, ...

Answers

Remember, the sum to infinity is found by using the Type 3 equation:

7
T Lo

(a) Value for first term =5

(=3

Value forr =

I'JI|

Substituting into equation type 3

(b) Value for first term =9

A

Value forr = %

Substituting into equation type 3

¥ 7 g &F
SE-IT%:-?-';KE-?
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Key Points to Remember

The key points to remember in this sub-unit on geometric sequences are:

1. To get the next term you multiply or divide by the same number called a
common ratio.

2. The rule for finding the n™ term of a geometric sequence is

t, =™t

3. The formulae used to find the sum to infinity of a geometric
sequence are

el
s,mEZH (typel)

This is used when the common ratio (r) is greater than 1 and positive.

SomEET (type)

This is used when the common ratio (r) is less than 1 or is negative.
Tem==(type3)

This is used when there are many number of terms (#) in a sequence .

You have now completed the sub-unit on geometric sequences. Go back to the
beginning of the sub-unit and carry out a quick review of the entire content. Only if you
are confident that you have mastered the material should you continue on to the next
sub-unit on Sigma notation.
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Lesson 3 Sigma Notation

At the end of this sub-unit you should be able to:

o Interpret and apply sigma notation.
There are eight pages in this subunit.

In the previous sub-units of this unit you have found an »" term for a number of
sequences. The n™ term makes it easy to find the next term from the preceding term.
Sometimes we need to find the sum of many terms of an infinite sequence. In order to
write the sum in an easy way we use the sigma (summation) notation.

For example, if the infinite sequence is:

ﬂl,l 2:,1 RE,I 1 R;IH i
We use the symbol:

K
fiy
=k
to represent the sum of the first & terms.

The summation in general is:

13

Zﬁﬁ-ﬂl'f'ﬂ:'f'ﬂﬁ'"' |||+ﬁ'-ilil=

LB

where the Greek letter sigma >, means “the sum of” and the symbol .. represents the
n™ term of the sequence. The terms will start at:
m=lten=—=~

Sigma notation simply means summation notation (the sum of the following terms). In
other words, the sigma symbol is a shorthand way of representing the sum of a
sequence.
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Note it!

= To write a sum in Sigma notation, try to find the »™ term of the
sequence first.

= The first term can be obtained by setting n=1, the second term n=2
and so on.

Rules for use with sigma notation

There are a number of useful results that can be obtained when using Sigma notation.
Example 1

Suppose we had a sum of five constant terms. The sum can be written easily in sigma
notation as follows for the constant term 3.

This summation is short and easy, but if you write it out in full you generate a general
result that is useful in solving similar problems. Let us do it in the solution below.

Solution

If we write this out in full we get:

&
ZE-E+E+E+E+E

nEl
w3
=15

Therefore, in general this can be written as:

k
ZL‘=L‘+L‘+L‘+“-+L‘=HC
n=1

Where c is a constant and k is the number of term in the sequence.

Example 2

37



Suppose we had the sum of a constant time »

iﬁn

mEl

Mathematics 12

As in the above example, if you write out this sum in full, you get a general result that
can be used for similar problems. Let us look at it in the solution below.

Solution

B
Z_En-{ﬁn'l}-b{ﬁ X 2) (8 % 5) -+ (8 x4 + (3 % B}

wEl

m3{l+2+3+q+E)

m3xlE
m 4F
The result can also be equal to:
]
Bi+2e8rerHmE) n
N

Therefore:

g F]
Zﬁn = 321&
=T ]

In general we say that:

k K

thn = (ZH
=1

n n=1

Example 3
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Suppose we had a sum of #z plus a constant. As in the examples above, the sum can be
written in full to get:

"
D ek T Lok T (2T (8 T) o (b T)

ST LR

mi{lt2+5+4) =@ =T

w10+ 38
m 38
The result can also be equal to:
%
':sw?}+-:1+2+a+sa}-csw?}+2n
wl
Therefore:
u u

Zn-b ?-{w?}-an

In general we can say that:

K K
ZH+¢=H¢+ZH
n=1

n=1

Now, let us apply the general results in the next activity.
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Activity 10

1. Find the value of
a)

T

nml

b)
.

pX:

=T Ted

2. Find the value of
a)

&
Z'J.E’F}.

Mathematics 12
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3. Work out

4. Work out

i{ﬁn -2

wlT

5. Work out
e

Mathematics 12
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Answers

1.a)

T
Z%-&.‘ﬂ?
it Ul

= 20

b)

]
Z$-$+ B+ 8
s

= 2%
©)

13
Z'J.E-'lﬁtn'ls

FL LR

= 150

2.a)

& &

ZLHH - iEZ';a- 12€1 2 B o B o )
L] ]

=12 x3l
=252
b)

Z{-m--zzin--2€1+2+3+&-+5+5+?+$}
]

mu
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m =3 X 56
=—-72
3.a)

3 3
Zn+24:3x24 +Zn
n=1 n=1

=72 + (1+2+3)
72+6

= 78

b)

5 5

Zn—5= Twx—=5 +Zn

n=3 n=3
=-35+(3+4+5+6+7+83+9)

m =35 +d4d

_ 7
=/

4.

1& 1a
Z-:an- 2 = Z{a T =2)
il il

Mathematics 12

mi® 4194+ 19+19 4184129+ 19 412412 +19+ 19+ 19

wm 21

The solution can also be written like the following.

12

Zﬁ{n-:}-i{a T =2)

m 19 %12

m 226
5.
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& &

el o 1) 161 17
G T g d

Il
e | b

421

The solution can also be written like the following,

g

Eh iy
n{ﬂ-ﬂ}_ 1£1+13-5n=-5
Z F' Z F' i
L na

You have now completed the last sub-unit of this unit on Sequences. Do a quick review
of the entire content of this unit and then continue on to the unit summary.
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Unit Summary

/7

Summary

In this unit you learned that:

e For arithmetic sequences, the common difference is found by
finding the difference between any two consecutive terms.

. Common difference (d) = t,—t,
(ord=ty1—ty)

e The rule for finding the »™ term in an arithmetic sequence is:

fompy + :i.f{'?}.— 'l},
where t; is the first term and d is the common difference

e The rule for finding the »™ term of a geometric sequence is:

b m il

e To write a sum in Sigma notation try to find the n™ term of the
sequence.

e The sum to infinity of a geometric sequence is found by using the
formula:

7
B —
Jop - —

You have completed the material for this unit on Sequences. You should now spend

some time reviewing the content in detail.

Mathematics 12

Once you are confident that you can successfully write an exam on the concepts, try the

assignment. Check your answers against those provided and clarify any
misunderstandings that you have.

Your last step is to complete the assessment. Once you have completed the assessment,

proceed to the next unit.
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Assignment

Instructions
1. Answer all of the questions.
2. The marks for each question are shown.
3. Calculators may be used.

4. Show all the necessary working.

Total marks = 64 Time: 1hr 30 minutes

Good luck!

1. Given the following sequences,
a. 3,7,11,15,19, ...
b. 8§, 15,22,29,36, ...
c. 30,25,20,15,10, ...

Find the following for each sequence.

i. The common difference (6)

ii. The rule for finding the next term 6)

46



iii. The next two terms ( 6™ and 7™)

Mathematics 12

(6)

iv. Write the n™ term of the sequences. (6)

2. A sequence of equilateral triangles is made by placing them side by side as

shown below.

1 2

Number of triangles Perimeter
1 3
2
3
4
5

i.  Complete the table. @)
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ii.

iil.

3.

Write the #n™ term for the perimeter.

Write the 10™ term for the perimeter.

Given the following sequences,
2,6,18,54, ..

b. 2,-4,8,-16, ...

3,15, 75,375, ...

a.

c.
d.

2 4 6
a, ax’, ax’, ax’, ...

i

il.

iil.

The common ratio.

The rule for finding the next term.

The next two terms (5™ and 6™).

Mathematics 12

@

2

®)

®)

®)
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iv. Write the n™ term of the sequences.

Model Answers to the Assignment
1.
i. a4 b) 7¢)-5

il. a) start at 3 and continue to add 4
b) start at 8 and continue to add 7

¢) start at 30 and continue to subtract 5

iii. a)23,27
b) 43, 50
c)5,0

iv. a)3+4(mn-1)
b) 8+ 7(n—1)
c) 30+ -5(n—1)

ii.  3,4,5,6,7,
ii. 3+@m-1)
iv. 10" term t=10+2=12

ii. a)3
b) -2
c) 5
d) x*

il.  a) start at 2 continue to multiply by 3
b) start at 2 continue to multiply by -2
c) start at 3 continue to multiply by 5
d) start at a continue to multiply by x*

Mathematics 12
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iii.  a) 162,486
b) 32, -64
¢) 1875, 9375
d) ax®, ax"’
iv. a)203)"!
v 2(-2)"!
c) 305"

d) axz(n— 1)

Mathematics 12
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Assessment

Instructions
@ 1. Answer all of the questions.

sessment .
As 2. The marks for each question are shown.

3. Calculators may be used.

4. Show all the necessary working.

Total marks = 22 Time: 30 minutes

Good luck!

1. Write down the next two terms in the sequence.

a. 12,11,9,6, ... @)

b. 4,9,16,25, ... 2)

i. Write down the n™ term for the sequence in (b)

@)

2. Write down the first six terms of the sequence whose first term is 3 and
common ratio is 4. (6)

Mathematics 12
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3. Ifthe first term in a Geometric sequence is 2 and the 4™ term is 54, what is the
common ratio? 2)

4. If the first term of the geometric sequence is 37, and the common ratio is 3.

Find the #™ term. 3)

e 2.8 3
5. Find 5, of the sequence 15’15 Taoe 5)
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Model Answers to Assessment

1.
a. 2,-3
b. 36,49
i o w10
2. 3,7,11,15,19,23
3.
Sdm 2@
27 mpd
I=r
4. fpm 3?{3.}“'1
5. S m i__

Value of a = =

103
= e 1
Tue Of 1 m o e 3¢ 2HE g 2
Value of " m E'm&" BT
Substituting,
I
T=min

F --ﬂ&-i---i--i?ﬂﬁ-i
e ol ? e O A
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Unit 13

Ratio and Proportion

Introduction

While studying mathematics at the junior secondary level, you learned how to:
e compare like quantities by ratios,
e find missing quantities in a ratio, and
e compare unlike quantities by rates.

You also did some work on direct and indirect proportion. Proportion is used
with quantities that are seemingly unrelated.

In this unit, we are going to continue work on ratio, rates, and proportion. Have
you ever thought of why ratios, proportions, and rates are important?

Let us look at the following situations:

e Ifyou have ever travelled by public transport, you have definitely paid
the bus or taxi fare.

e Ifyou have ever bought groceries for your family, you have definitely
paid the money for each item you buy.

e [fyou have attended a party or feast and helped in the preparations,
especially food preparations for the guests, you probably diluted some
kind of concentrated drink.

e Ifyou have ever been involved in building a house, you will definitely
need the knowledge from this unit.

These are some examples where the knowledge of how to use ratios,
proportions, and rates can help you make informed decisions in everyday life
especially in commercial math (unit 9).

This unit consists of 45 pages. This is 1% of the whole course, so plan your
time accordingly. As reference, you will need to devote 15 hours to work on
this unit, 10 hours for formal study and 5 hours for self-study and completing
assessments/assignments.

This Unit is Comprised of Three Lessons:

Lesson 1 Ratios
Lesson 2 Rate
Lesson 3 Proportion

Upon completion of this unit you will be able to:
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= divide a quantity in a given ratio;
» jncrease and decrease a quantity by a given ratio;

»  calculate average speed,;

Outcomes . . . D
= formulate equations from direct and inverse proportion situations, and
use these equations to solve for one quantity if given others;
= apply the ideas and notation of ratio, proportion, and rate to practical
situations.
TR Ratio: The comparison of two or more like quantities,
m that is, quantities measured in the same units.
Rate: A special type of ratio that is used when
Terminology comparing quantities measured in different units.
Proportion: Statement of equality between two ratios or rates.
Online Resource
I-Ehttp:ﬂwww.hippocampus.org.r'-“ L~EBarX |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for mathematics
and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Ratios

In Lesotho, children are often given sweets or another treat when visitors come
to their homes or when they accompany their elders to visit another household.
Sometimes, the sweets must be shared among a number of children. When I
was growing up, we had to share everything, usually with the biggest portion
going to the youngest and so on all the way up to the eldest. Often, the eldest
child got only a small share or nothing at all.

I also felt this was terribly unfair, except while I was the youngest. But at the
time, I didn’t understand mathematics. The fairest and most common way of
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sharing would be to use a ratio to divide the sweets. How do we do this? Keep
your eyes open for the answer down below.

At the end of this subunit you should be able to:
e define the term ‘ratio’;
e write a ratio in fraction form;
e present examples of how ratios are used in everyday life;

e divide a quantity in a given ratio.
There are 6 pages on this sub-unit on ratios.

Simple Ratios

Do you remember how to do fractions from your previous studies? If not, this
example might help to revise these concepts.

Imagine that you have gone to your neighbour’s house and a peach pie is
brought out to share among everyone there. One family has four members, the
other family has three members. Each member is to get an equal share.

The first step here is to find how much is going to be shared
One pie

The second step is to find how many shares are needed. The total number of
people who are going to be sharing the pie is the sum of the members from the
two families:

4+3=7

So, we need to cut the pie into seven equal slices so that each person gets an
equal share. We can say that the pie has been cut up in proportion to the
number of people who will be sharing it. If we compare the slice that each
person gets to the whole pie, this can be shown as:

% , which can also be written as 1 : 7.

1 is the first term of the ratio and 7 is the second term of the ratio.

Other relationships could also be expressed as ratios. For example, if we had a
bag full of pies of different flavours, we could show the ratio between one
flavour and another using a ratio.

A ratio expresses a relationship between two or more like quantities.

When we say ‘like quantities’, we mean things that are alike in some way. In
order to have a ratio, the quantities of the two things must be expressed in the
same unit of measurement. If you need to revise this concept, go back to Unit 1
of this course and read through the materials again.
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Example

Bohlokoa has three apples and two oranges; these can’t be compared directly
with each other in a ratio because they are different things. Apples are not
exactly the same as oranges — they are not ‘like quantities’.

However, if we think of them as two different types of the same thing — fruit —
then a comparison can be made in the form of a ratio.

3 apples (fruit) compared to 2 oranges (fruit)
Which can also be written as % or3:2

In our everyday life we make a lot of comparisons. If there are 16 orange trees
and 12 guava trees in an orchard, then the ratio of orange trees to guava trees is:

16

12
However, ratios need to be reduced to their simplest form. To do this you use
the same process that you learned for simplifying fractions. You look for

common factors and divide the terms both above and below the line by the
same factor.

In this example, the figures both above and below the line can be divided by a
factor of four. So, when this operation is complete our ratio looks like this in its
simplest form:

g , which can also be written 4 : 3

Ratios with more than two parts

Let’s go back to the example of building a house, which usually involves
mixing cement, sand and gravel to make concrete. However, depending on
what the concrete will be used for, the amount of each ingredient can be varied
in the mix. If you look at the instructions on the back of a pocket or bag of
cement you will see a table of numbers similar to the one below (the numbers
may differ from one brand of cement to another):

Purpose of mix Cement Sand Gravel
Home concrete 1 1 1
3= -
2 2
Medium strength 1 i i
%3 %3
Reinforced concrete 1 2 2
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Watertight concrete 1 i i
'3 '3

Mortar for bricklaying and 1 6 -

plastering

Brick and block mix 1 8 -

The numbers inside the table show the amounts of each material used to make
concrete for different purposes. The numbers have been compared to help the
builder mix the concrete correctly. If you use a shovel to measure, then you will
use one shovel of cement and six shovels of sand to make mortar.

If you use a wheelbarrow to measure, you will use one wheelbarrow full of
cement and six wheelbarrows of sand to make mortar. Notice that, when we say
‘like quantities’, we mean the same units of measurement; if you use a shovel to
measure one ingredient, you must use a shovel for all the others. It would be
the same if you use a wheelbarrow, a bucket or anything else to measure the
different materials in your mix. However, no matter what measure you use, the
ratio between the different materials stays the same.

For home concrete, the mix requires a different ratio; it should have one
measure of cement, three and a half measures of sand and three and a half
measures of gravel. This can be expressed as a ratio between the three
ingredients as follows:

1 1
1:3—:3—
2 2
The ratio of cement to gravel in our home concrete mix is 1: 3 5

However, if we want to calculate the ratio of cement to total mixture, we need
to carry out a process of addition to find the total amount in the mix:

The total number of ‘like quantities’ (i.e. parts, shovels, wheelbarrows, buckets,
etc.) in the mixture is the sum of all the quantities:

1 1
1+3—+3—-=8
2 2
Since only one measure of cement is needed, the ratio of cement to the total
mixture is
. . 1 . .
1: 8 which can also be written as g in fraction form.

Now, try writing the ratio for medium strength concrete mix:
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1

1
The ratio for medium strength concrete mix is 1 : 23 02 E

What is the ratio of cement to sand?

1
The ratio of cement to sand 1 : 2 E

What is the ratio of cement to the total amount in the mix?

The total number of like quantities is
1+2 l +2 l =
2 2

The ratio of cement to the total amount in the mix is 1 : 6 which can also be

) I . .
written as g in fraction form.
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Activity 13.1

1. A box contains 20 red balls and 30 black balls. Write down the
ratio of the red balls to the black balls.

Activity

2. A family’s income is M8 000 per month, which is spent as follows:

Accommodation (Rent) M 1500
Food M 2 400
Utilities M 500
Education Expenses M 1200
Transport M 800
Savings & Investment M 400
Debt Repayments M 500
Other Expenses M 700

Write as ratios in their simplest forms:

a) the ratio of the amount spent on grocery to the total income;

b) the ratio of the money spent on transport to rent;

c) the ratio of money spent on savings to other expenses;

d) the ratio of money spent on school fees to rent.

Compare your answers to those given at the end of the sub-unit. Note that
it is important to understand this concept. If you do not understand it,
review the above content and try the activity again.
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Model Answers
Activity 13.1
1. 20:30 (divide by 10)

2:3or %
3

a. 2400:8000 (divide by 800)
3.:10o0r i
10

b. 800 : 1500 (divide by100)

8:15 or é
15

o

400 : 700 (divide by 100)
4:7 or i
7
d. 1200 : 1500 (divide by 300)

4:5 or i
5

Dividing a quantity in a given ratio

You have just done some work on writing ratios and simplifying them where
possible. These two skills will enable you to use a ratio to divide a given
quantity in a ratio.

Consider the following case.

Example 1

A basket contains brown eggs and white eggs in a ratio of & 1 4. If there are 42
eggs, find the number of eggs of each colour.

Solution
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Tip

The ratio § 1 & has already been reduced to its simplest form. In order to find
out the total number of ‘like measures’ there are in this example, we add the
two terms of the ratio together, as follows:

StckhmT

. .3
Therefore the ratio of brown eggs to the total is - .

To find the number of brown eggs in the basket, we multiply the ratio by the
total number of eggs:

-%H%

= 18 brown eggs

=1 | b

The ratio of white eggs to the total is

Using the same process as we used above, the number of white eggs

5
K4l
= 24 white eggs

We can check our answers by adding them together to see whether they equal
the total number of eggs in the basket.

18+ 24=42
Alternative way of working

There is another way of solving this problem, which you might find easier to
understand. Run through the following steps for the example above and see
whether if makes more sense to do it this way.

STEP 1 Simplify the ratio, if this is possible. (This may not always be
required, but calculations are much easier to perform when the ratio is
in its simple form.)

3:4 isalready in simple form

STEP 2 Add the numbers in the ratio together to get total number of shares or
units of ‘like measurement’:

3+4=17

STEP 3 Divide the total number of items (in these case, eggs) by the total
number of shares (from Step 2 above) to get the amount for a single
share.

==6 (this means one share is equal to 6)

STEP 4 Multiply each of the numbers in the ratio by the answer in Step 3
3x6=18

The number of brown eggs is 18.
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4x6=24
The number of white eggs is 24.

Example 2

The ratio between the sizes of the three angles of a triangle is 51 & 11
Calculate the size of each angle of the triangle.
Solution

Let’s start with the alternative method for solving problems such as this. In
order to find the number of degrees represented by each of the terms or
numbers in the ratio:

STEP 1 Write ratio in simplest form, if possible. Here it is already in simplest
form:

3:2:1

STEP 2 Add the numbers in the ratio together. This gives & & & =1 m & This
is the total number of shares or units of ‘like measurement’ in the
ratio.

STEP 3 Now, we need the total number of degrees you get when you add up
the internal angles of a triangle. Can you remember how many
degrees that is?

I hope you remembered that the sum of the angles in a triangle is
180°. Now, you need to divide the 180° by 6 to get the number of
degrees in one share.

STEP 4 Multiply the amount for each share by each of the terms or numbers in
the ratio to get the number of degrees for each angle.

The number of degrees for 3 shares is:

B0 % 5w pQ"

The number of degrees in the angle with 2 shares is:

BO¥ 2w gQ"

The number of degrees for the angle with a single share is:

g0¥ <1 m gQF

10
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Check our solution by adding the answers for the three angels:
PO¥ & G0¥ & 307 m 180F

Look at the following set of equations which show another way of working out
the number of degrees using the same ratio as in the example above. Why do
they give the same result?

Angle A w 251180" m 50'
Angle B w2 180 " m 60°

Angle C =3 180" = B0°

Example 3

The ratio of a man’s mass to that of his wife is 71 &
What is the man’s mass if his wife has a mass of 75kg?
Solution

The mass of the man is calculated as follows:

STEP 1 Write the ratio in its simplest form, if possible. (Here it is already in
simplest form.)

7:5

STEP 2 There is no need to find the total of the terms or numbers in the ratio
as we can get the amount for each share by using the wife’s mass and
the number in the ratio for the wife’s mass. (step 3)

STEP 3 Divide the 7% &g by 5 to get the amount representing one share.

Pt

STEP 4 Multiply the amount for each share by the term or number in the ratio
representing the mass’ mass.

127 w100 kg

The solution can also be worked out as follows. Why does it give same result?

11
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A

Note it

i
=—xtotal mass w Tikg

Simplify the above equation by making the total mass the subject:
total masy m Toig 1 =

wm 180kg

The man’s mass = fotal mass — wife’s mass
m L8y = TBleg

= 108kg

A ratio expresses a relationship between two or more like quantities.

When there are only two quantities being compared, the ratio m to n can

T

be written in the form % 1 71 or .

When more than two quantities are compared, the ratio should be written
asm : n: o p (and so forth).

A ratio is usually expressed in its simplest form.

Activity 13.2

1. Thabiso was born in 1950 and Clarke was born in 1960. In his will, their
father said that a sum of M 11 700 should be divided between them in the ratio
of their ages at the time of his death. If their father died in 2005, how much did
each son receive?

2. Divide 81 sweets between three children in the ratio 21 &1

3. The ratio of Tumo’s money to Manti’s money is &1 4. If Tumo has Pula 45,
how much has Manti?

Model Answers
Activity 13.2
1.

STEP 1 Find the ratio between Thabiso’s age and Clarke’s age at the time of
their father’s death.

Thabiso’age: Clarke’s age
(2002 = 1930712008 = 19807
Zhi4d

12
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e (simplest form)

STEP 2 Add the terms or numbers in the ratio together to find the total of
shares:

Il=fmlf

STEP 3 Divide the sum of money by the total to get the size of each share

K11 ¥
20

m F3gd

STEP 4 Multiply the size of a single share by the number in the ratio
representing each son:

Thabiso’s amount = JH33E = 11 m Je4Ed

Clarke’s amount = 2353 = ¢ m B0 E

Have a look at the following working. Why does it give the same result?

Thabiso received % % MA11TAN m MESER

Clarke received % # M11700 m MEZGE

STEP 1 Write the ratio in its simplest form, if possible:
2:3:4 (already in simplest form)

STEP 2 Add the terms or numbers in the ratio to get the total number of
shares:

it ifdmy

STEP 3 Divide the total number of sweets by the total of ratio numbers to get
the number in one share:

Eap

L

STEP 4 Multiply each of the terms or numbers in the ratio to get the share for
each child.

13
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For the child with 2 shares:

ax ¢ w1l awesis

For the child with 3 shares:

B bomIF awesis

For the child with 4 shares:

G P om 3l aweeis
Check you solution by adding up all the answers:
18 +27 +36 = 81 sweets

Once more, can you suggest why the following working gives the same result?

STEP 1

STEP 2

STEP 3

STEP 4

Bl swests n% m 18 sweels
B1 swasta ¥ % = 2Tswasts

&1 SWweets X § = 36 swests

Remember the ratio of mass of a man to mass of his wife. This is a
similar problem where you are already given the fact that Tumi has 5
shares and are asked to find Manti’s shares.

Write the ratio in simplest form, if possible:

Tumi’s money: Manti’s money

5:4 (already in its simplest form)

There is no need to find total of the terms or numbers in the ration.
You can get it from Tumi’s money. (Step 3)

To find the amount for one share, use the amount of money Tumi has
in his five shares:

Fad
— P

3

To find how much money Manti has, multiply the amount for one
share by the number representing Manti’s money in the ratio:

PO m P2l

14
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Lesson 2 Rate

Compare the answers below with the ones found above. Can you explain why
you get the same result even though you went about it a different way?

Tumo’s money is calculated as follows:

;—:nwm&‘mm@}-‘- Fdb

Therefore:
totalmongyr m F 48 ® E

m FHL

Manti has Fil=-Fd4im F 56

How would you go about checking your solution to this problem?

Key Points to Remember

The key points to remember in this subunit on ratios are:

- Simplify the ratio, if possible, by dividing the terms or numbers
both about and below the line by the same factor.

- Add the numbers in the ratio together to get the total number of
shares.

- Divide the given quantity by the total number of shares in the ratio.
(Or write each of the terms/numbers in the ratio as a fraction of the
total).

- Multiply the answer from 3 above by each term/number in the ratio.
(Or multiply the given quantity by the fraction from 3 above for all
the terms/numbers in the ratio).

You have now completed the subunit on ratios. Do a quick review of the
content of this subunit and then continue on to the next subunit of Rate.

Ratios compare two or more like quantities. In other words, the quantities must
be expressed in the same units in order to forma ratio. But, what can we use
when we need to relate two things which have different units.

Recall the example of travelling by public transportation that I raised at the
beginning of this unit. The bus or taxi fare you have to pay is related to the
distance you travel. There is no question that distance and money are measured

15
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in different units. For this kind of relationship, a special word is used; that word
is rate. Can you think of other examples of rates used when talking about
transport, travel and vehicles?

How much do you have to pay for transporting goods in a hired van? How
much do you have to pay for a litre of petrol or diesel? How many kilometres
does your vehicle travel in one hour?

The answers to all these questions must be stated in terms of two quantities with
different units of measurement, either Maloti per kilometre, Maloti per litre or
kilometres per hour. These are all examples of the mathematical expression
called rate.

At the end of this subunit you should be able to:

° define the term ‘rate.’
° change the units of measurement to equivalent units.
° calculate average speed.

There are 3 pages in this subunit.

Meaning of the term ‘rate’

We talk about ratio when the comparison or relationship is between two or
more quantities which are alike. However, there are cases where we do compare
two or more quantities which are completely different, as in the comparison
between the quantity of paraffin you get and the price you pay for it. If you buy
two litres, you get two times the amount of paraffin and you also pay twice as
much money.

In the introduction to this subunit, I introduced the term rate to express a
relationship between two or more unlike quantities or things measured in
different units.

There are some similarities between ratios and rates. First, rates can be written
in a form very similar to what we have been using to write ratios. For example,
if a car travels sixty kilometres in one hour, this can be written as:

20 G

20 e per haur m T homn

Notice that F;—::‘ is in the form of a fraction, but that the units above and below
the line are different. This form is useful during calculations when you have to

work out the units for the calculated answers. Let us move to equivalent rates.

When we talk about equivalent rates, using the same example above, you can
write

@0%me  120Kme 100 fmp
1 hgur - 2 hgyrs - 8 hgurs

16
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All of the above expressions are equivalent — you can replace one of them with
any of the others without changing the units of measurement. All of them are
expressed in kilometres per hour.

Changing measurement units to equivalent units

Another similarity between ratios and rates is the ability to change the units of
measurement by using conversation factors. What does changing measurement
units mean? Let’s return to the example above.

If you want to express the above speed in kilometres per minute, you can
substitute 60 minutes for 1 hour. The rate will then look like this:
60 kilometres
60 min utes

You then need to divide both the top and the bottom of this fraction by a factor
of 60 to reduce it to its simplest form:

1 kilometre . .
———  , or one kilometre per minute.

1 min ute

Suppose, you want to change the distance units from kilometres to metres and
the time units from hours to seconds. How do you do this?

Remember, how you convert kilometres to metres and hours to seconds? The
same knowledge is used here.

Tkm=1000m
7 hour = 3600 seconds

a0 knz -'ﬁ' 5 'll"..“i-ﬂ] % 1000 .‘t.'-ﬂ".]'i“ﬂ.‘t:
Thaur 1 1 haup 1 = 5800 5 2800 s

wom  Seew tikm
— ik

e

So, 60 kilometres per hour is the same as one kilometre per minute or 16%
metres per second. The rate remains the same, only the units of measurement
change.

17
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Activity

Activity 13.3

This activity serves as a reminder to what you have learned in your
Mathematics course at junior secondary level. Therefore, in this activity
you are going to find average speed, distance travelled, and time taken to
complete a journey.

1. Find the speed of a car that travels 45 km in 30 minutes.

2. Find the distance in km travelled by an aeroplane moving at 80 m/s for
15minutes

3. How long will it take a cyclist to make 10 laps of a 400 m cycle track
cycling at an average speed of 40 km/h?

I hope you got all of them correct, then continue and compare with the answers
given below. If not, you should go through the ones you missed carefully and
then compare with the given solutions.

Model Answers
Activity 13.3

1. You should write 30 minutes as %hour

The arerape sused = L8km -+ 30 min

Change 30 minutes into hours:

w 2k = 20
Change from division to multiplication by inverting the second number:

18
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- 4Pk % &

m 50 kmfh

2. 15 minutes = 15 x 0 5 m 900 seconds
The digtance travelicd m 0 mfe» 9009

= 73000 m

Converting 72 km to metres

1Tkm=1000m

Fafme m g LAy m g U m o Um

3. Total distance cycled = 10 X400 m

w Q0T

Time taka m

A

m 100z
You have now completed the subunit on Rate, do a quick review of the content

of this subunit on Rate and then continue on to the next subunit on decrease and
increase a quantity by a given ratio.

Decrease and increase a quantity by a given ratio

In this subunit we will look at how to decrease and increase a quantity by a
given ratio. You have already been introduced to this concept in Unit 8, when
learning about discounts in commercial mathematics. When a shop-owner
decides to have a sale, prices are usually reduced by the same percentage for all
goods in the shop. This idea is not restricted to shop-keepers but can be used in
a variety of situations.

At the end of this subunit you should be able to:

e increase and decrease a quantity by a given ratio.

There are 8 pages in this subunit.

19
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A quantity can be increased or decreased in a given ratio by being multiplied by
a suitable fraction. For example,

if a price increases in the ratio 5: 3, then it is multiplied by the fraction g and if

a price is decreased in the ratio 4: 9, then it is multiplied by

(=T

When Christmas approaches, shopkeepers often charge the full price because
demand among consumers is very high. After the Christmas period,
shopkeepers want to get rid of any stock they didn’t sell. The sale starts. Put
items tend to increase their prices from the sale price to the full non-sale price.

Can you see any comparisons being made in this situation?

One can compare the full price before the sale and the price after the sale
period.

Typically, prices drop during a sale as shopkeepers try to attract additional
customers. This means that, compared to the normal price, the price during the
sale is lower.

prices reduced by 30%

prices reduced by 1/2

sale! sale! sale! big big sale!
L]
s i 60% off
WAS M506-00
NOW M200.00

Figure 13.1: Some of the common advertisements.

I’m sure you have come across advertisements (like those in figure 13.1) in
shop windows and on pamphlets. Did you realise that there is a connection
between these advertisements and the type of mathematics you are studying in
this course?

The M500 above is reduced to M200.

20
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200
The price is reduced in the ratio % = g which we normally write as 2:5

M500.00 x == M200.00 (decreasing a quantity by a ratio)

Note that the seller does not put all of the information in the advertisement, so
that it will not resemble school mathematics. As the buyer, you have to fill in
the missing information to realise the mathematics involved. But if you know
how to do the mathematics for yourself, you can make informed choices about
whether to buy or not.

Now let us look at the following examples to emphasise the ideas of decreasing
or increasing a quantity by a given ratio.

Example 4
Increase R450 in the ratio 7 : 3

Solution

R4BO % E - R10BQ

R450 is increased to R1 050, it is not increased by R 1050.
Example 5
Decrease 70 kg in the ratio 2: 5

Solution

i 140
kg EE-T@

wm I5kg
70 kg is decreased to 25 kg; it is not decreased by 25kg.

21



ﬂ Activity 13.4

1. Increase M2.10 in the ratio 9:7.
Activity

2. Increase 4.50 km in the ratio 7:5.

3. Decrease 750 ml in the ratio 10:25.

4. Decrease 96 apples in the ratio 5:6.

Mathematics 12
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Model Answer
Activity 13.4

1.M210 %2 m M2TO
2480 kmH T m 63 km
3780 mix 3 m 300 mi

4.96 apples x = m B0 appies

Note that the units in each question are the same. We use the idea of ratio only
when sets or quantities of the same type are compared.

You have now completed the subunit on how to decrease and increase a
quantity by a given ratio, do a quick review of the content of this subunit and
then continue on to the next one.

Lesson 3 Proportion

When studying mathematics at junior secondary level, you learned about direct
and inverse proportion.

Mr and Mrs Williams have 3 children. They have only one in school this year.
The annual fees are M3 400. The second child is due for school next year. How
much will they pay for the two children next year, assuming there will be no
fees increase?

Mr and Mrs Williams will pay M 3 400 + M3 400 = M6 800.

The number of children in school next year will have increased. It seems even
the money to be paid has increased.

The number of children has doubled, so has the fees. This is an example of
direct proportion. In direct proportion, increasing one quantity increases
another.

What happens in indirect or inverse proportion?

In indirect proportion, increasing one quantity decreases another.

23
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At the end of this sub-unit you should be able to:

e formulate equations from direct and inverse proportion situations, and
use the equations to solve for one quantity given others.

There are 13 pages on this subunit on variation and proportion.

Direct proportion
Proportion is a way of relating quantities.

Two items, seemingly unrelated, will be said to be directly proportional if
increasing one increases another, or if decreasing one also decreases another.

Example 1

A bar of soap costs M7.95. How much will Tefo pay for 4 bars?

Solution

The more bars of soap are bought, the more money Tefo will have to pay.

Number of bars of soap Cost
1 M7.95
2 M15.90
3 M23.85
4 M31.80

The money to be paid is said to be directly proportional to the bars of soap to be
bought. This is normally written, Y « X, where in this case Y is the money to
be paid, and X is the bars of soap.

We normally say
1 bar = M 7.95
24
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2 Dbars = M15.90
3 Dbars = M23.85
4 Dbars = M31.80

To get the amounts on the right side of the equation, each of the quantities on
the left has to be multiplied by M7.95

We can say:

1 bar xM795 = M 7.95
2 Dbars x M7.95 = M15.90
3 bars x M7.95 = M23.85
4 bars x M7.95 = M31.80

The M7.95 is a constant of proportionality. This is the constant of one bar.

This leads to the equation of direct proportion which is Y = kX, where k is the
constant of proportionality.

Example 2

Bus fare for 15 children going on a school trip is M900. Mpho has two children
on that trip. How much is she going to pay for them?

Solution
This is a case of direct proportion.
M900 =k15
(200

15
k=160
Each child is paying M60
Mpho will pay M60 x 2 children = M120
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Example 3

Tebello sells milk for his uncle. The milk is sold in litres. Each litre of milk
costs M5.00. Tebello is paid 8 lisente for each litre sold.

The table below shows the number of litres of milk that Tebello sold from
Monday to Friday.

Number of litres of milk(x) 5 10 20 30 8

Tebello’s income in lisente(y) 40 80 160 240 | 64

a) Find the ratio of Tebello’s income to the number of litres sold.
b) If the number of litres of milk sold is 15, find Tebello’s income.
c¢) If Tebello’s income is 200 lisente, what is the number of litres of milk sold?

d) How is the value of y (Tebello’s income) related to x (the number of litres of
milk)?

Solution

a) 8 lisente: 1 litre
8:1

b) In direct proportion, the quantities increase or decrease by the same factor
8:1
X: 15

1 has increased by the factor 15. 8 will have to change by the factor 15.

8 x15=120

Tebello’s income is 120 lisente

lisente litres

X 15

From the above ratio because 1x 15 =15, then 8 x 15 =x.
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Therefore, x = 120.

Tebello’s income is 120 lisente

¢)

lisente litres

8 1

x?l [x?

200 X

From the information given you can write (to find the multiplying factor):
8 x 7 =200,

9=

ol

?7=25

Therefore, to get the number of litres sold you use the same multiplying factor
found above. Thus,

1x25=x
That is, x = 25

The number of litres of milk sold is 25.

d) » m 8%

If you were able to get at least three of them correct you can go through the next
activity.
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Note it

In the above activity we say the income is directly proportional to the
number of litres of milk sold, or we can say the income varies directly as

the number of litres of milk sold. Therefore, the ratio % m § whichisa
constant and represented by letter k.
The symbol = is used to represent variation.

v varies directly as x is written as ¥ & &.

¥ % & means that ¥ m k&, where £ is constant and & = {.

Therefore the above activity is an example of direct proportion or direct
variation.

If the number of litres of milk sold increases, the income also increases.

If the number of litres of milk sold decreases, the income also decreases.

Inverse or Indirect Proportion

In indirect proportion, as one quantity increases the other decreases.

Example 1

10 men can do a certain piece of work in 4 days. Two fall sick. How long
will it take the 8 men to complete the work, assuming they work at the same
rate?

It goes without saying that the 8 men will take more than 4 days.
Fewer men will do the work in more than 4 days.

This is a case of indirect proportion.

Two quantities Y and X, are in inverse proportion if a factor k, that changes Y,

1
changes X by the reciprocal of k, which is -

We can say 4 days = 10 men
X days = 8 men

This is the question we ask ourselves. What changed 10 to 8?

The number of men is decreased by ﬁ)
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10XE
10

=8 men

This is a case of indirect proportion. So the change to the number of days
. 8 ... 10
should be brought by the inverse of m which is e
- . .10
So the number of days is increased in the ratio ry

10

So time taken by 8 men =4 x )

=5 days

Number of men | Days taken to do the
work
10 4
8 5

The number of men, Y, is indirectly proportional to the number of days, X,

. . 1
taken to do the work. This is normally written, Y « X

1
This leads to the equation of indirect proportion which is Y = k} .

ik

Example 2

The given table shows the number of days that can be taken in a boarding
school to feed pupils with the remaining food.

Mathematics 12
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Number of | 5 20 25 60
pupils(x)
Number of | 120 30 24 10

days(y)

a) Multiply each pair of numbers in the table above. What do you realise?

b) Find the number of pupils that the school would feed in 40 days.

¢) Find the number of days the school will take to feed 100 pupils.

d) How long would the food last to feed 50 pupils?

¢) How many pupils would the school be able to feed for 85 days?

Solution

QB 120 w 00,20 » 30 m §00, 28 % 2 wm 600, G0 # 10 m 00

When multiplying each pair the result is always 600.

b)
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days pupils
120 5

:—3 X3

40 X

From the provided information you can write:

120x ?=40 (to find the ratio)

?=2% (=2) (this is the ratio).

Then, to find the number of pupils to be fed in 40 days we use the inverse of the

ratio (i.e. divide by f—" or = or multiply by ;—" or 3). Therefore, you get

5+==x (oralternatively 5 x 3 =x)

[N

5+-=15 (or alternatively 5 x 3 = 15)
X=15
Hence, the number of pupils that can be fed in 40 days is 15.

¢)

days pupils

120 5

X 100

From the information given you can write:
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5x?=100 (to find the multiplying ratio)

7=5% (this is the ratio (also = 20))

Then, to find the number of days 100 pupils will be fed you use (multiply by)
the inverse ratio or divide by the same ratio.

Since the food will last 5 pupils for 120 days, you must decrease the number of
days in the ratio 5:100.

. " i}
¥ mldu e

= G days
The school would be able to feed 100 pupils for 6 days.
d)

days pupils

30 20

X 50

Since the food will last 20 pupils for 30 days, you must decrease the number of
days in the ratio 20:50.

‘ 26
}--Eﬂﬂﬁ

m 12 davy
The school would be able to feed 50 pupils for 12days.

e)
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days pupils

30 20

85 X

Since the food will last 20 pupils for 30 days, you must decrease the number of
pupils in the ratio 30:85.

X=20x§

=705 =7 (no pupils fractions)

Therefore, the school will be able to feed 7 pupils for 85 days.
Note that yx = 600, the number 600 is a constant.
600

We can also say y = —
X

Or say ,

1
y =600 —
X

This is inverse variation or indirect proportion. In this example the number
of pupils is inversely proportional to the number of days.
In conclusion, note that we say y is inversely proportional to x. This can

. 1
be written as ¥ & g

L & .
Therefore, ¥ & < means y = - or Ji = #, the number £ is a constant.
X

Where k= Q
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X

Activity

Activity 13.11
Answer all the questions.

1. Write an equation for each of the following statements:

a) For a given distance, the time, t, taken on a journey is inversely
proportional to v, the speed.

b) The weight of an object w, varies inversely as the square of 7, its distance
from the centre of the earth.

2. (a) y is inversely proportional to x, and 3= m & yhery m . Find the value of

y when x = 4,

b) y varies as x—:, and when ¥ =4 ¥ = %. Find the value of y when x = 1.

3. A car travelling at 80 km/h takes 6 hour to complete a journey.

a) How long would it take a car travelling at 120 km/h?

b) At what speed would a car finish a journey in 12 hours?

34



Mathematics 12

4. A quantity of water will last 20 chickens for 4 days. How long would it last

for

a) 40 chickens? b) 80 chickens?

Model Answers

Activity 13.11
1 1 k
La)pw = theequation latm k= ortm =

Y w % thesquationlaw m ";

22)F & %, the equation is 3 = = or 32 m &
Substituting the values of x and y
Eximp

lemiorimlE

-

Now ¥ m ~
Substituting the value of x

. A
y=3

=4

(R

b) ¥ & x—t, the equation is ¥ m % or ¥X* m

Substituting the values of x and y

HdA

Mt

b

w12
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L 1
Now ¥ m =

Substituting the value of x

3.) f m w"T’“ X & hours

wm $FY km

1 .
an " therefore, 5 = E

Substituting the values of k and s

480
Ll m==

REl

W —
& 120

= & hours

The journey would take 4 hours.

b) &% % therefore, = = ;
Substituting the values of k and t

gm wO

i

= 4Qkm/h

A car would take 40 km/h to finish the journey.

4a) fpm 20 % & wm EQ

Number of chickens (¢) varies indirectly as number of days (d).

il b
'.‘_'Kd'??’f-d

Substituting the values of k and ¢
e
t0m=

dm3

Mathematics 12
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The water would last for 2 days.

b) e m 20 4= B

Number of chickens varies indirectly as number of days.

1 f
I:"K-;W'l:‘-;

Substituting the values of k and ¢
o
lm -

dwml
The water would last for 1 day.

Mathematics 12

You have now completed work on this unit on Ratio, Rate, and Proportion. Do
a quick review of the entire content of this unit and then continue on to the unit

summary.
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Unit Summary

/G7

Summary

In this unit you learned that:

1.

A ratio is a fraction that expresses a relationship between two like
quantities.

The ratio m to n can be written in the form #1311 or %

A ratio between two quantities is usually expressed in its simplest
form, like a fraction.

Ratios can also be used to compare more than two like quantities.
In these cases, the ratio is normally written in the formm :n:o:

p-

When a quantity is increased in a given ratio, it becomes more
than the original quantity.

When a quantity is decreased by a given ratio, it becomes less
than the original quantity.

The symbol « is used to represent proportion.

v varies directly as x is written as ¥ @& &

¥ #% & means that ¥ = kg, where £ is constant and ¥ s

9.

. . . . 1
y is inversely proportional to x. This can be written as ' 'K_-(

Therefore, ¥ & % means y = - or 3% m §, the number k is a constant.
T

Where k = {.

You have completed the material for this unit on Ratio, Proportion, and Rate.
You should spend some time reviewing the content in detail.

Once you are confident that you can successfully write an examination on the
concepts, try the assignment. Check your answers with those provided and
clarify any misunderstandings.

Your last step is to complete the assessment. Once you have completed the
assessment, proceed to the next unit, which looks at different properties of the

Circle.
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Assignment
1. Answer all questions.
2. Show all of the work you do to arrive at an answer.
Assignment Total marks = 30 Time: 60 mins

The marks allotted to each question or part of a question is shown in

(parentheses).
-
1. (a) Write == in its simplest form. 2)
(b) Write 25:40:15 in its simplest form. 2)

2. Breakfast cereal is available in two different sizes from our shops.

Ceareal
Cereal
450g 9509
15.99 33.99
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(a) Work out the cost of 100g of Cereal when bought in the
450g box (to the nearest cent).

2

(b) Work out the cost of 450g when bought in the 950g box (to
the nearest cent). 2)

(c) Which is the better buy? Give one reason in support of each
size. (2)

3. Three men can build a wall in 10 hours. How many men will be needed
to build the wall in 6 hours? 3)

4. Two boys Thabo and Lebo share the cost of a meal in the ratio 3:4.
Lebo pays M37.40. What is the total cost of the meal?  (3)

40
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5. Given that the quantity y is inversely proportional to another quantity x,
and that y = 10 when x = 20; find y when x = 0.01
“)

6. Two brothers Khoali and Khaka bought shares costing M140 000.00 in
the stock market. Khoali paid M60 000.00 and Khaka paid M80 000.00.
They decided to sell the shares for M168 000.00. How much of M168
000.00 will Khaka get? @)

7. The cost of making a telephone call is proportional to the time of call. If
the telephone company charges 63 lisente for a 7 minutes call, how
much will a 3 minutes call be charged? ©)
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Model Answers to Assignment

Question 1
30 5
a —_— =
(@) 72 12
(b)25:40: 15
5:8:3
Question 2
100><15.99:3.55
450

100g costs 3.55

450gx33.99 _
950¢g

450g costs 16.10

16.10

Buying 450g for 15.99 is a better deal
Question 3
3x10

=5 men

Question 4

Thabo pays 3 parts and Lebo pays 4 parts of the peal.
4 parts of the meal cost M37.40.
So, 1 part costs M37.40 + 4 = M9.35

Mathematics 12

Therefore, total cost of the meal (3+4 =7) = M9.37 x 7 =M65.45

Question 5

)



10=—

k=200

k
20
Whenx=0.01; y= ﬂ
0.01
y=20 000

Question 6

Ratio of shares

Ratio of profit

Total profit

Khaka share of profit

Question 7

Let Cost of call be C
Let Time of call be t

So, Cmt

That is, & = i3

To find the value of K
C=Kt

63 =K (7)

i
¥ -H

P
This means C = 9t

Charge of 3 minutes call
om RE

Cm 27

Mathematics 12

Khoali : Khaka
M60 000.00 : M80 000.00

3:4
Khoali : Khaka

3:4
3+4=17

2 x]M168 000,00 = 96 000,00

3 minutes call is charged 27 lisente
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Assessment
@ 1. Answer all questions.
2. Show all of the work you do to arrive at an answer.
Assessment

Total marks = 24 Time: 80 mins

The marks allotted to each question or part of a question are shown in
(parentheses).

1. A bag contains a number of balls, some are blue and some are black.
Three quarters of the balls are blue. What is the ratio of the blue to
black balls? 2)

2. (a) Write each ratio in its simplest form

5 3

.Z.5

NoJ N

() 3 :024 :06

“4)
(b) Find the value of x and y in the following ratios:
(1) 6:8=15:x
(i1) —:1=y4
“4)
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(c) If 12 men can plough a field in 8 days, how many men can do the
job in 2 days if they work at the same rate?

2

3. (a) 100 g of spaghetti contains 3.6 g of fibre.
Express mass of fibre : mass of spaghetti as a ratio of two integers in its
simplest form.

2

4. Lineo bought 5 maize cobs for M5.00 each. At the same price, how
would 10 maize cobs costs? 2)

5. Calculate
a. A packet of apples is sold for M12.99 and there were 9 apples
in the packet. What is the cost per apple? 2)

b. If 1.3 Kg of mince meat costs M42.84. What is the price per
Kilogram? 2)
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c. Ifyouused 22 Kilolitre (K1) of water in June and the cost was
M144.98. What is the price of water per kilolitre?

(@)

d. If petrol costs M8.24 per litre, how much would it cost to fill a
50 litre tank?

2

Answers

1. Three quarters of balls are blue. So one quarter of balls are black

B

& &
Multiply by 4 to simplify the ratio to get

3l

(a)
(i)180xi 2580 ¢ 2 x1s0
9 " 4 5

80: 225 : 108

(ii)
3 x100: 0.24 x100: 0.6 x100
300: 24: 60
25 2 5
(b)
(i) 6:8=15:x
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2
i) —:1=y4
(i1) 3 y

8

Y73

Mathematics 12

(c) If 12 men can plough a field in 8 days, how many men can do the

job in 2 days if they work at the same rate?

12x8
X:
2
=48 men
3.6 g:100g
3.6 :100
1 :27.78
1 127

5 maize cobs — M5.00
10 maize cobs - ?

? :$ x M5.00
= M10.00

(a) 9 apples — M12.99
1 apple - ?

= %.x‘?rf'lE.ﬁ'?
=M 1.44

47



(b) 1.3 Kg of mince meat — M42.84
1 Kg of mince meat - ?

7= Sxbi42.84
=M32.95

(c) 22 Kilolitre of water — M144.98
1 Kilolitre - ?

7= 2y M144.98
= M®6.59

(d) 1 litre — M8.24
50 litre - ?

?7=50x M8.24
=M412.00

Mathematics 12

48



Mathematics 12

49



Unit Contents

Unit 14

Circle 1
Lesson 1 Theorems of the Geometry of Circles 4
Lesson 2 Chords 5
Lesson 3 Properties of Angles in a Circle 30
Lesson 4 Cyclic Quadrilaterals 48
Lesson 5 Properties of Tangents 57
Lesson 6 Symmetry and Angle Properties of Circles 72

Unit Summary 76

Assignment 80

Assessment 88



| Mathematics 12

Unit 14

Circle

Introduction

A

In Junior Certificate we learned how to measure and draw all types of lines
and angles. We also learned about properties and relationships of two -
dimensional shapes. In this unit we are going to learn about angle properties of
a circle and other shapes.

Basically, you will compare lines and angles found in circles. The question
may be why circles? There are a number of reasons which can be put forward.
For example, a circle is very important in the construction of all machinery. In
vehicles we have wheels, gears, and pistons. Also, the bolt and the nut will
allow easy circular motion when the circles between them are nicely round
with no dents or small corners. These, and many other designs, remind us
everyday the very importance of the circle in real life situations.

The idea of a circle has fascinated man for a very long time, since the
beginning of recorded time. It is not surprising to find a number of words
which are used when talking about the circle or its parts. Some of the words
which you will meet in this unit include: arc, chord, radius, diameter, segment,
centre and tangent (Figure 14.1.)

Figure 14.1: Parts of a circle

\

Q

(a)

Segment 5
arc . T
B tangent
N
\ ) C
radius
A
B \ ) C
D diameter
. (b)
circumference
D
C (c)

D

It is essential that you are able to identify and recognise each one of the parts
of a circle.
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You are about to have an enjoyable experience. You will soon find yourself
pleasantly acquiring knowledge about this fascinating shape; a circle.

This unit consists of 89 pages. It covers approximately 4% of the course. Plan
your time so that you can complete the whole course on schedule. As
reference, you will need to devote 35 hours to work on this unit. 20 hours for
formal study and 15 hours for self-study and completing
assessments/assignments.

This Unit is Comprised of Six Lessons:

Lesson 1 Theorems of the Geometry of Circles
Lesson 2 Chords

Lesson 3 Properties of Angles in a Circle

Lesson 4 Cyclic Quadrilaterals

Lesson 5 Properties of Tangents

Lesson 6 Symmetry and Angle Properties of Circles

Upon completion of this unit you will be able to:
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Outcomes

Terminology

= prove that a perpendicular line from the centre of a circle to a chord
bisects the chord.

= prove that equal chords of a circle are equidistant from the centre and
that chords equidistant from the centre are equal.

= prove that angles in the same segment are equal.

= prove that the angle at the centre of a circle is equal to twice the angle
at any point on the remaining part of the circumference, if both angles
stand on the same arc or chord.

= prove that the angle in the semi-circle is a right angle.

= prove that the opposite angle of a cyclic quadrilateral are
supplementary.

= prove that a tangent to a circle is perpendicular to the radius at the
point of contact and tangents from a point to a circle are equal.

= solve practical problems that involve symmetry and angle properties of
circles

Arc; is part of the circumference.

Chord: is a line that cuts the circle in to two parts.

Perpendicular line: Is a line that cuts another line at right angles.

Line bisector: Is a line that cuts another line into two equal
parts.

Line of symmetry: Is a line that cuts a figure into two equal parts;

one part is a reflection of the other

Have you ever looked around your home to see what surrounds you? Look at
the containers, utensils ,and toys in your home. Which of them have some kind
of a circle?

Object Does it have any type of circle ?

acup

a plate

a bucket

a bowl

a three legged pot
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a frying pan

a drinking glass

a fork

a dust pan

Online Resource

I’:‘i http://www.hippocampus.org, -l L~-BaIX |.

If you can get on the internet please utilize the resources at
www.hippocampus.org. It is an excellent source of information for
mathematics and the topics discussed in this unit. Here you will find:

Presentations

Simulations

Videos

Online Study Groups

Links to Even More Information
Textbook Correlations

Online Courses

Lesson 1 Theorems of the Geometry of Circles

A theorem is a general statement that is not self-evident but is proved by
reasoning.

Once it has been proved, the theorem is used when solving geometry problems
just by referring to it when it applies to the problem.

In this unit, on circles, you will be introduced to a number of proofs of
theorems applicable when dealing with the geometry of a circle. In the
introduction it was mentioned that man has always been interested in the circle
for a number of reasons. Further examples include everyday experiences. For
example, during the day man has always looked at the sun for a number of
useful purposes such as it being a timer. Although it appears as spherical the
sun is in fact a circle. At night there is the moon with a similar circular look.
The earth is also circular. With time, there came the philosophers who
suggested circular motions of planets. Therefore, the study of a circle and its
properties is indeed very important.

The properties of a circle are written as theorems. In Mathematics circle
theorems are used to determine the sizes (measures) of angles and lengths
(distances) in a circle by doing calculations, rather than actual measuring of
the angles or lengths with relevant instruments.

In this unit, first we will look at theorems about chords. We will then look at
theorems about angles in a circle. We will then move to properties of tangents.
And, finally, we will look at practical problems involving symmentry and
angle properties of circles.
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Lesson 2 Chords

An interesting point about the train is the construction of its wheel. Have you
ever wondered how this is done? The early engineering pioneers may have
tried a number of options before they settled for a solution.

The steel cylinder is cut, and then a hole is drilled into the centre of the
circular disk.

However, there is still a question; how can the centre of the disk be located?
Well, do you still remember the chord of a circle? The Chord Perpendicular
Bisector Theorem suggests a method for finding the centre using a property of
the circle chords.

Now, what does the theorem actually say?

Chord Perpendicular Biser tor Theorem
The perpendicular bisector of a chord of a circle passes fhrough the centre of the circle

At the end of this sub-unit you should be able to:

= prove that a perpendicular line from the centre of a circle to a chord bisects
the chord.

= prove that equal chords of a circle are equidistant from the centre and that
chords equidistant from the centre are equal.

Note that there can be various ways of putting the theorem statement. For our
purposes here, we will use the following statement:

& yerpendicular live from the centre of a cirele to a chord bisects the chord

Did you get that? Well do not be afraid, we will go slowly in explaining the
theorem statement. This will be done in theorem 1 below.

However, before you use a theorem it has to be proved to show that it is a true
statement. Once it has been proved, you will use it as knowledge to work
problems where it is applicable. There will be no need to prove it again.

The theorems about the chords of a circle and their proofs are in one place
here.

Theorem 1. 4 perpendicular line from the centre of a circle to a chord bisects
the chord.

Proof
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() ()

In the statement above you are told that you have a chord of a circle
and a centre O, see (a.)

You are required to show that (to prove):

if you can draw a line from the centre O to the chord, making a

right angle (90%) with the chord AB, it will cut the chord AB
into two equal halves (bisects the chord.)

So, the aim is to show that AC w BC ( 01 ACw CF)

What you will do to build step by step work to show this (what
reasoning are you going to use to show that this is true) is:

1. Draw the radii OA and OB, see (b) above. By drawing these
radii, you will show that they are equal as all radii of the
same circle are. This is written as &4 = (& (the reason for
this statement is because they are radii of the same circle.)

2. Also, from diagram (b), the two radii and the perpendicular
line drawn from centre to chord AB forms two right-angled
triangles, AL and UIL

3. Now, use the well known Pythagoras theorem on both
triangles to get the following statements:

-

a. from A @AC you have DA° m AC* = CQ*

b. from A ¥¥L you have G&° m FL® = Cp®
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If you remember that from statement 1 you have

QA = 0F then you can write the following
statements:

L.

il.

iil.

1v.

g mgg
(from statement 1)

04 m 0B*
(follows from statement 1)

ACE =  m RO 4 000

(replacing by statement a and b in 3 above)
AC* = B*

(€@* is common on both sides)

Al =BT

(follows from statement iv, if squares are
equal then square roots will be equal)

Statement v (above) means line @< bisects chord A&,

Note that, here statement v is the same as what you wanted to show in
the aim statement.

The proof written above can be written in a shorter form where a
statement and a reason for the statement are given in short. This is
shown below. Refer to the diagram to see the radii, the triangles, the
common side, and the corresponding sides.

Statement

Reason

1.

AO=BO

radii

> gf4amalpm 9gt right-angled triangles
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3 g m@ag common side to both triangles

corresponding sides of
4. CAmQp congruent

2 0AC and £ OBC

5. Point C bisects the by statement 4
chord AB

When you use a theorem to solve a given problem where it applies, you need
not show the proof, but show which applicable theorem is being used. This
will be illustrated by examples below.

Example 1
A circle has a chord of 10cm and its perpendicular distance from the centre is

12cm.
‘What is the radius of the circle?

Solution
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If a radius is perpendicular to a chord through the centre, it bisects the

chord.

This is what the theorem states. Here it is put in a way to relate to the

problem:

C (the chord AB is bisected into AC = CB)

Using the Pythagoras theorem,
OB m BC3 4+ C0O¢
wm (Fem)=+ (12 em)=
m 28 om o L et
05 m 168 cm*

m13om

The radius of the circle is 13cm.

Example 2
Q
S o g X R
P

In this figure, PQ is 30cm, and OX
=8cm.

Calculate:

a) the radius of the
circle,

b) the length SX,



Solution
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c) the area of AOPQ.

a) If aline through the centre O is perpendicular to a
chord, the line bisects the chord.

RS goes through the centre and at right angle to PQ,

so it bisects the chord PQ (this is how the theorem and
the problem are related.)

That is,
PX - 5Q = 2 (PQ)
(how the chord is bisected)
= %{3'2[ £

m 18 om

Using Pythagoras theorem in A OQX
OF° m QX = A0=
m (15 em) &+ (B om)e
w 2282 4 Gdom?
0Q w289 e~

m 17 mm

The radius of circle is 17cm.

b) Length of JX m F@ 4 2%
(SO = 0Q radii of same circle)

m LF et & om
m 28 em

c) Areaof AOPQ m %Wﬂ

(remember area of triangle!)

= %{Eﬂ e €8 em]

m 20 em

10
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X

Activity

Can you put what you have learned from the examples above in
activity 14.1 below? Enjoy your work!

Activity 14.1

l.

The radius of the circle is 7 l g, PXwmgean,

Calculate:

a) length of LM

b) length of NX

c) area of ALMO

d) area of kite LOMN

2. A ABC is isosceles of side BC = 6¢cm. The radius is Scm.
Calculate:
a) height AN,
b) area of AABC.

11
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3cm 3 cm

1

C
CXwmicom a8 wmfom

Calculate the radius of the circle.

Mathematics 12
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3. The figure below shows the cross-section of a water pipe of radius
25cm. If the width of the surface of the water AB = 48cm,
calculate the depth of the water, d in the pipe.

13
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After attempting the questions compare your answers to the ones
provided below.

Answers to Activity 14.1

1.

The radius of the circle is 7 l g, OX wm G,

Calculate:
a) length of LM
b) length of NX
¢) area of ALMO
d) area of kite LOMN
Solution

14
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a) If a line through centre O, is perpendicular to chord, it bisects the
chord.

XN is perpendicular to chord LM, so it bisects LM.
Thus,

LY = XN

To find length of LM, first find LX (or XM), why?
Using Pythagoras theorem in ALOX (or AMOX)
LOm QX + XLF
(T omi® = (6 em)d 4 XL8
%c‘mg - 36 o= m X1*
% eme m XLA
p——
lﬂ em” = XL
A&
£
=cmow XL
Length of LM m LY = A
m (LK (LX = XM)
= 2{% =iy
m 2am
b) Length of N4 m N@ £ (NO=LO =MO, radii of same circle)
-7 %f:m + G

= 'lE% i

c) Areaof SL3N m %WE‘

=1 [ =]

(9 emlie em)
w 27 em*
d) Area of kite LOMN m givgq @ SLMHN = arew of SLONM
= 2bh-27 emé
- %{9 emik ('13% i'm)- 27 em®
= ﬁﬂ% Fm® = 27 ¢ms

k= o
- 33: T

15
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2. A ABC is Isosceles of side BC = 6¢cm. The radius is Scm.
Calculate:
a) height AN,
b) areca of A ABC.

Solution

a) If aline through centre O, is perpendicular to chord, it bisects
the chord.

ON is through the centre O, and A ABC is isosceles,
so ON bisects BC.
Thus,

BN m NCwmEom
To find height AN, first find ON.
Using Pythagoras theorem to find ON:

CE m FNE e
(5 em)s m (3 emls + NO*
(B em)s =3 om)® m NOE
BemPf=2omt m
TG em= m VO

b m NQ

Height AV m A7 + QN
m 8o dem
m B om
b) Areaof 34E( m %‘m

= S BCHAN)

16
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w (5 em)ie em)

m 27 gm=

ro
I
1
1

3cm 3 cm

1

C
CXmiom AFwmGom

Calculate the radius of the circle.

Solution

Join A to O (or B to O) to get

I
Jcom 3 cm

1

C

The radius OC bisects the chord AB, so it is perpendicular to AB.
To find radius of circle use Pythagoras theorem to find AO.

d’Q: - 2 - T n’?ﬁ"}=

Let radius be r,

So, O mp=1
Substituting, into equation (Pythagoras)

17
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AQS m QR 4 48
{rem) m =10 em)® -+ (3 em)e
TE o=l R
7% = o 20 m 10 (collect like terms)
< m 10 (divide by 2 both sides)
15

T —

[ =]

LA

=

Radius is S5cm.

4. The figure below shows the cross-section of a water pipe of radius
25cm. If the width of the surface of the water PQ = 48cm,
Calculate the depth of the water, d in the pipe.

Solution

Since AB is a chord, then Perpendicular Bisector theorem will apply.
It says a line (radius) from centre O perpendicular to chord AB will
bisect the chord AB. If you call the midpoint of AB, M then AM =
24cm and MB = 24cm. Looking at the diagram, if you join centre O
with A and with B you get an Isosceles triangle. Note that the
perpendicular line bisects the triangle into two right angled triangles.
You can apply Pythagoras theorem in one of them to find the depth of
the water! How? First find the distance from water surface to centre, O
then the difference of this distance and the radius will be the depth, d!
See the diagram below.

18
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Applying Pythagoras,
ADS m OME + MAP
(28 em)® wm QM + (2 em)

-
-

GI8 omf = 878 oms m QM
&8 o= m Q)=
VER e - VO

Term wm 08
This means that from centre, O to the surface of the water is 7cm.

Therefore, the depth of the water in the pipe
m P iug = distanas from centre bo warer surfacs
wm 2B om=T o

- 18 om

Theorem 2. Equal chords of a circle are equidistant from the centre.

19
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D
A
0
B
C
(a) L)
Proof

In the statement you are told that you have two equal chords in a circle
and a centre O, see (a) above. Also, remember from theorem 1, you
have the perpendicular lines OE and OF from the centre, O to the two
chords AD and BC respectively.

You are required to show that the distance from the centre, O to each of
the two chords is equal (equidistant from the centre of the circle.)

So, the aim is to show that 17 F = {1F

What you will do to build step by step work to show this (what
reasoning are you going to use to show that this is true) is:

1. AD = BL (given in theorem statement)

2. E and F are the midpoints of A8 aued FC respectively (by
theorem 1 proved)

3. AEwm ELDwm BF m FQ (equal chords bisected by
perpendiculars)

4. Look at triangles, @EA and GFC

a. @ = g0 (radii of same circle are equal)

b. AZ = F{ (proved in theorem 1)

20
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c. =QUA = 0rC =90 (proved in theorem 1)

5. Triangles @EA and GFC are same in size and shape (by
statement 4a, 4b, 4c )

6. @ = g (by statement 5)

Example
1. AB, BC, DE, and EF are equal chords of a circle with centre, O and
w BAC w F0F

Find the angles:
a) = DEF
b) = DFE

Solution

The chords are equal, this means they are equidistant from the centre.
But, note that AB = BC, therefore A ABC is Isosceles, so base angles
are equal.

That is,

#BACw = BCA m 30°

= AFCwm 180Y = {2 = BAL) (angles in Isosceles A)
wm 1R = 20309
m 180% = 8Q¢

- 120
Since the chords are equal, AB = DE and BC = EF, follows that A
ABC is similar to A DEF, therefore corresponding angles are equal.
That is,

21
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w DEF mw ABECw 1207
and @ DFE m BCA = 300

(remember that the chords are also equidistant from centre, O)

The questions for theorem 2 are grouped together with questions for theorem 3
as they are a theorem and its converse.

Theorem 3. Chords equidistant from the centre are equal.

(&

Proof

In the statement you are told that you have two chords in a circle
equidistant from centre O, see (a) above. But, from theorem 1, you also
know that if,

GE m @F (chords are squidisantfrom camre) then @8 L
Ed and OF L CB you

are required to show that (to prove) the chords DA and CB are equal.

So, the aim is to show that 04 = {F

What you will do to build step by step work to show this (what
reasoning are you going to use to show that this is true) is:

22



| Mathematics 12

1. Look at triangles, GEL and GIrd
a. O = F (given, equidistant chords from centre)
b. @ = Q¢ (radii of same circle are equal)
c. w@ED wma GFC = 20% (given, chords and bisectors)

d. Triangles @E& and 3FC are same in size and shape
(by statement 1a, 1b, 1c)

2. LD = ['g (sides of similar triangles by statement 1d)

3. ED = E—Eﬁﬁl and FC = %{."E (by theorem 1, perpendicular

bisector)

4. Dd = QF (by statement 3)

Example

1. Find the value of x in the following:

a)

Solution

23
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The chord has been bisected by a radius, the angle they form is a right angle.
The triangle formed is an Isosceles, hence, the base angles are equal. But, the

angles must add up to 1807
That is,

90% + 2x m 1ECF
2w 1809 — g°

=

& m4E"

b)

BN

The radius is 3, the distance between the diameter and the chord is 2,
this line is going through the centre. What is the angle formed between
the diameter and the chord?
By Pythagoras theorem,
3% m 25 s

Ry UL

Solution

Q=i myt
7wyt ICE R
o maE (W =T =T
Bz @ eB e
2250 my (2 = 4886 = 81

22¢%x (redaf)

24
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X

Activity

The chord has been bisected, the angle between the chord and
the radius is a right angle.

¢)

4

Solution
The chord has been bisected by radius, the angle between them is a right angle.

Using the Pythagoras theorem
65 mgs oyt

= =4 m 5% (subtract 4> both sides)

A6 =16 m
20 m x* (16 % 20 = 26}
T0 mx" {418 @ 20 o yZB)
4472 m X (4% T0m 5

A7 %y {teBaf.)

Activity 14.2
1. Find the value of y in the following
a)

25



b)

k\

Mathematics 12
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¢)

16
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2. The base of a large hemispherical dome is a circle of diameter 80m.

How far apart are two 20m parallel support beams which form
“chords” of the circular base?

28
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Answers to Activity 14.2

a) Two theorems are going to apply here:

b)

¢)

i. Perpendicular Bisector theorem, because the line from
the centre which is perpendicular to the chord is
bisecting the chord.

ii. Equidistant chords from the centre are equal

by Equidistant Chords theorem, you can be able to say
the chord of 16 is equal to the chord where z is to be
found.

By perpendicular bisector theorem, you can be able to
say

=8

To find y you will need to use Pythagoras theorem, because
the radius is (5 + Y). The other two sides you are given when
you are told that it is 5 from centre to chord and the chords are
all equal, which means they are all equidistant from the centre
by theorem. So, by Pythagoras theorem

{8 = 7% m B2 o BE
{5 +279 m B
VTE+ )7 m AT
3y mi/BU
ym =845
v =BT OTL ory m =5 =7 071
rud0Fflorywm=12.071

Now, looking at the two values for y, the only reasonable

value for y in this situation is 3 m 2,071, -12.071 is not
reasonable because it is negative, radius is length, there cannot
be a negative length!

Looking at the diagram, you can see that y is perpendicular to
the chord and the chord is bisected, therefore you can use
Pythagoras since you have right angled triangles. So, you can
have

9° m §= 2= (subtract 64 both sides)
8l =64 myt
17 m 3% (take square roots both sides)
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"F - \-}-J-:
dlmy

2. Since the chords are equal, then they must be the same distance from
the centre by theorem. The line from the centre to the chords must
bisect the chords so you can apply the famous Pythagoras theorem
since there will be right angled triangles.

Note that the base of the triangle is the 20m chord, which will be
bisected to equal lengths of 10m each. The hypotenuse, will be the
radius of the dome, since you are told the diameter is 80m then radius
is 40m. Now, applying Pythagoras theorem

hypetenisss m Sides + sides
(40m)s m {10m) = + sides
(subtract {1{m}= both sides)
1600m2 = 100m® = side?

LEQ0m= wm gides (square
roots both sides)

A 1EQTm= m + Fige=

6.7 mwm gide
So, distance between the 20m parallel support beams is

BT mt3ETm e Tldm

Double the calculated distance because the beams are at equal distance on both
sides of the centre!

The point to keep in mind is that a chord in a circle suggests that a diameter or
radius will bisect it, into two equal parts, also the angle between the chord and
the diameter or radius is a right angle. You can use Pythagoras theorem to find
any of the sides of the right angled triangle if you are given any two sides!

Lesson 3 Properties of Angles in a Circle

In our everyday life the use of the circle is a necessity in simple tools and
many designs in art and architecture. The examples are many. They include
arches of buildings, and patterns for various manufactures such as, Arabic
patterns, which are based on the circle.

At the end of this sub-unit you should be able to:
= define the term ‘segment’
= prove that angles in the same segment are equal

= prove that the angle at the centre of a circle is equal to twice the angle at
any point on the remaining part of the circumference, if both angles stand
on the same arc or chord

30
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= prove that the angle in the semi-circle is a right angle

The theorems about the properties of angles in a circle and their proofs are in
one place here.

A segment is an area in a circle enclosed by a chord (AB) and an arc (AB)
sharing two end points (AB).

Segment e, B

Theorem 4: angles in the same segment are equal.

Proof

In this statement you are told that you have angles in the same segment.
The angles are the same size if they all stand on the same chord. The
same segment means they will be on the same side of the centre of the
circle, O, see (a).

31
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You are required to show that the angles are all equal in size.

So, the aim is to show that = ARH = = AQH

What you will do to build step by step work to show this (reasoning you
are going to use to show that this is true) is:

1. Draw the chord 4F , see (b) above
2. Draw the radii @4 and @8, see (b) above

3. =AQR = i(= AQF)

(angle at centre is twice angle at circumference)

4. = AQB m2(= ARE)

(angle at centre is twice angle at circumference)

5. But,

1. @ AJE m g JUE
(by statement 3 and 4)

. (= ARE) = I(= AQE)
(by statement 3 and 4)

iii. = ARF wm = AQH
(follows from statement ii)

By statement iii, the angles at the circumference are equal if they all
stand on the same chord and are in the same segment.

(Note that here statement iii is the same as what you wanted to show in
the aim.)

Example
a. TA is a tangent to the circle with AC a diameter.
# DAT m B40

Calculate
a. ={al

b. ={ED
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X

Activity

N

A T
a. = CAT mg08
# TAD w &, CAT == DAT
m 500 - B4
- 55

b. By theorem, & CED grnd = (AL are both
standing on chord CD and the same side of
the chord. Therefore, they are equal. Thus,

w Al me CED
= 550

Activity 14.3

1. The sides BA and CD of a cyclic quadrilateral ABCD are
extended to meet at P.

% ACD m 27%, gnd « AFD = 5Q¢

Calculate:
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@D

Answers to Activity 14.3

a.

By theorem, # DEA = # ACD = 27% because the two angles
are standing on the same chord AD and are the same side of
the chord.
# BDPR = DRA+ = FED m 180°
# EDF + 50° + 27° = 1829
= EDF m 1809 = {30% + 279)
m 1§00 - 57
= 125¢

Note, that * CDR = 180%
So,

# CDF + = BLF = 180°
# CDE m 1B0F = 1230

m 57

You are about to have an enjoyable experience. You will soon find yourself
pleasantly acquiring knowledge about the fascinating shape of a circle. Why is
this shape so fascinating?

Theorem 5: the angle at the centre of a circle is equal to twice the angle at
any point on the remaining part of the circumference, if both angles stand on
the same arc or chord.
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(a) (b

Proof

In this statement you are told that the size of the angle at the centre
of the circle is equal to twice (two times) the size of the angle at
any point on the circumference if both angles stand on the same
chord (or arc), see (a) and (b) above.
You are required to show that (to prove):
If you can draw any two angles, one at the centre and the
second one at the circumference then the angle at the centre of
the circle is equal to twice the angle at the circumference if

both stand on the same chord and are on the same side of that
chord.

So, the aim is to show that = AQE m 2{= ACE)

What you will do to built a step by step work to show this (what
reasoning are you going to use to show that this is true)

1. @0 wmP4 mQF (radiiof same circle)

2. #=A00m % CAG (Isosceles A OAC)

3. waAPF ma QA0+ PC0a (Isosceles A OAC)
4, = QA0 m = Q04 (angles of Isosceles A OAC)

5. = FORF m QBC ~ = QCF (Isosceles A BCO)

>

o Q00 - Q00
Case (1)

=
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" AVE m o AUF e U
wm 2{= OCA) + 2(= QCE)
wm 2% QCA+ = OCE)

= 2{= ACEH)

Case (ii)
#ADE m o FOR = o P&
m 2(% QCE) = 2(= 0CA)
m (= QCE = = QCA)
wm 2% ACE)
Note that in both case (i) and (ii) the last statement is the same as the aim

statement, meaning that is what you wanted to show that the angle at centre is
twice angle at circumference.

Example

1. Calculate angle a in the diagram below.

c

By theorem, the angle at centre is twice the angle at circumference,

# A0 m 20 ACE)
_%{vﬁ ADE) m = ACE
21209 ma

B0V m g
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X

Activity

2. In the diagram below

C

Find
a. = AQE
b. =z

Consider A AOB, it is Isosceles because OA = OB, both radii
of same circle. Therefore, base angles are equal;

QA m = OFA4 m 5OV
# AQF w 180° == QAB + = 0B4)
= L0 = L0p°

m 30¢

Note that x is an angle at the circumference standing on same chord AB as
o 408,

Therefore,

Fm =3 AQE]
=2 00%)
- 4%
Activity 14.4

1. In the figure below, O is the centre of the circle and * AQT = 1607 .
a. What is the reflex angle % AQC ?

b. Whatis = 4F(?
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2. A, B, C are points on a circle, centre O, such that AC intersects OB at

X. #% ACE m 43% gnd « BXC = TQ¥

A
o
B
C
Calculate
a. = AQR
b. = AXd
c. =XAQ
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Answers to Activity 14.4
1.

Reflex angle
= AQC m 5EDY = 1607
= 20080
b. = AF( is angle at circumference, standing on same chord AC

as reflex angle # A9C .
So,

# AEC=100°

(‘angle at circumference is half angle at centre)

a. ABisachord, both & A0F gned « ACE are standing
on AB! I hope you were able to see that although the
chord is not drawn! Otherwise you can see the arc
AB. By theorem, the angle at centre is twice the angle
at the circumference.

S AQE m I{= ACE)
- 2(439
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m §3¢

b. =EXC m7Q"
= AXD md, ALY (alternate angles)

= 7Q¢

c. ®AXQ b€ XOA 4w QAKX m 1808
fangles of a triangie & A0X)
# XAQ m 1B0Y = (= ADX + = OX4)
= LBV = (86 709
w 1E0¥ = 1568
= 5

Theorem 6: the angle in the semi-circle is a right angle.

A

Proof

In the statement you are told that you have a semi-circle of a circle and a
centre O, see (a) above.

You are required to show that ( to prove):
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if you can draw a chord through the centre O, the angle at the

circumference standing on this chord will be (82%) .

So, the aim is to show that = ACE = 90°?

What you will do to build step by step work to show this (what
reasoning are you going to use to show that this is true)

. A7 m B0 wm(Q

(radii of the same circle)

2. ®0alwma 400 and « CCE m < QBC
(Isosceles A OAC and OBC)

3. ®QAC+= OBC+ = ACE wm 1507
(angles of A ABC add up to 180%)

4, @bty m lEQY

(replacing by small letters, look at diagram)

5. 2¢+2b = 1800

(by statement 2, a=cj,andb=c;)

6. @+bmgnd
(divide all equation 5 by 2)

7. &yt eg m B
(by statement 2)

8. @wACEm3QF

By last statement the angle in the semi-circle is a right angle.

This same theorem can be proved by using theorem 5.

Look at the diagram. AOB is a diameter, so what is the angle at the
centre?

Well, you have thought correctly, it must be 1807,

Note, also AOB subtends = AZF at the circumference, so by theorem 5,
you can safely say the angle at the centre is twice the angle at the
circumference, if they both stand on the same chord and are on the same
side of the chord.

That is,
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K ACE = %»:‘_ea ACB)

The last statement shows that the angle at the circumference of the circle

subtended by a diameter of the circle is a right angle (m $2%).

Example
1. AB is a diameter of a circle and P is another point on the

circumference such that # FEZ = 557

Whatis = BAF?

2. Qs the centre of the circle and * PCA m 727

Calculate
a. = QAT
b. = BQT
c. = QUF
A
Z
B
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Solution

1. Note, @4 m ¢ both radii. Therefore, triangle OAC is Isosceles.
So, base angles are equal.

% QCA m = (A0 m 720
2. = BOT = {004 (exterior angle of A OAC)
= 2(72%)
m L4348
3. o QCF ot A0 = 00
(% ACE wm 90%, angle in gemi = ¢irele)

m 0¥ = 73F
w 150

Activity 14.5

x Find the angles shown by the letter x, y and z in the following diagrams.
a.
Activity
x
¥ 40"

9] z

43
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Answers to Activity 14.5

a.
ks
¥ 40"
9] z

Solution

x is an angle in a semi-circle. By theorem, angle in a semi-circle is a

right angle.

xm Q¢

To find y, use the fact that the angles of a triangle add up to 180%,
¥ ob 809 + 0¥ = LE0F

2w 180Y = {90° +409)

2w 1809 = 130¢

- 5Q¢

To find z:

Looking at the diagram, the diameter is a line of symmetry, also it is
the common side to the two triangles, angles at the circumference are
equal because they are angles in a semi-circle, and the sides at angle y
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are equal. Therefore, the two two triangles are similar in shape and

size, hence & m&Q¥

b.
Solution
z the angle in a semi-circle. By theorem, angle in a semi-circle is a
right angle.
So, o m Q¥
To find y:
Note that the small triangle is similar to the big triangle because their
sides are parallel. They share angle z . This means that angles y and z
of the small triangle will be the same as the corresponding angles in
the big triangle.
y correspond to @ngle @f §2¥ , therefore they are equal.
I‘L: - 62I}
To find x:
Angles of a triangle add up to 180% .
¥z m 1G0F
¥k 62% + 20% m 1E0%
x m180° = {62° ~ 90%)
xwm 180F = 1520
xm 280
C.
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Solution
x is an angle at circumference, angle at centre is 200, By theorem,

angle at circumference is half the angle at the centre if they both stand
on the same chord.

Therefore,
1o
xm =809

m 4BV

Note that z and x are both base angles of the Isosceles triangle.

So, the are equal.
o m 4EV

xm &EE

To find y:
Angles of a triangle add up to 180°
2z m 1800
ym1808 (x| 3)
v m 180 = gQ¢ (HEY 4 a89)
yom Qe
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Lesson 4 Cyclic Quadrilaterals

At the end of this sub-unit you should be able to:

= prove that the opposite angle of a cyclic quadrilateral are supplementary.

The theorems about the cyclic quadrilaterals and their proofs are in one place
here.

Theorem 7. opposite angles of a cyclic quadrilateral are supplementary.

Proof

In the statement you are told that you have a chord of a circle and a
centre O, see (a) above.

You are required to show that ( to prove):

if you have a cyclic quadrilateral ABCD drawn in a circle centre

0, then the opposite angles add up to 180°.
So, the aim is to show that = AB( « = (DA = 180°

@ DAR + w1 BCD = 1507

What you will do to build step by step work to show this (what
reasoning are you going to use to show that this is true):
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Statement

Reason

1. OA=0B=0C=0D
2. &=hb hy=¢ &=d d=é

3. 2(ay + by + ¢y + dy) = 360°
(a2 + 1) + (c2 + do) = 2(360%)
= 180°
4, ay+b,= AEC;c,+dy= ADC

5. ABC+ ADC =180

6. This is the same for
BAD + BED = 180¢

Opposite angles of a cyclic
quadrilateral are supplementary.

1

radii

angles in Isosceles
triangles

sum of angles in a
quadrilateral = 360° and
statement 2

by statement 2

Example

a. ABCD is a cyclic quadrilateral and X is a point on BA extended.
If @ SO0 wm 108¥gnd $8% what are @ 44C and « XAl?
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Solution

# AF( is opposite to # 4 in a cyclic quadrilateral. Therefore,
o ABT m 88C,

# XADis an exterior angle in a cyclic quadrilateral. So, it is equal
to interior opposite angle in a cyclic quadrilateral.

That is,
= XAD m = BLD
= 108¢
b. = ADE m 32 % BDC m 28% and = DEC m B0 .

Calculate
a. = BCD
b. = Fal
c. *AFD

Solution

1. & BCD w 180% = (50% 4+ 28%) (angles in a triangle BCD)
m 150° = 757
= 1050

2. # BAD wm180° = = BCD
w 180 = 108°
= 750

3. @ ARD wm 180V = {32V 4 7EF)

= 180F = 1070

m 750
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Activity 14.6
x Find the values of x, y, and z.
a)
Activity
b)
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c)
N
L
M
0
120" Y
J I L
d)
75
5
R
x
a0”
9,
-

52



Answers to Activity 14.6

Find the values of x, y, and z.

a)

Solution

Mathematics 12
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= ¢ mgQe

e w1800

4 m180% =50°

(subtract = € frgm both sides)
A4 maQe

7 m B¢

In a cyclic quadrilateral, exterior angle equal interior opposite angle.

So,

x w100

X +gwm180% (opposite angles are supplementary)
Zm 1§08 = x

m180% = 100°

zwm B

b)
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=0 m 1800

(opposite angles are supplementary)
7 m L§Q¥ = §OF

2 = 100%

Z =y + B2Y m 180% (angles of a A LMN)
Z w1800 = 1580 (100% « 559 m 155%)

zwm 258

25% - TQF < (35 » 47 m 1BQ°

(opposite angles are supplementary)
98¢ +58% -+ v m 1800

100+ xm LEY

& m 130¥ = 180F

x m 3¢

(Note that x can also found by using the angles of A
LNO.)

3 M

120° v
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Solution

Exterior angle is equal to interior opposite in cyclic quadrilateral.

So,
xm 1209

KON is a chord through the centre, y is angle in the semi-circle.
So,

2 m 80% (angle in semi-circle is a right angle)

JKL is a straight angle,

& QKLwm 180% = 120° m g0o
(Angles of a triangle KLN add up to 18@9.)

2w 1809 = {90° 4 £0)

Z = 130% — 1508

w300

d)

()

Solution

Chord TU is where the angles = FRT @iid « ST are both standing.
Therefore, by same segment theorem they are equal.
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o URT m4Q®

& m Qv

By the same segment theorem, angles = FFI ame ~ FTL both stand
on chord RU, therefore they are equal.

o HILE m 350

w5

Lesson 5 Properties of Tangents

In Biblical times, when a small boy, David, fought a giant, Goliath, which war
weapon did David use? How does this weapon work?

At the end of this sub-unit you should be able to:

= prove that a tangent to a circle is perpendicular to the radius at the point of
contact, and tangents from a point to a circle are equal.

The theorems about the properties of tangents and their proofs are in one place
here.

Theorem 8. a tangent to a circle is perpendicular to the radius at the point of
contact.

Proof

In the statement you are told that you have a tangent to a circle and a
centre O, and radius OA above.

57



| Mathematics 12

You are required to show that (to prove):

What y

if you can draw a line from the centre, O,to the circumference,
and another line outside the circle, which touches the circle at
the circumference where the line from the centre meet, the

circumference the two lines will form an angle equal to $2°
(they will be perpendicular.)

So, the aim is to show that @4 L AT (the lines are
perpendicular)

ou will do to build step by step work to show this (what

reasoning are you going to use to show that this is true) is:

1. A tangent AT is outside the circle
( AT intersect the circle at one point)

2. @7 = @4

(because if they are equal they will coincide, or, be on one
line)

(OA is radius)
3. Injfact, @T & Q& for all points on AT

4., QA LAT
(by statement 3)

Statement 3 says that for the two lines OA and OT to be equal, they have to
coincide, (angle between them has to be zero.) Once the angle increases

between them, the angle where they both meet at the circumference is $i¢.
This will be true for all radius and tangent lines.

Note that from this tangent theorem, you have to remember the point:

Exampe
1.

A tangent to the circle, AT, is perpendicular to the radius of the circle,

OA at the point of contact.

Find the value of w in the following:

a)
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24

Solution
Here you are looking for one of the sides of the A AOT.
What kind of triangle is it? Yes, it is a right angled triangle, because a
tangent and a ridius are perpendicular at the point of contact.
This will allow the use of Pythagoras theorem to find the side.

OT= m TAS = AQ% (Pythagoras)
25" m 244 + 4Q% (putin numbers)
G758 = 576 m A% (subtract 576 from both sides)
G0 - A

37 m A0
(take the square root of both sides)
7T maAD

Therefore, v m 45 m 7

2. Find the value of z and w. O and M mark the centres of the circles.

a)
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Solution

The diagram may look some how different from what you have seen
from the theorem and the previous example. However, this must not
prevent you from using what you already know in situations which
look new!

If you look at the bigger triangle formed from the bigger circle centre
with the tangent to the circle up to where z is, what type of a triangle is
it? Once again, it is a right angled triangle because a radius of the
circle is perpendicular to the tangent at the point of contact. Since,
here the part you have to find is an angle z, you use the fact that sum

of the angles of a triangle add up to ‘LEQ¥.
GU%  90% 2 m LBO¥ (809 because tangent perpendicular to radius)
w1809 = (60% - 90%)
sw 180% = 1500

zw BOF

If you look at the two triangles, they are formed by two crossing lines,
the alternate angles must be equal. So, the triangles are similar because

the angle alternate to z is equal to 2 = 309 The angles formed at the
contact of tangent and radius are right angles {#0¥), this leaves the
angles at the centres of the triangles! What is their size?

They, have no way of being different, they must be equal to &0,

This just lead you into another theorem; since w is at the
circumference and you have just found the angle at the centre in the
same circle also, they are both standing on the same arc (or chord, the
legs of angle at centre, and M and at w are standing on the same place
at the circumference.)

Therefore, the theorem says angle at M is twice angle w.
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So,

o %{RMFE' &t centre M)

Activity 14.7

; : 1. A tangent from point P touches a circle at T and PT is 8cm long

The radius of the circle, centre O, is 6¢cm. Calculate OP.
Activity

P
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2.

In the figure below, AB is tangent to the circle, centre O and

# QCF = JE¥

Calculate:
a. = QB
b. # AQF
c. =QAF
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Answers to Activity 14.7

1.

Solution

A tangent from point P touches a circle at T, which makes PT is
8cm long. The radius of the circle, centre O, is 6¢cm. Calculate OP.

. F

A radius of a circle, centre O, is perpendicular to a tangent PT at
point T (contact point.)

Since & @FT is a right angled triangle, you can use Pythagoras
theorem.

FT" m TQ% +QF% (Pythagoras)
(Bem)s m (Gom)s = OR-

64 cm= = 36 ¢m* m QF=
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Bt m OFE

2B cme moORn (W28 % /28 % 4/36)
5291 cmom OF L
Bl omwm QF (to3s.f)

2. In the figure below, AB is tangent to the circle, centre O and

% QCF m 25%

Calculate:
a. = QF(
b. = AQF
c. QAR
Solution

a) Notice that A OBC is Isosceles because OB = OC, are both radii of
same circle. So, base angles are also equal, that is,

= QCF m = OBC
= 25F

b) Note here that # 4@F is an exterior angle of triangle OBC.
Therefore,

# AQT m o« OB + = OCF
m 2E¥ - 2BV
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m 200

¢) Here you look at A OAB, it is a right angled triangle because
tangent AB meets the radius of a circle at point B.

So,
# QAT + # AOF + = AFQ m 1807
# JAT m LE0P = (B0° + 909

m 130Y = 1407

w30

Theorem 9. tangents from a point to a circle are equal.

Proof

In the statement you are told that you have a chord of a circle and a
centre O, see (a) above.

You are required to show that (to prove):

you can draw only two lines from the point T to the circle,
which touch the circle and these lines are equal in length.
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So, the aim is to show that Af" = &'

What you will do to build step by step work to show this (what
reasoning are you going to use to show that this is true) is:

In A OAT and A OBT

1.

2.

A0 m BQ (radii of same circle)

@ 04T ma OFET (&C LAT andg B0 L BT radii and tangents at

contact points)
w 7Q¢
@7 is common side to both triangles.

LOAT mA 0BT (by side, angle, side property which are radii
(AO and BO), right angle ( #0%), hypotenuse(OT)
in statement 1, 2, and 3) A7 m BT (by statement 4)

By statement 5, tangents from a point T from outside a circle are equal. This is
true for any two tangents.

The points to remember for this theorem are:

1. The tangents drawn from the point outside the circle are equal in
length, (4T = ET)
2. Tangents subtend equal angles at the centre (# 40T m = FOT]
3. The line AT bisects angle between the tangents
(4 ATC ma BETO)
Example
1. Find the value of w in the following:

a)

66



| Mathematics 12

2. Find the value of z and w. O marks the centre of the circle.

a)
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X

Activity

Activity 14.8

1.

In the diagram below, AB and AC are tangents to the circle,
centre O, and BAC m 40,

Calculate:
a) wmAFC
b) = Q8L

c) =Egar
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Answers to Activity 14.8
1. In the diagram below, AB and AC are tangents to the circle,
centre O, and BAC m 4%

Calculate:
a) = AFC
b) = Q&L

) = AOn
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Solution

@ BAC m4Q?
Notice that AB is a tangent, OB is a radius, therefore,

W ABO = 5Q¢
Consider a quadrilateral ABOC,

W QBA 4 @ (0B + @ ACO + « BAC = 3607
= (10F m RANY = (= QAA + = AT + = RAL)
@O0 = 3607 = (50% + 90¥ = 40%)

«COF = 360% = (220%)

W egF = 1408
Once again, notice that OA is a bisector of the angles
wmBAC and = €AB .

Therefore,
i Al m g 048
= ZQ¢

and 2 B m o {04
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- e
w ABC m & ABG = @ GBC
m G0Y - 20¥

- 7

Lesson 6 Symmetry and Angle Properties of Circles

You have seen how the proofs of the theorems are done and how they can be
used to find measures of angles, and lengths (of distances) without actually
doing the measurements with the instruments.

What other things have you seen (observed) in these proofs or the diagrams
which were used ?

Is there any relationship between arcs, chords, angles, and bisectors of chords?

For the answers to these and other related questions, you have to look back at
the theorems again! This time you look at the lines and angles. For instance, do
all bisectors pass through the centre of the circle?

At the end of this sub-unit you should be able to:
e define the term ‘symmetry’
e identify line of symmetry in a given diagram

e so/ve practical problems that involve symmetry and angle properties of
circles

Symmetry properties of a circle

For a start, let us return to the theorems and categories as we did in the proofs
part.

Chords
The theorem about chords is:

Theorem 1. 4 perpendicular line from the centre of a circle to a chord bisects
the chord. To get a clear picture of the line of symmetry from what we have
done, let us do the following activity:

a) Draw a circle, centre O.

b) Draw a diameter PQ perpendicular to a chord AB, see figure
below.

c) Label the point M, be an intersection of diameter PQ and
chord AB.
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d) Join centre O, to point A and to point B.

Observations from the activity

i.  What type of a triangle is A ABO?

1. Measure AO and AB.
AO =
AB =

What do you notice about these distances?

What does a diameter PQ do to the chord AB?

1ii. Measure # §MA and & OME .
QA -

QN E -

What do you notice about the size of these angles?

Complete the sentence using your observations and own words.

In a circle, if the diameter (PQ) (or radius (OQ)) is perpendicular *:5”3'}3' to the
chord (AB), it .

Which theorem is this?

Which line is dividing the circle into two equal parts?

From the activity above, you must have noticed that:

i.  The diameter PQ cuts the chord into two equal parts
and the circle is also divided into two equal parts
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(semi-circles.) We say a diameter is a line of
symmetry in a circle.

ii. A line of symmetry is a line which cuts an object or
figure into two identical parts which are mirror images
of each other.

Equal Chords
The theorem about equal chords is:

Theorem 2. Equal chords of a circle are equidistant from the centre. Now let
us do the activity below.

a) Draw a circle, with centre O.

b) Draw an Isosceles triangle ABO and A’B’O.

Observations from the activity
i.  Measure OM and OM’
OM =
oM’ =

What do you notice about the distances?

Which theorem is this?

Which line is dividing the circle into two equal parts?

Solution

From the activity, you must have seen that equal chords are the
same distance from the centre, O. Again, here the diameter is the
line of symmetry along the dotted line to map ABO onto A’B’O.

Note that the line of symmetry MM’ is the same as in activity 1!
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Angle properties of circles

Tangent to a circle:
a) Draw a circle with centre, O.
b) Draw a tangent to the circle.

¢) Draw a radius to a point of contact with the tangent.

A B C

Observations
Measure the angle between the tangent and the radius.
Size of angle # ABQ {gr CB) is
Which theorem is this?

Solution

From the activity you should have noticed that the angle formed by the radius

and the tangent at the pont of contact divides the semi-circle into two equal
parts. The radius is a line of symmetry on the semi-circle.

75



| Mathematics 12

Unit Summary

a3y,

Summary

In this unit you learned that:

the angle at the centre of a circle is equal to twice the angle at any
point on the remaining part of the circumference, if both angles stand
on the same arc or chord.

angles in the same segment are equal.

the angle in the semi-circle is a right angle. A diameter suggests equal
semi-circles and right angles are angles in semi-circles.

the opposite angles of a cyclic quadrilateral are supplementary. A
quadrilateral drawn inside a circle, with all its corners on the
circumference, suggests supplementary angles.

a perpendicular line from the centre of a circle to a chord bisects the
chord. A diameter (or a radius) suggests bisected chord (or arc.)

a tangent to a circle is perpendicular to the radius at the point of
contact, and tangents from a point to a circle are equal. A tangent
suggests a right angle where a radius meets the circumference and
tangent. Two tangents suggest equal lines and equal angles.

equal chords of a circle are equidistant from the centre and that chords
equidistant from the centre are equal. Equal chords suggest equal
distance from the centre to the chords. Also, equal distance from the
centre to the chords suggests equal chords.

practical problems that involve symmetry and angle properties of
circles. The practical problems include calculations of areas, and
volumes of fluids.

Below are some applications in other fields. Read about them and think about
the questions that follow.

Practical applications of a circle

1. In Sciece (Physics, and Geography.)

The sun, S, shining upon the earth, E, causes the earth to cast a

shadow, consisting of two parts called the umbra and penumbra. The

umbra, or space from which all light is cut off, is the part of the
shadow included between the common external tangents; the
penumbera, or space from which the light is partially cut off, is
included between the common internal tangents.

What happens when the moon, M, passes through the earth’s umbra?

When it passes through the penumbra?
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2. In Science (Physics.)

A body moving in a circular path has a tendency to break away from
its circular path and move along the straight line, which is a tangent to
the circle. This is the centrifugal tendency.

77



| Mathematics 12

tangent

- rotating

/ o
/

3. In sports (soccer, rugby, snooker (pool).)

In soccer, you have goal posts, GL, on a goal line, the six metre line,
the twenty-five metre line, and the arc on the twenty-five metre line. If
there is a foul, a team is awarded a free kick. Which position, A or B,
gives the kicker a better angle to score? Which position, E, B, or D, is
best to score? Why? What principles of angle measurement are being
used here?
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+——goal line
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;L #< 17}{& . <\\ & metre line

+ 28 metre line
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Assignment
Assignment 14
You should be able to complete this assignment on the Circle in 60
. minutes.
Assignment

[ Total marks:29 ]

1. Find the value of x, y and z in the following

a)

)
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2. With the help of the diagram of the circle centre O, name the
following angles

R S

a. Five angles standing on (subtended by) chord PQ on the
circumference of the circle.

B )

b. Two angles standing on (subtended by) chord PQ on the

circumference, and are on the same side of PQ as Ff'r,? .

S C))

c. Two angles standing on (subtended by) chord PQ on the
circumference, and are on opposite sides of PQ.

I V)
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An angle standing on (subtended by) chord PQ on the

circumference, and on the same side as RS,

B 0)

An angle standing on (subtended by) chord PQ at the centre of
the circle.

(D

Find the value of x and y in the following

)
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)

4. Ois the centre; AB = 6cm; OM = 4cm; ON = 3cm.

Calculate
a) The radius of the circle. 3)
b) The length of CD. 3)
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If the angle at the centre and the angle at the circumference are
standing on (subtended by) the same chord and are on the
same side of that chord, then the angle at the centre is twice
the size of the angle at the circumference.

Angle at centre O = 60°

Angle at circumference = x

By theorem,
2x =60’
_ W
x==
x = 50¢

Using same theorem as in a)

Angle at centre O = 0¥
Angle at circumference = x

By theorem,

2x w208

-’F'FT

& mgEv

Note that x, y and z are angles in an Isosceles triangle because
two sides are equal.

Therefore, the base angles are also equal.

Thatis,x = z

z = &8¢

X+ +zm180¥ (angles of a triangle)
¥ m 180% =iz )
3 m 180° = (48° 4489

o = 1809 = 50°
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¥ =500

rhg, rSQ, ple, pllg, pltg.
rUQ, pfto

Ff*@ and F’